RATIONALITY PROBLEM FOR ALGEBRAIC TORI 



AKINARI HOSHI AND AIICHI YAMASAKI 



Abstract. We give a birational classification of algebraic tori of dimensions 4 and 5 over a field k. In particular, 
a birational classification of norm one tori whose Chevalley modules are of rank 4 and 5 is given. We show that 
there exist exactly 487 (resp. 7, resp. 216) stably rational (resp. not stably but retract rational, resp. not 
retract rational) algebraic tori of dimension 4, and there exist exactly 3051 (resp. 25, resp. 3003) stably rational 
(resp. not stably but retract rational, resp. not retract rational) algebraic tori of dimension 5. We make a 
procedure to compute a flabby resolution of a G-lattice effectively by using the computer algebra system GAP. 
Some algorithms may determine whether the flabby class of a G-lattice is invertible (resp. zero) or not. Using 
the algorithms, we determine all the flabby and coflabby G-lattices of rank up to 6. Moreover, we show that they 
are stably permutation. We also verify that the KruU-Schmidt theorem for G-lattices holds when the rank < 4, 
and fails when the rank is 5. Indeed, there exist exactly 11 (resp. 131) G-lattices of rank 5 (resp. 6) which are 
decomposable into two different ranks. Moreover, when the rank is 6, there exist exactly 18 G-lattices which are 
decomposable into the same ranks but the direct summands are not isomorphic. As an application of the methods 
developed, some examples of not retract (stably) rational fields over k are given. 
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1. Introduction 

Let fc be a field and K be a finitely generated field extension of k. A field K is called rational over k (or k- 
rational for short) if K is purely transcendental over fc, i.e. K is isomorphic to k{xi, . . . , Xn), the rational function 
field over k with n variables xi, . . . ,Xn for some integer n. K is called stably k-rational if K{yi, . . . , ym) is k- 
rational for some algebraically independent elements yi, . . . , ym over K . K is called retract k-rational if there is a 
/c-algebra i? contained in K such that (i) K is the quotient field of i?, and (ii) the identity map Ifi : R R factors 
through a localized polynomial ring over fc, i.e. there is an element / £ k[xi, . . . ,Xn\, which is the polynomial 
ring over fc, and there are fc-algebra homomorphisms ip : i? — > k[xi, . . . , Xn] [1 / f] and ip : k[xi, . . . , Xn] [1 //] — >■ R 
satisfying ip o ip = Iji (cf. |Sal84aj ). K is called k-unirational if fc C if C fc(a;i, . . . , a;„) for some integer n. It is 
not difficult to see that "fc-rational" "stably fc-rational" "retract fc-rational" "fc-unirational" . 

Let L be a finite Galois extension of k and G = Gal(i/fc) be the Galois group of the extension L/k. Let 
M = ®i<j<„ S • Mi be a G-lattice with a S-basis . . . , u„}, i.e. finitely generated S[G']-module which is S-free 
as an abelian group. Let G act on the rational function field L{xi, . . . , x„) over L with n variables xi, . . . , x„ by 

n 

(1) cr(a;j) = l<i<n 

for any a £ G, when (T(Mi) — J2l= 

G TL. The field . . . , Xn) with this action of G will be denoted 

by L{M). There is the duality between the category of G- lattices and the category of algebraic fc-tori which 
split over L (see |Vos98[ page 27, Example 6]). In fact, if T is an algebraic fc-torus, then the character group 
X{T) = Hom(T, (Em) of T may be regarded as a G-lattice. Conversely, for a given G-lattice M, there exists an 
algebraic fc-torus T which splits over L such that X{T) is isomorphic to M as a G-lattice. 

The invariant field L{M)^ of L{M) under the action of G may be identified with the function field of the 
algebraic fc-torus T. Note that the field L{M)'^ is always fc-unirational (see |Vos981 page 40, Example 21]). Tori 
of dimension n over fc correspond bijectively to the elements of the set H^{Q,GL{n,'E)) where Q = Gal(fcs/fc) 
since Aut((G"j) = GL(n, Z). The fc-torus T of dimension n is determined uniquely by the integral representation 
h : Q ^ GL(n, Z) up to conjugacy, and the group h{Q) is a finite subgroup of GL(n, S) (see }Vos98[ page 57, 
Section 4.9])). 

Let K/k be a separable field extension of degree n and L/k he the Galois closure of K/k. Let G = Gal(L/fc) 
and H = G&l{L/K). The Galois group G may be regarded as a transitive subgroup of the symmetric group 5„ 
of degree n. Let i?^/j,('Ijm) be the norm one torus of K/k, i.e. the kernel of the norm map RK/ki'Gm) — > Gm 
where Rx/k is the Weil restriction (see |Vos98[ page 37, Section 3.12]). The norm one torus i?^^j,((Em) has 
the Chevalley module Jq/h as its character module and the field L{Jq/h)^ as its function field where Jg/h = 
{Ig/h)° = Homa(/G/ffi ^) is the dual lattice of Iq/h = Ker e and e : Z[G/iJ] — ?> Z is the augmentation map 
(see |Vos981 Section 4.8]). We have the exact sequence Z ^ Z[G/ii] Jg/h ^ and rank Jg/h ^ n — 1. 
Write Jg/h = ®i<i<n-i'^Xi. Then the action of G on L{Jg/h) = L{xi, ■ ■ ■ ,a;„_i) is nothing but ([T]). 

The aim of this paper is to give a birational classification of algebraic fc-tori of dimensions 4 and 5 (cf. jVos98j , 
[Kun07] and the references therein). It is easy to see that all the 1-dimensional algebraic fc-tori T, i.e. the trivial 
torus Gm and the norm one torus i?^"/j,(Gm) with [L : fc] = 2, are fc-rational. 

Theorem 1.1 (Voskresenskii |Vos67j ). All the 2-dimensional algebraic k-tori T are k-rational. In particular, for 
any finite subgroups G < GL(2,Z), L{xi,X2)'~^ is k-rational. 

There are 13 non-conjugate finite subgroups of GL(2,S). By Theorem ll.li we see that for decomposable 
3-dimensional fc-tori T = Ti x T2 with dim Ti = 1 and dim T2 = 2, the function fields L{T) = L{M)^ are 
fc-rational where M = Mi © M2 with rank Mi — 1 and rank M2 = 2. 

Let Sn (resp. An, D„, C„) be the symmetric (resp. the alternating, the dihedral, the cyclic) group of degree n 
of order nl (resp. nl/2, 2n, n). For 2 < n < A, the GAP code {n,i,j, fc) of a finite subgroup G of GL(n, Z) stands 
for the fc-th Z-class of the j-ih (Q-class of the i-th crystal system of dimension n as in jBBNWZ78[ Table 1] and 
[GAP] . There are 73 S-classes forming 32 Q-classes which are classified into 7 crystal systems in GL(3, S). 

A birational classification of the 3-dimensional fc-tori is given by Kunyavskii |Kun90| . 

Theorem 1.2 (Kunyavskii |Kun90| ) . Let L/k be a Galois extension and G ~ Gal(L/fc) be a finite subgroup of 
GL(3, Z) which acts on L{xi,X2,x^) via ([T]). Then L{xi,X2,X3)^ is not k-rational if and only if G is conjugate 
to one of the 15 groups which are given as in Table 1. Moreover, if L{xi, X2, x^)'^ is not k-rational, then it is not 
retract k-rational. 
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Table 1: L{AI)^ not retract fc-rational, rank M — 3, M: indecomposable (15 cases) 



*G in IKunQOI GAP code G *G in |Kun90l GAP code G *G in IKunQOI GAP code G 



Ui 


(3,3, 1,3) 


cl 


Ue 


(3,4,7, 2) 


D4, X C2 


Uii 


(3,7,5,3) 


S4 X C2 


U2 


(3,3,3,3) 


ci 


Ur 


(3,7,2,2) 


Aa X C2 


U12 


(3,7,5,2) 


S4 X C2 


Us 


(3,4,4,2) 


Da 


Us 


(3,7,3,3) 


Si 


Wi 


(3,4,3,2) 


C4 X C2 


U4 


(3,4,6,3) 


Di 


Ua 


(3,7,3,2) 


Sa 


W2 


(3,3,3,4) 




U5 


(3,7,1,2) 


Ai 


Uw 


(3,7,4,2) 


S4 


W3 


(3,7,2,3) 


S4 X C2 



If we adopt the action of G as in ([T]) , we should take the transpose *G of the matrix group G as in |Kun90] (cf. 
Theorem 112.41 in Section [T2l) . For the last statement of Theorem 11.21 see jKanl2[ page 25, the fifth paragraph]. 
We will give an alternative proof of Theorem 1 1 . 2 1 using the algorithms of this paper (see Example 15. 3p . For n = 4, 
some birational invariants are computed by Popov |Pop98| . 

Let T = i?^J^^((E™) be the norm one torus defined by K/k. The rationality problem for norm one tori is 
investigated by |EM74j . |CTS77) . |Hiir84) . |CTS87) . |LeB95j . pCOO] . [LLOO], [Pb] and |Endllj . 

Theorem 1.3. Let K/k he a finite Galois field extension and G = Gal(i4r/fc). 

(i) (Endo and Miyata |EM74I Theorem 1.5], Saltman |Sal84al Theo rem 3.14]) R^^f^.i^m) is retract k-rational if 
and only if all the Sylow subgroups of G are cyclic. 

(ii) (Endo and Miyata jEM741 Theorem 2.3]) ^x/fe(^™) stably k-rational if and only if G ~ C\n or G = 
Gn X {a,T \ = = l,TaT~^ = o'^^) where d > 1, k > 3, n,k: odd, and gcd{n, fc} = 1. 

Theorem 1.4 (Endo |Endll[ Theorem 2.1]). Let K/k be a finite non-Galois, separable field extension and L/k 
be the Galois closure of K/k. Assume that the Galois group of L/k is nilpotent. Then the norm one torus 
i?^^j,((Gm) is not retract k-rational. 

Theorem 1.5 (Endo [Endlll Theorem 3.1]). Let K/k be a finite non- Galois, separable field extension and L/k 
be the Galois closure of K/k. Let G = Gal(L/fc) and H = Gal{L/K) < G. Assume that all the Sylow subgroups 
of G are cyclic. Then the norm one torus i?^^j,((Gm) is retract k-rational, and the following conditions are 
equivalent: 

(i) i?^^j,((Em) is stably k-rational; 

(ii) G = Dn with n odd (n > 3) or G — C,„ x £)„ where m, n are odd, m, n > 3, gcd{m, n} = 1, and H < is 
of order 2; 

(iii) H ^ G2 and G Cr >^ H, ?' > 3 odd, where H acts non-trivially on Cr- 

Theorem 1.6 (CoUiot-Thelene and Sansuc |CTS87| Proposition 9.1], jLeB95| Theorem 3.1], [CKOO| Proposition 
0.2], [LLOOj . Endo |Endll[ Theorem 4.1], see also |Endll[ Remark 4.2 and Theorem 4.3]). Let K/k be a non- 
Galois separable field extension of degree n and L/k be the Galois closure of K/k. Assume that Gal(L/fc) = 5„, 
n >2, and Gal{L / K) — is the stabilizer of one of the letters in 5'„. 

(i) i?^yj,((Gm) is retract k-rational if and only if n is a prime; 

(ii) i?j^^j,((Gm) is (stably) k-rational if and only if n = 2,3. 

Let [i?^Yj;((Em)](*^ be the product of t copies of the norm one torus i?^yj,((Em). 

Theorem 1.7 (Endo [Endlli Theorem 4.4]). Let K/k be a non-Galois separable field extension of degree n and 
L/k he the Galois closure of K/k. Assume that Gal{L/k) = An, n>S, and Gal{L/K) — An-i is the stabilizer 
of one of the letters in An . 

(i) i?^yj,((Gm) is retract k-rational if and only if n is a prime. 

(ii) For some positive integer t, [-R^/j,(Gm)]^*'' is stably k-rational if and only if n = 3, 5. 

The first main result of this paper is a birational classification of the algebraic fc-tori of dimension 4. There 
are 710 S-classes forming 227 (Q-classes which are classified into 33 crystal systems in GL(4, Z). 

Theorem 1.8 (Birational classification of the algebraic fc-tori of dimension 4). Let L/k be a Galois extension 
and G ~ Gal{L/k) be a finite subgroup o/GL(4, K) which acts on L(xi,X2,X3,X4) via ([T]). 

(i) L{xi,X2,X3,X4)'~^ is stably k-rational if and only if G is conjugate to one of the 487 groups which are not in 
Tables 2, 3 and A. 

(ii) L{xi, X2, X3, X4)^ is not stably but retract k-rational if and only if G is conjugate to one of the 7 groups which 
are given as in Table 2. 
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(iii) L{xi,X2,X3,X4)'~^ is not retract k-rational if and only if G is conjugate to one of the 216 groups which are 
given as in Tables 3 and 4. 

Table 2: L{M)'^ not stably but retract fc-rational, rank M = 4, M: indecomposable (7 cases) 

GAP code G GAP code G GAP code G GAP code G 

(4.31.1.3) fTo (4,31,2,2) C2 X F20 (4,31,5,2) 'Sl (4,33,2,1) C3 x Cs 

(4.31.1.4) F20 (4,31,4,2) S5 (4,31,7,2) C2 x Ss 



Table 3: L(M)^ not retract fc-rational, M = Mi © M2, 
rank Afi = 3, rank M2 = 1, M2: indecomposable (64 cases) 



GAP code GAP code GAP code GAP code GAP code 



GAP code GAP code 



GAP code 



(4,4,3,6) (4,6,2,4) (4,7,7,2) (4,13,1,3) (4,13,7, 



(4,4,4,4) 
(4,4,4,6) 
(4,5,1,9) 
(4,5,2,4) 
(4,5,2,7) 



(4,6,2,8) 
(4,6,2,9) 
(4,6,3,3) 
(4,6,3,6) 
(4,7,3,2) 



(4, 12, 2,4) 
(4,12,3,7) 
(4, 12,4,6) 
(4, 12, 4, 8) 
(4, 12, 4, 9) 



(4,13,2,4) 
(4,13,3,4) 
(4,13,4,3) 
(4, 13, 5, 3) 
(4, 13,6,3) 



(4,13,8,3) 
(4,13,8,4) 
(4,13,9,3) 
(4, 13, 10,3) 
(4,24,1,5) 



(4,6,1,4) (4,7,4,3) (4,12,5,6) (4,13,7,6) (4,24,2,3) 



(4,6,l,f 



(4,7,5,2) (4,12,5,7) (4,13,7,7) (4,24,2,5) 



24,3,5) 
24,4,3) 

24.4, 5) 
24,5,3) 

24. 5, 5) 

25. 1, 2) 
25, 1,4) 

25. 2, 4) 



(4,25,3,2) 



(4, 25, 
(4, 25, 
(4,25, 
(4,25, 
(4, 25, 
(4, 25, 



(4,25,7,2) 



25,7,4) 
25,8,2) 
25,8,4) 
25,9,4) 
25, 10, 2) 
25, 10,4) 
25, 11, 2) 
25, 11, 4) 



Table 4: L{M)^ not retract fc-rational, rank M — 4, M: indecomposable (152 cases) 



GAP code 



GAP code 



GAP code 



GAP code 



GAP code 



GAP code 



GAP code 



GAP code 



GAP code 



4, 5, 1, 12) 
4,5,2,5) 
4,5,2,8) 
4,5,2,9) 
4,6, 1,6) 
4, 6, 1, 11) 
4,6,2,6) 
4,6,2,10) 
4, 6, 2, 12) 
4,6,3,4) 
4,6,3,7) 
4,6,3,8) 
4, 12, 2, 5) 
4, 12, 2, 6) 
4, 12, 3, 11) 
4, 12, 4, 10) 
4, 12, 4, 11) 



4, 12) 
5,8) 
5,9) 
5, 10) 
5, 
1 
2 
3 
4 
5 
5 
6 
7 
7 
7 



4, 12 
4, 12 
4, 12 
4, 12 
4, 12 
4, 13 
4, 13 
4, 13 
4, 13 
4, 13 
4, 13 
4, 13 
4, 13 
4, 13 
4, 13 
4,13,8,5) 
4,13,8,6) 



11) 
5) 
5) 
5) 
5) 
4) 
5) 
5) 
9) 
10) 

11) 



(4, 13,9,4) 
(4,13,9,5) 
(4, 13, 10,4) 
(4, 13, 10,5) 



(4, 18 
(4, 18 
(4, 18 
(4, 18 
(4, 18 
(4, 18 
(4, 18 
(4, 18,4, 5) 
(4, 18, 5, 5) 
(4, 18 
(4, 18 
(4, 19 
(4, 19 



19,3,2) 
19,4,3) 
19,4,4) 
19,5,2) 
19,6,2) 
22, 1, 1) 
22, 2, 1) 
22, 3, 1) 
22, 4, 1) 
22, 5, 1) 
22, 5, 2) 
22, 6, 1) 
22, 7, 1) 
22, 8, 1) 
22, 9, 1) 
22, 10, 1) 
22, 11, 1) 



(4, 24, 2, 4 
(4, 24, 2, 6 
(4,24,4,4 
(4,24,5,4 
(4,24,5,6 
(4,25,1,3 
(4, 25, 2, 3 
(4, 25, 2, 5 
(4,25,3,3 
(4,25,4,3 
(4,25,5,3 
(4,25,5,5 
(4,25,6,3 
(4,25,6,5 
(4,25,7,3 
(4,25,8,3 
(4,25,9,3 



4,25,9,5) 
4,25, 10,3) 
4,25, 10,5) 
4, 25, 11, 3) 
4, 25, 11, 5) 
4, 29, 1, 1) 
4, 29, 1, 2) 
4, 29, 2, 1) 
4, 29, 3, 1) 
4, 29, 3, 2) 
4,29,3,3) 
4, 29, 4, 1) 
4, 29, 4, 2) 
4, 29, 5, 1) 
4,29,6,1) 
4, 29, 7, 1) 
4, 29, 7, 2) 



4, 29, 
4, 29, 
4, 29, 
4, 32, 
4, 32, 
4, 32, 
4, 32, 
4, 32, 
4, 32, 
4,32,6, 
4, 32, 7, 
4, 32, 8, 
4, 32, 9, 
4,32,9, 
4,32, 10,2) 
4,32,11,2) 
4,32,11,3) 



32, 12, 2) 
32, 13,3) 
32, 13,4) 
32, 14,3) 
32, 14,4) 
32, 15, 2) 
32, 16, 2) 
32, 16,3) 
32, 17, 2) 
32, 18, 2) 
32, 18,3) 
32, 19, 2) 
32, 19,3) 
32, 20, 2) 
32,20,3) 
32, 21, 2) 
32, 21, 3) 



More detailed information of a birational classification of algebraic fc-tori of dimension 4 is given as in Table 
7. In Table 7, # on the second column stands for the number of Z-classes in each (Q-classes, and the list [s,r, w] 
stands for the number s (resp. r, u) of Z-classes whose invariant field L{M)^ is stably fc-rational (resp. not stably 
but retract fc-rational, not retract fc-rational) in each (Q-classes (4,i,j). For example, [11,0,2] in the GAP code 
(4,5, 1) in Table 7 means that the 1st (Q-class of the 5th crystal system of dimension 4 consists of 13 S-classes 
and L{M)^ is fc-stably rational for 11 S-classes of them, and is not retract fc-rational for 2 S-classes. 

Let G{n,i) be the i-th group of order n in GAP |GAPI . Let dTm be the m-th transitive subgroup of Sd (cf. 
[BM83| and [GXP] ). Let F20 ~ C5 x C4 be the Frobenius group of order 20. 

By Theorem [LSI we have the following theorem. 

Theorem 1.9. Let K/k be a separable field extension of degree 5 and L/k be the Galois closure of K/k. Assume 
that G = Gal(L/fc) is a transitive subgroup of which acts on L(a;i, 2:2, X3, 2:4) via ([T]), and H = Gsl[{L/K) is 
the stabilizer of one of the letters in G. Then a birational classification of the norm one torus Rx]k('^"^) given 
as in Table 5. 



Table 5: 









GAP code of the 


L{JG/Hf 


G 




G{n,i) 


G-action on Jq/h 


= L{xi,X2,X3,X4)'^ 


STl 


C5 


G(5,l) 


(4,27,1,1) 


stably fc-rational 


5T2 


^5 


G(10,l) 


(4,27,3,2) 


stably fc-rational 


5T3 


-F20 


G(20,3) 


(4,31,1,3) 


not stably but retract fc-rational 


5T4 


^5 


G(60,5) 


(4,31,3,2) 


stably fc-rational 


5T5 


55 


G(120,34) 


(4,31,4,2) 


not stably but retract fc-rational 
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Theorem II .91 is already known except for the case of ^5 (see Theorems ll.31 [TTSl ll.6l and ll.7p . Stably /c-rationality 
of i?^^^((Gm) for the case is asked by S. Endo in [Endlli Remark 4.6]. By Theorems 1 1 . 71 and 11.91 we get: 

Corollary 1.10. Let K/k be a non-Galois separable field extension of degree n and L/k be the Galois closure of 
K/k. Assume that Gal(i/fc) — An, n > 3, and Gal{L/K) — A„_i is the stabilizer of one of the letters in An. 
Then ^^/feCGm) is stably k-rational if and only if n = 3, 5. 

For n = 5, the CARAT code {n,i,j) of a finite subgroup G of GL(5, Z) stands for the j-th Z-class of the i-th 
(Q-class in GL(5, Z) in the CARAT package jCaratj of GAfQ (see Section [3] for the details of the CARAT code 
of dimension n < 6). There are 6079 S-classes forming 955 Q-classes in GL(5, Z). 

The second main result of this paper gives a birational classification of the algebraic fc-tori of dimension 5. We 
will display Tables 11 to 15 of Theorem II. Ill in Section [T3l 

Theorem 1.11 (Birational classification of the algebraic fc-tori of dimension 5). Let L/k be a Galois extension 
and G ~ Gal(L/fc) be a finite subgroup o/GL(5,Z) which acts on L{xi,X2,X3,X4,X5) via P]). 

(i) L{xi,X2,X3,X4,X5)^ is stably k-rational if and only if G is conjugate to one of the 3051 groups which are not 
in Tables 11, 12, 13, 14 and 15. 

(ii) L{xi,X2,X3,X4,X5)^ is not stably but retract k-rational if and only if G is conjugate to one of the 25 groups 
which are given as in Table 11. 

(iii) L{xi,X2,X3,X4,X5)^ is not retract k-rational if and only if G is conjugate to one of the 3003 groups which 
are given as in Tables 12, 13, 14 and 15. 

Remark 1.12. For the 25 groups G as in Theorem ll.lll fii). the corresponding G-lattices M are decomposable 
M ~ Ml ® M2 where Mi is a G/A^-lattice of rank 4, iV = {ct G G | a{v) = v for any v £ Mi} and G/N is one 
of the 7 groups as in Theorem 11.81 (ii) (Table 2) (see Example I4.12|) . In particular, if M is an indecomposable 
G-lattice of rank 5, then L{M)'^ is either stably fc-rational or not retract fc-rational. 

More detailed information of a birational classification of algebraic fc-tori of dimension 5 is given as in Table 
16 (see also the explanation of Table 7 above). 

Theorem 1.13. Let K/k be a separable field extension of degree 6 and L/k be the Galois closure of K/k. Assume 
that G = Gal(i/fc) is a transitive subgroup of Sq which acts on L(xi, X2t X3, X4, X5) via ([l}, and H = Gal{L/K) 
is the stabilizer of one of the letters in G. Then a birational classification of the norm one torus i?^yj,((Gm) is 
given as in Table 6. 

Table 6: 

CARAT code of the L{ Jg/h)^ 



G 




G{n,i) 


G-action on Jq/h 


= L{xi,X2,X3,X4,X5)^ 


QTl 


Ge 


G(6,2) 


(5 


461, 


4) 


stably fc-rational 


6T2 




G(6,l) 


(5 


173, 


4) 


stably fc-rational 


6T3 


^6 


G(12,4) 


(5 


391, 


4) 


stably fc-rational 


6T4 


A4 


G(12,3) 


(5, 


580, 


2) 


not retract fc-rational 


6T5 


G3XS3 


G(18,3) 


(5 


823, 


4) 


not retract fc-rational 


6T6 


G2 X A4 


G(24, 13) 


(5 


606, 


2) 


not retract fc-rational 


6T7 


S4 


G(24, 12) 


(5 


607, 


2) 


not retract fc-rational 


6T8 


S4 


G(24, 12) 


(5 


608, 


2) 


not retract fc-rational 


6T9 


Si 


G(36, 10) 


(5 


855, 


6) 


not retract fc-rational 


6T10 


Gi X G4 


G(36,9) 


(5 


853, 


5) 


not retract fc-rational 


6T11 


G2 X 54 


G(48,48) 


(5 


623, 


2) 


not retract fc-rational 


6T12 




G(60,5) 


(5 


952, 


1) 


not retract fc-rational 


6T13 


Si X G2 


G(72,40) 


(5 


892, 


4) 


not retract fc-rational 


6T14 


S5 


G(120,34) 


(5 


947, 


1) 


not retract fc-rational 


6T15 




G(360,118) 


(5 


951, 


1) 


not retract fc-rational 


6T16 


Se 


G(720, 763) 


(5 


953, 


1) 


not retract fc-rational 



In Theorems 11.81 \TM 11.111 and 11.131 we do not know whether the field L{M)'^ is fc-rational when the field is 
stably fc-rational except for few cases (see [Vos98[ Chapter 2]). 

"'^The generators and some information about the groups G < GL{5, S) for the CARAT code (5,i, j) are available at the second- 
named author's web page http://www.math.h.kyoto-u.ac. jp/'yamasaki/Algorithm/ 
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Table 7: birational classification of the algebraic fc-tori of dimension 4 



GAP code 


41 

ir 




Q 






GAP code 


4t 

it 


[s, 7', w] 


G(n ?1 




(4 


1 1) 


\ 


[1 01 


Q 


1 1) 




(4 


14 


81 


g 


[6 0] 


G(12, 4) 




(4 


1 2) 


\ 


fl 01 


Q 


2 1) 




(4 


14 




g 


[6 0] 


G(12, 4) 


Dr 


(4 


2 1) 


2 


[2 01 


Q 


2 1) 




(4 


14 


1 nl 


g 


[6 01 






(4 


2 2) 


2 


[2,0,0] 


Q 




Gn 


(4 


15 




2 


\1 01 


(7('12 51 




C4 


2 3) 


2 


[2,0,0] 


Q 






(4 


15 


91 


2 


[9 nl 


(7C19 51 




(4 


3 1) 


3 


[3 0] 


Q 


2 1) 




(4 


15 


31 


2 


[2 0] 


G(12, 5) 




(4 


3 2) 


3 


[3 0] 


Q 


4 2) 




(4 


15 


41 


2 


[2 0] 


G(12, 4) 


Dr 


(4 


4i 1) 


g 


rg 0] 


Q 


4 2) 


^2 


(4 


15 




4 


[4 0] 


G(12, 4) 




(4 


4 2) 


7 


[7,0,0] 


G 


4 2') 


^1 


(4 


15 


61 


2 


f2 01 


GC24 141 


^2 3 


(4 


4 3) 


Q 


[5,0 1] 


Q 


4 2") 


^2 


(4 


15 


71 


4 


[4,0,0] 


(3(24, 14) 


^2 A ij> J 


(4 


4 4) 


(5 


[4,0 2] 


Q 


8 5) 


^2 


(4 


15 


81 


2 


[2 01 


GC24 1 51 




(4 


5 1) 


13 


[11,0,2] 


Q 


4, 2) 


(72 


(4 


15 


91 


2 


[2,0,0] 


KJ \ -1-^ J 


O2 A 03 


(4 


5 2) 


9 


[4 5] 


Q 


8 5) 


(73 
^2 


(4 


15 


101 


4 


[4,0,0] 


G(24, 14) 


^2 A 03 


(4 


6, 1) 


12 


[8 4] 


Q 


8 5) 




(4 


15 


1 1 1 


2 


[2 0] 


r7i'94 14^1 


^2 A 03 


(4 


6 2) 


12 


[6 61 


Q 


8 5) 




(4 


15 


191 


2 


[2 0] 


GC4S 511 


y So 

^2 ^ iJ^ 


(4 


6 3) 




[3 5] 


Q 


16, 14) 


(7-* 

^2 


(4 


16 




3 


[3 01 


G(R 31 


Da 


(4 


7 1) 


2 


[2 0] 


Q 


4 1) 


(7h 


(4 


17 




3 


[3 01 


G(6, 1) 


03 


(4 


7 2) 


2 


[2 0] 


Q 


4i 1) 


(7^ 


(4 


17 


2) 


2 


[2,0,01 


G(12, 4) 




(4 


7, 3) 


2 


[1 1] 


Q 


8 2) 


Ci X C2 


(4 


18 


11 


3 


[2,0,11 


G(R 21 


(7/1 y (7o 


(4 


7 4) 


4 


[3 1] 


Q 


8 3) 


Da 


(4 


18 


2) 


5 


[3 21 


G(16, 3) 


^(7-1 y (7-il M (7o 

(^'^^4 A v,y2 ) '-'2 


(4 


7, 5) 


2 


[1,0 1] 


Q 


8 3) 




(4 


18 


3) 


7 


[4 31 


GCI6 31 


f^r*. y (70^1 y (7o 


(4 


7 6) 


2 


[2,0,0] 


G 


8, 3) 




(4 


18 


4) 


5 


f3 21 


Gn6 111 


6*2 X D4 


(4 


7 7) 


2 


[1,0,1] 


Q 


ID, ii; 


(7o X 


(4 


18 


5) 


7 


f4 n 31 


aCV) 97"^ 

^jr 10^; ^ ' ) 


(7^ sd r'o 


(4 


8 1) 


2 


[2,0,0] 


Q 


3, 1) 


(7q 


(4 


19 


11 


2 


[1^0,1] 


G(16, 4) 


(^A y ^7/1 


(4 


8 2) 


2 


[2 0] 


Q 


6 2) 


(7« 


(4 


19 


2) 


2 


[1 1] 


G(16, 2) 


G2 


(4 


8, 3) 


3 


[3 0] 


Q 


6 1) 


^3 


(4 


19 


3) 


2 


[1.0 11 


G('32 251 


G^ X Da 


(4 


8 4) 


3 


[3,0,0] 


G 


6 1') 


Sq 


(4 


19 


4) 


4 


f2 21 


GC32 281 


CG/ X g21 X Go 


(4 


8 5) 


3 


[3,0,0] 


G 


12 4^1 


Da 


(4 


19 


5) 


2 


[1^0,1] 


Gr32 341 


G2 X Go 
^4 ^2 


(4 


9 1) 


\ 


[1 01 


G 


6. 2) 




(4 


19 


6) 


2 


[1.0 11 




D2 

^4 


("4 


9 2) 


\ 


[1,0 01 


G 


6 2) 


^6 


(4 


20 


I'j 


1 


[1 01 


G(12, 2) 


G10 
^12 


(4 


9 3) 


\ 


[1,0 0] 


G 


12, 5) 


(7r X (7o 
A 02 


(4 


20 


2) 


1 


[1,0,01 


G(12, 2) 


G12 


(4 


9 4) 


\ 


[1,0,0] 


G 


12 4~1 


Da 


(4 


20 


3) 


2 


f2 n 01 


GC12 11 


Ga X G/i 


C4 


9 5) 


\ 


[1,0 0] 


G 






(4 


20 


4) 


2 


[2,0,0] 


G(24, 5) 


<^4 A 03 


(4 


9 6) 


2 


[2,0 0] 


G 


12, 4) 




(4 


20 


5) 


1 


[1 0] 


G(24, 9) 


r7io y (7o 

v^X2 '—'2 


(4 


9 7) 


X 


[1 0] 


G 


24, 14) 


(72 V S.j 
^2 


f4 


20 


6) 


1 


[1 01 


ni'?d 101 


03 A i_y4 


(4 


10 1) 




[1 0] 


G 


4 11 


(7/ 


(4 


20 


7) 


2 


[2 01 


G(24, 6) 


^12 


(4 


11 1) 




[1 0] 


G 


3 11 


(7c! 


(4 


20 


8) 


1 


[1 01 


GC24 101 




(4 


11 2) 




[1 0] 


G 


6, 2) 


(7b 


(4 


20 


9) 


2 


[2 01 


G(24, 5) 


(7^ y 

W4 A 1J3 


(4 


12, 1) 


7 


[7 0] 


G 


4 11 


(7/ 

04 


(4 


20 


101 


2 


[2 01 


GC24 101 


C3 y -D4 


(4 


12, 2) 


g 


[3,0,3] 


G 


8, 2) 


C4 X G2 


(4 


20 


111 


2 


\2 01 


G(24, 6) 




(4 


12, 3) 


13 


[11,0,2] 


G 


8, 3) 


Da 


(4 


20 


121 


4 


\i 01 


^^24 81 


r<7fl X (7o^ X (7o 


(4 


12 4) 


13 


[7 6] 


G 


8, 3) 


Da 


(4 


20 


1 31 


4 


[4,0,0] 


G(24, 8) 




(4 


12 5) 


11 


[5 6] 


G 


16, 11) 


C2 X D4 


(4 


20 


141 


1 


[1 01 


G(24, 7) 




(4 


13, 1) 


g 


[4,0 2] 


G 


8, 2) 


(7^ X Gn 


(4 


20 


151 


1 


[1 01 


GC4S 351 


(7o y r7/i y .Sq 


(4 


13, 2) 


g 


[4,0,2] 


G 


8 21 


Ci X C2 


(4 


20 


161 


2 


f2 01 


GC48 381 




(4 


13, 3) 


g 


[4^0,2] 


G 


8 31 


Da 

Ui 


(4 


20 


171 


2 


f2 n 01 


G('4S 381 


y So 

-L-'4 A 03 


(4 


13 4) 


g 


[4i0,2] 


G 


8, 3) 


j_^4 


(4 


20 


181 


1 


[1,0,0] 


GC4S 451 


(7(^ y Da 


(4 


13 5) 


5 


[2 3] 


G 


16, 10) 


(7j X (72 


(4 


20 


191 


1 


[1 01 


GC4S 361 


Go X Dio 

^2 A -L-'l2 


(4 


13, 6) 


g 


[4 2] 


G 


16, 11) 


C2 X D4 


f4 


20 


20) 


4 


[4.0 01 


G('4S 381 


r>4 X S3 


(4 


13, 7) 


12 


[6,0,6] 


G 


16 111 


C2 X 1)4 


(4 


20 


91 1 


2 


[9 n nl 




Go X I'CGc X G0I X G0I 


(4 


13, 8) 


g 


[2,0,4] 


G 


16 111 


C2 X D4 


(4 


20 


22) 


1 


[1,0,0] 




Go X So X n,i 

^2 A 1^3 A ^^4 


(4 


13 9) 


5 


[2 3] 


G 


16, 11) 


C2 X D4 


(4 


21 


1 ~i 

'-J 


2 


[2 0] 


G(6, 2) 


Gf 


("4 


13, 10) 


5 


[2 31 


G 


32, 46) 


(^2 y n. 

2 -'-'4 


(4 


21 


91 


2 


[2 01 


G(12, 5) 


Gr X Go 
Of) A 02 


(4 


14, 1) 


4 


[4 0] 


G 


6, 2) 


(7»' 


(4 


21 


3) 


4 


[4,0,01 


G(12, 4) 




(4 


14, 2) 


4 


[4,0,0] 


G 


6, 2) 


Ce 


(4 


21 


4) 


2 


[2,0,01 


G('24, 14) 


G| X S3 


(4 


14, 3) 


8 


[8,0,0] 


G 


6, 1) 


53 


(4 


22 


1) 


2 


[1,0,1] 


G(9,2) 


CI 


(4 


14,4) 


4 


[4,0,0] 


G 


12,5) 


Ce X (72 


(4 


22 


2) 


2 


[1,0,1] 


G(18,5) 


Ge X G3 


(4 


14,5) 


4 


[4,0,0] 


G 


12,4) 




(4 


22 


3) 


3 


[2,0,1] 


G(18,3) 


G3 X S3 


(4 


14, 6) 


6 


[6,0,0] 


G 


12,4) 




(4 


22 


4) 


3 


[2,0,1] 


G(18,3) 


G3 X S3 


(4, 


14, 7) 


6 


[6,0,0] 


G 


12,4) 


Dq 


(4 


22 


5) 


5 


[3,0,2] 


G(18,4) 


G| X G2 
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Table 7 (continued) : birational classification of the algebraic fc-tori of dimension 4 



GAP code 


M. 

IF 


[s , 7°, w] 


\j 








GAP code 


ft 












0) 


Q 
O 


To n 1 1 

[Z,U, ij 




oD, iZ) 


X ^3 




/ A 
1^4 


Qn 
oU 




1 
1 


Fi n nl 

[1,U,UJ 


Lrl^vSD, D ) 




(A 
\ 


00 


7"! 
<) 


Q 
O 


To n 1 1 


n 
\j 


oD, iO ) 


C-2 X (Og 


X 02 j 


{A 
V 


•^n 




1 
1 


Fi fi nl 


C(AQ '\Q\ 
Lt(^4o, Oo ) 


n . V 

X 03 


f A 


oo 
zz 




/I 
4 




n 
\j 


OD, lU ) 


'='3 




A 
1^4 


Qn 


7^ 


1 
1 


Fi fi nl 


/"f/yo Qn^ 
Lt(^ 1 Z, OU ) 


X ^2} ^ 02} 


f A 


oo 
zz 







f/i n 1 1 

[4,U, ij 




'iR 1 n\ 
oD, lU ) 


q2 
•^3 




(A 
14 


Qn 
oU 


fi^ 


1 
1 


Fi n nl 

[1,U,UJ 


Cr(^ ( Z, ZO ) 


(^05 X ^3} X 02 


(A 
\ 


00 

zz 




/I 
4 


T'? n 1 1 

[0,U, ±J 


n 
\j 


OD, iU ) 






(A 
\ 


OU 


yj 


1 
1 


Fi n nl 


(_r 1 Z, Zl j 


(n^ V fT^r. VI vi 

\L^Z '-^4}} >^ (-^2 


f A 
1^4 


oo 
zz 


1 1 \ 


/I 
4 


[0,U, IJ 


n 
\j 


70 A(^\ 
1 Z, 4D ) 


02 X 03 




( A 
V"^ 


Qn 


1 n^ 


1 
1 


Fi n nl 


144, 104 j 


(,02 X 0^ } X 02 


1^4 


OQ 

zo 




1 
i 




Lt 


io, ) 


06 X U3 




( A 
1^4 


Qn 
o\j 


1 1 \ 


1 
1 


Fi n nl 

[1,U,UJ 


'K AA 1 Q(^\ 
Cr(^144, IvSD ) 


(^02 X (^03 X 04}} X O2 


(A 
1^4 


OQ 

ZO 




i 


ri n nl 
[1,U,UJ 




Qfi 1 /I \ 

v5D, 14j 






C A 
\^ 


Qn 
oU 




A 


Fo n nl 
[Z,U, UJ 


Ct(144, 110} 


(02 X (O3 X C-4}} X O2 


1^4 


OQ 
ZO 


3j 


1 
i 


ri n nl 




'iR 1 0\ 

oD, iz j 


Ce X 53 




(A 
14 


Qn 
oU 


1 Q^ 


1 
1 


Fi n nl 
[1,U,UJ 


/^/'Ofifi CfiOA 
Crl^ZOO, OOy } 


1,02 X } X O2 


1^4 


OQ 
ZO 


4j 


1 
i 


Fi n nl 




Qi^ 1 0\ 

oD, IZ) 


Ce X 53 




(A 
^4 


Ql 

ol 


1 \ 
1 ^ 


A 

4 


Fo nl 

[Z,Z, UJ 


/-~»/on Q^ 

Crl^ZU, } 


O5 X 04 


f A 
1^4 


OQ 
ZO 


5] 


Z 


To n nl 
[z,u,UJ 




QA 1 Q\ 

oD, lo j 


C2 X {C| 


X C2) 


/ A 
(^4 


Q 1 


o\ 
z J 


A 


Fi 1 nl 

[1,1, UJ 


/^i' A n 1 oA 

Cr|^4U, Iz j 


O2 X 1^05 X O4 ) 


1^4 


OQ 
ZO 




Z 


To n nl 
[z,u, UJ 


Lt 


oD, iZ^ 


Ce X 53 




I A 
(^4 


Q1 


Q^ 
J 


A 


Fo n nl 
[z,u,UJ 


Lrl^DU, } 


A 

^5 


(A 
1^4 


OQ 
ZO 


v^ 
7] 


i 


ri n nl 
[l,U,UJ 


Lt 


70 /I 
( Z, 4o ^ 


C2 X Ce X S3 


/ A 
(^4 


Q 1 
OL 


A \ 
4 J 


A 


Fi 1 nl 

[1,1, UJ 


1 on Q/1 ^ 
Lrl^lzU, o4 } 


05 


1^4 


OQ 
ZO 




i 


ri n nl 




70 A OA 

( z, 4y ) 


02 X 


X C-2j 


i A 
1^4 


Q1 


J 


A 


Fi 1 nl 
[1,1, UJ 


1 on Q/1 ^ 

Crl^lzU, o4 } 




f'/l 
1^4 


OQ 
ZO 




Z 


To n nl 
[z,u,UJ 




70 /I (^A 
( z, 4D j 


02 X O3 




i A 
1^4 


Ql 
OL 


J 


A 


Fo n nl 
[z,u, UJ 


1 on Q 

Crl^lzU, oO } 


O2 X A5 


1^4 


OQ 
ZO 


10) 


Z 


To n nl 
[z,u,UJ 




70 A (i\ 
( z, 4D ) 


\y c2 
02 X O3 




/ A 
(^4 


Q 1 
OL 


( ) 


A 


Fi 1 nl 
[1, l,UJ 


/^/'o/in 1 fio\ 
Cr(^z4u, loy } 


02 X ^5 


f'/l 
1^4 


OQ 
ZO 


1 1 \ 


1 
i 


ri n nl 

[1,U,UJ 


Lt 


^ A A 1 00\ 

144, lyz J 


^2 w cr2 




I A 


QO 
oA 


1 ) 


A 


Fi n 1 1 

[1,U,1J 


Lt^o, 4} 


V8 


f A 


0/1 
Z4 




D 


ft; n 1 1 

[0,U,1J 


Lt 


1 o Q^ 

iZ, v5J 


/14 




I A 


QO 


o^ 

Z J 


A 


Fi n 1 1 

[1,U,1J 


Lxl^lD, D } 


Og X 02 


(A 
1^4 


0/1 
Z4 




D 


To n /il 

[Z,U, 4J 


Lt 


0/1 1 Q\ 
z4, io ^ 


02 X /14 




(A 
1^4 


QO 
OA 


q\ 
) 


A 


Fi n 1 1 

[1,U,1J 


Crl^lD, } 




f'/l 
1^4 


0/1 
Z4 


3j 


D 


fc^ fl 1 1 
[0,U,iJ 


Lt 


0/1 1 o\ 
Z4, IZ J 


c 

04 




(A 
^4 


QO 
OZ 


4 ) 


A 


Fi n 1 1 

[1,U,1J 


/"»/-] 1 Q'\ 
Crl^lD, lo ) 


(^04 X O2 } X O2 


(A 


0/1 
Z4 


4; 


D 


Tq n Ql 
[o,U,oJ 


Lt 


0/1 1 o\ 
Z4, IZ j 


04 




i A 
1^4 


QO 
OA 


J 


Q 




Fi n ol 

[1,U,ZJ 


Cr|^Z4, } 


CT Q\ 

oIjI^z, } 


(A 
1^4 


0/1 
Z4 


0) 


D 


To n A\ 


n 


4o, 4o ) 


O2 X 04 




I A 


QO 
oA 


D ) 




z 


Fi n 1 1 

[i,U, IJ 


(_r(^OZ, 40 ) 


\L^2 X -L'4} X 02 


(A 
1^4 


oc; 
ZO 


J^) 





To n Ql 
[z,U,oJ 


Lt 


0/1 1 Q\ 
z4, lo ) 


02 X /I4 




I A 


QO 
OA 


7^ 
/ J 


A 


Fi n 1 1 

[1,U,1J 


Lt^oA^ ( ) 


(Og X 02 } X 02 


//I 
(^4 


oc; 
ZO 
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Let M be a G-lattice. M is called permutation if M has a Z-basis permuted by G, i.e. M ~ ©i<i<mS[G/i/,;] 
for some subgroups Hi,. .. ,Hm of G. Af is called stably permutation ii M (B P — P' for some permutation 
G-lattices P and P'. M is called invertiblc if it is a direct summand of a permutation G-latticc, i.e. P ~ M® M' 
for some permutation G-lattice P and a G-lattice M' . M is called coflabby if H^{H,M) = for any subgroup 
H of G. M is called flabby if H~^{H, M) = for any subgroup H oi G where H is the Tate cohomology (see 
Definition 
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Definition 1.14 (The categories C(G), S{G), D{G) and H\G)). Let C{G) be the category of aU G-lattices. 
Let S{G) be the category of ah permutation G-lattices. Let D{G) be the category of all invertible G-lattices. Let 

H'\G) = {M e G(G) I H\H, M) = for any H < G} {i ^ ±1) 

be the category of ^-vanish" G-lattices where is the Tate cohomology (see Section ^ . Then one has the 
inclusions S{G) c D{G) c H'(G) c G(G) {i = ±1). 

Definition 1.15 (The commutative monoid G(G)/5(G)). We say that two G-lattices Mi and M2 are similar if 
there exist permutation G-lattices Pi and P2 such that Mi ® Pi ~ M2 ® P2- We denote the similarity class of M 
by [M]. The category of similarity classes C{G)/S{G) becomes a commutative monoid (with respect to the sum 
[Ml] -I- [A/2] := [Ml ® M2] and the zero = [P] where P G S{G)). 

For a G-lattice M, there exists a short exact sequence of G-lattices 0— >A/— >P— >P— >0 where P is 
permutation and F is flabby which is called a Basque resolution of M (see Theorem I2.12|) . The similarity class 
[F] G C{G)/S{G) of P is determined uniquely and is called the flabby class of M. We denote the flabby class [P] 
of M by [M]-^' (see Definition [2?T3| . We say that [MY^ is invertible if [MY^ = [E] for some invertible G-lattice 
P. 

The flabby class [M]-^' plays crucial role in the rationality problem for L[M)'^ as follows (see also Voskresenskii's 
fundamental book |Vos98| Section 4.6]): 

Tiieorem 1.16 (Endo and Miyata, Voskresenskii and Saltman). Let L/k he a finite Galois extension with Galois 
group G — Gal(L/fc) and M and M' he G-lattices. 

(i) (Endo and Miyata |EM73| Theorem 1.6]) [M]-^' = i/ and only if L{M)^ is stahly k-rational. 

(ii) (Voskresenskii |Vos74[ Theorem 2]) [M]/' = [M'Y'' if and only if L{M)^ and L{M')'^ are stably isomorphic, 
i.e. there exist algebraically independent elements xi, . . . , x„i over L[M)'^ and yi, ...,?/„ over L[M')'^ such that 
L{Mf{xi,. . . Xm)^ L{M' f{yi, . . . ,y„). 

(iii) (Saltman |Sal84al Theorem 3.14]) [MY^ is invertible if and only if L[M)'^ is retract k-rational.. 

Theorem 1.17 (Colliot-Thelene and Sansuc |CTS77| Corollaire 1]). Let G he a finite group. The following 
conditions are equivalent: 

(i) [JgY^ coflabby; 

(ii) any Sylow subgroup of G is cyclic or generalized quaternion Q^n of order An (n > 2); 

(iii) any abelian subgroup of G is cyclic; 

(iv) H^{H, Z) = for any subgroup H of G. 

Tiieorem 1.18 (Endo and Miyata jEM821 Theorem 2.1]). Let G be a finite group. The following conditions are 
equivalent: 

(i) H^{G) n H^^{G) = D{G), i.e. any flabby and coflabby G-lattice is invertible; 

(ii) [Jg ®il JgY^ = [[JgY^Y^ is invertible; 

(iii) any p-Sylow subgroup of G is cyclic for odd p and cyclic or dihedral {including Klein's four group) for p = 2. 

Note that H\H, [JgY') = H^{H, TL) for any subgroups P of G (see |Vos70l Theorem 7] and |CTS77l Propo- 
sition 1]) and [JgY^ = Jg ^tl Jg (see |EM82| Section 2]). 
It is not difficult to see 

"M is permutation" =>"M is stably permutation" ^ "Af is invertible" =4> "Af is flabby and coflabby". 

[MY^ =0 ^ [mY^' is invertible. 

The above implications in each step cannot be reversed. Swan |Swa60j gave an example of Qs-lattice M 
of rank 8 which is not permutation but stably permutation: M (B 'Z^ — ^[Qs] ® ^- This also indicates that 
the direct sum cancellation fails (see also Theorem 14. 6p . Colliot-Thelhe and Sansuc |CTS771 Remarque Rl] and 
|CTS77[ Remarque R4] gave examples of S's-lattice M of rank 4 which is not permutation but stably permutation: 
A/®Z~ 7L[Ss./{a)]®7L[Sz/{T)] where £'3 = (cr,T) (see also Table 8 of Theorem ES]) and of P2o-lattice [Jp^o/dY^ 
of the Chevalley module JpwICi of rank 4 which is not stably permutation but invertible (see also Theorem 11.2 II 
and Theorem [HH] (ii), (iv) and (v)). By Theorems O (i), iLlll (ii) and [HTl the flabby class [JgJ^' of the 
Chevalley module Jg^ of rank 7 is not invertible but flabby and coflabby (we may take [Jq^]-'^' of rank 9, see 
Example 17.31) . The inverse direction of the vertical implication holds if M is coflabby (see Lemma [2. lip . 

By using the interpretation as in Theorem I1.16[ Theorems II. 3[ 11.51 11.61 and 11.71 may be obtained by the 
following theorems: 
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Theorem 1.19 (Endo and Miyata iEM74l Theorem 1.5]). Let G he a finite group. The following conditions are 
equivalent: 

(i) [JgY^ is invertible; 

(ii) all the Sylow subgroups of G are cyclic; 

(iii) H~^{G) = H^{G) = D(G), i.e. any flabby (resp. coflabby) G-lattice is invertible. 

Theorem 1.20 (Endo and Miyata |EM74[ Theorem 2.3], see also jCTS77( Proposition 3]). Let G be a finite 
group. The following conditions are equivalent: 

(i) [JgV = 0; 

(ii) [JgY^ is of finite order in C{G)/S{G); 

(iii) all the Sylow subgroups of G are cyclic and H'^{G, Z) = H'^{G, %); 

(iv) G = Cm or G — C„ x (ct, r | cr'^ = = 1, rar^^ — ^ where d > 1, fc > 3, n, k: odd, and gcd{n, k} — 1; 

(v) G= {s,t\ s™ = t'^" = l,tst-^ = s^m : odd, = 1 (mod m)). 

Theorem 1.21 (Endo jEndlll Theorem 3.1]). Let G be a non-abelian group whose Sylow subgroups are all cyclic. 
Let H be a non-normal subgroup of G which contains no normal subgroup of G except {1}. {By Theorem ] L19[ 
[Jg/hV^ is invertible.) The following conditions are equivalent: 

(i) [Jg/hV = 0; 

(ii) [Jg/hV^ is of finite order in C{G)/S{G): 

(iii) G = Dn with n odd {n > 3) or G ^ Gm x L)n where m, n are odd, to, n > 3, gcd{TO, n} = 1, and H < _D„ is 
of order 2; 

(iv) H — G2 and G ~ Cr x H , r > 3 odd, where H acts non-trivially on Gr- 

A partial result of Theorem 11.211 was given by CoUiot-Thelene and Sansuc |CTS771 Remarque R4] . 

Theorem 1.22 (Colliot-Thelene and Sansuc |CTS87[ Proposition 9.1], |LeB95[ Theorem 3.1], jCKOOi Proposition 
0.2], [LLOO] . Endo |Endll| Theorem 4.1], see also jEndlH Remark 4.2 and Theo rem 4.3]). Let n > 2 be an integer. 

(i) [Jsn/Sn-iV'' invertible if and only if n is a prime. 

(ii) [Jsn/S^-iV^ — if o-nd only if n = 2,3. 

(iii) [Jsn/Sn-iV^ is of finite order in C{G) / S{G) if and only if n — 2,3. 

Theorem 1.23 (Endo |Endlll Theorem 4.5]). Let n > 3 be an integer. 

(i) [Ja„/A„^iV' is invertible if and only if n is a prime. 

(ii) [JAri/An-iV" is of finite order in C{G) / S{G) if and only if n = 3,5. 

Note that [J^s/aJ^' = [JcsV^ = 0. By |Dre75l Corollary 3.3], [Ja^JA^^ is of finite order in C{G)/S{G). 
Indeed, we get [JArjA^V ^ (see Theorems O and [Lll Table 5, Corollary [TlO] and Theorem [ll25] (i) below). 

Definition 1.24 (The G-lattice Mq of a finite subgroup G of GL(n, S)). Let G be a finite subgroup of GL(n, S). 
The G-lattice Mg of rank n is defined to be the G-lattice with a S-basis {ui,...,m„} on which G acts by 
= J2'j=i O'id^i for any cr = [a.i^j] £ G. 

A birational classification of the fc-tori of dimensions 4 and 5 (Theorem ll.Sl and Theorem ll.lip may be obtained 
by the following two theorems respectively. 

Theorem 1.25. Let G be a finite subgroup o/GL(4, Z) and Mg be the G-lattice as in Definition ] L24\ 

(i) [Mg]-^' — if o.iT'd only if G is conjugate to one of the 487 groups which are not in Tables 2, 3 and 4. 

(ii) [MgY^ is not zero but invertible if and only if G is conjugate to one of the 7 groups which are given as in 
Table 2. 

(iii) [MqY^ is not invertible if and only if G is conjugate to one of the 216 groups which are given as in Tables 
3 and 4. 

(iv) [MgY^ =0 if and only if [MgY^ is of finite order m C{G)/S{G). 

(v) For the group G of the GAP code (4, 31, 5, 2) in (ii), we have 

-[Mg]/' = [Js,/sJ^V0. 

(vi) For the group G ~ -F20 of the GAP code (4, 31, 1, 4) in (ii), we have 

-[Mg]^' = [Jf,„/cJ^VO. 

Theorem 1.26. Let G be a finite subgroup o/GL(5,Z) and Mg be the G-lattice as in Definition \1.24\ 

(i) [MgY^ — if and only if G is conjugate to one of the 3051 groups which are not in Tables 11, 12, 13, 14 and 
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15. 

(ii) [Mg]-^'' is not zero but invertible if and only if G is conjugate to one of the 25 groups which are given as in 
Table 11. 

(iii) [MgY^ is not invertible if and only if G is conjugate to one of the 3003 groups which are given as in Tables 
12, 13, 14 and 15. 

(iv) [MgY^ = if and only if [MgV^ is of finite order m C{G)/S{G). 

Remark 1.27. (i) By the interpretation as in Theorem ll.l6[ Theorem ll.25l (v). (vi) claims that the corresponding 
two tori T and T' of dimension 4 are not stably fc-rational and are not stably birationally isomorphic each other 
but the torus T x T' oi dimension 8 itself is stably fc-rational. 

(ii) When [M^^ is invertible, the inverse element of [Af]-^' is given by — [A/]-'^' — [[Af]-'^']-''' (see Lemma [2.15p . 
Hence Theorem [OS] (v) also claims that [[MgY^V' = [^55/54]-''' and [[Js,/sJ^Y^ = [MgY'- 

We will give proofs of Theorem 11.251 and Theorem 11.261 in Section [S] and Section [TU] respectively. 



By using the algorithms in Section [51 we show the following theorem: 

Theorem (Theorem 16.21 and Theorem 16. 3|) . Let G be a finite subgroup of GL(n, S) and Mg be the G-lattice as 
in Definition ] 1.24\ 

(i) When n < 3, Mg is flabby and cofiabby if and only if Mg is permutation. 

(ii) When n = A, Mg is flabby and cofiabby if and only if Mg is permutation or the GAP code of G is one of 
(4, 14, 2, 2), (4, 14, 3, 3), (4, 14, 3, 4), (4, 14, 8, 2). 

{There are 11 conjugacy classes of subgroups of S4 and hence 15 flabby and cofiabby G-lattices of rank 4 in total.) 

(iii) When n = 5, Mg is flabby and cofiabby if and only if Mg is permutation or the CARAT code of G is one 
of (5, 218, 4), (5, 911, 4), (5, 918, 4), (5, 931, 4). 

{ There are 19 conjugacy classes of subgroups of and hence 23 flabby and cofiabby G-lattices of rank 5 in total.) 

(iv) When n = 6, Mg is flabby and cofiabby if and only if Mg is permutation or the CARAT code of G is one 
of the 50 triples 

(6,159,14), (6,161,14), (6,161,28), (6,197,14), (6,226,14), 
(6,226,40), (6,231,39), (6,238,27), (6,246,21), (6,366,27), 
(6,1087,20), (6,1090,18), (6,1142,8), (6,2043,4), (6,2051,9), 
(6,2068,6), (6,2069,6), (6,2069,12), (6,2070,12), (6,2079,14), 
(6,2079,28), (6,2088,18), (6,2105,12), (6,2154,26), (6,2156,40), 
(6,2156,80), (6,2188,39), (6,2968,4), (6,2969,4), (6,2969,8), 

(6.2977.6) , (6,3068,7), (6,3068,8), (6,3071,7), (6,3071,8), 

(6.3073.7) , (6,3073,8), (6,3073,15), (6,3073,16), (6,3076,7), 

(6.3076.8) , (6,3091,11), (6,3091,12), (6,5210,14), (6,5262,11), 
(6,5321,6), (6,5421,6), (6,5475,6), (6,5477,11), (6,5487,11). 

{There are 56 conjugacy classes of subgroups of Sq and hence 106 flabby and cofiabby G-lattices of rank 6 in 
total.) 

(v) When n < 6, M is flabby and cofiabby if and only if M is stably permutation. Indeed, flabby and cofiabby 
G-lattices M which are not permutation in (ii), (iii), (iv) are stably permutation as in Table 8. 

Definition 1.28 (Decomposition type). Let G be a finite group and Af be a G-lattice. A G-lattice M is said to 
be decomposable if there exist non-trivial G-lattices Ui and U2 such that A/ ~ J7i C/2 . A G-lattice is said to be 
indecomposable if it is not decomposable. When M decomposes into indecomposable G-lattices Af ~ [/i© - • - ©J/r 
of rank 711, . . . , Ur, we say that a decomposition type DT(Af) of M is (ni, . . . , Ur). 

For n < 6, the number of G-lattices Mg of rank n for a given decomposition type DT{Mg) is as follows: 



BT{Mg) 


(1) 


Total 


DT(A/g) 


(1,1) 


(2) 


Total 


DT(A/g) 


(1,1,1) 


(2,1) 


(3) 


Total 


#Mg 


2 


2 


#Mg 


4 


9 


13 




8 


31 


34 


73 



DT(Af, 



#Mg 
BT{Mg) 



(1,1,1,1) (2,1,1) (2,2) (3,1) (4) 



16 



96 



175 128 295 



Total 



710 



(15) (2,13) (22,1) (3,1^) (3,2) (4,1) (5) 



32 



280 



1004 



442 



1480 1400 1452 



Total 

6090 

(6079) 
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DT(A/g) 


(16) 


(2,14) 


(2M^) 


(23) 


(3,1^) 


(3,2,1) 


(32) 


(4,12) 


(4,2) 


(5,1) 


(6) 


Total 


4^Mg 


68 


824 


4862 


6878 


1466 


10662 


4235 


5944 


21573 


9931 


18996 


(85308) 



For n < 4, we see that the KruU-Schmidt theorem holds, i.e. if Mq ~ Mi ® • • • ® ~ A^i © • • • ® for 
indecomposable G-lattices Mi and Nj, then I = m and, after a suitable renumbering of the Nj, Mi ~ Ni for any 
1 < i < ni. However, it turns out that the Krull-Schmidt theorem fails for n — 5. We split the Krull-Schmidt 
theorem into the following two parts: 



(KSl) If Afi © • • • © M/ ~ TVi © • • • © Nm for indecomposable G-lattices M^ and Nj, then / = m and, after a 
suitable renumbering of the Nj, rank Mi = rank Ni for any 1 < i < m; 

(KS2) If Afi © • • • © Mm ~ TVi © • • • © Nm for indecomposable G-lattices Mi and Ni with rank M, = rank Ni 
for any 1 < i < m, then after a suitable renumbering of the Ni, Mi ~ Ni for any 1 < i < m. 

Krull-Schmidt theorem holds if and only if the conditions (KSl) and (KS2) hold. 

Theorem fTheorem l4.6p . Let G be a finite subgroup of GL(rt, S) and Mq be the G-lattice as in Definition \1.24\ 

(i) When n < A, the Krull-Schmidt theorem holds, i. e. if Mq ~ Mi © • • • © Mi ~ iVi © • • • © Nm for indecomposable 
G-lattices Mi and Nj , then I = m and, after a suitable renumbering of the Nj, Mi ~ Ni for any 1 < i < m. 

(ii) When n — 5, (KS2) holds, and the Krull-Schmidt theorem fails if and only if (KSl) fails if and only if the 
CARAT code of G is one of the 11 triples 

(5, 188, 4), (5, 189, 4), (5, 190, 6), (5, 191, 6), (5, 192, 6), (5, 193, 4), (5, 205, 6), (5, 218, 8), (5, 219, 8), (5, 220, 4), (5, 221, 4). 

For the exceptional 11 cases, the decomposition types of Mq are (3, 2) and (4, 1) and G is a subgroup of the group 
G2 X De of the CARAT code (5,205,6). 

(iii) When n = 6, (KSl) fails if and only if the CARAT code of G is one of the 131 triples 

(6, 2013, 8), (6, 2018, 4), (6, 2023, 6), (6, 2024, 6), (6, 2025, 6), (6, 2026, 6), (6, 2033, 6), (6, 2042, 8), (6, 2043, 8), (6, 2044, 4), 

(6, 2045, 4), (6, 2048, 5), (6, 2049, 8), (6, 2050, 8), (6, 2051, 8), (6, 2052, 8), (6, 2058, 5), (6, 2059, 5), (6, 2067, 5), (6, 2068, 5), 

(6, 2069, 5), (6, 2069, 11), (6, 2070, 9), (6, 2071, 9), (6, 2072, 10), (6, 2072, 11), (6, 2076, 24), (6, 2076, 25), (6, 2077, 24), (6, 2077, 25), 

(6, 2078, 24), (6, 2078, 25), (6, 2079, 24), (6, 2079, 25), (6, 2087, 15), (6, 2088, 15), (6, 2089, 17), (6, 2089, 18), (6, 2094, 9), (6, 2102, 24), 

(6, 2102, 25), (6, 2105, 9), (6, 2106, 9), (6, 2107, 10), (6, 2107, 11), (6, 2108, 15), (6, 2109, 15), (6, 2110, 17), (6, 2110, 18), (6, 2111, 15), 

(6,2139,9), 

(6, 40, 4), (6, 41, 4), (6, 44, 6), (6, 45, 6), (6, 47, 4), (6, 53, 4), (6, 54, 4), (6, 54, 8), (6, 55, 4), (6, 63, 4), 

(6, 64, 6), (6, 65, 4), (6, 66, 6), (6, 67, 6), (6, 75, 4), (6, 75, 8), (6, 76, 8), (6, 76, 12), (6, 77, 8), (6, 77, 12), 

(6, 78, 4), (6, 78, 8), (6, 79, 6), (6, 80, 4), (6, 81, 8), (6, 81, 12), (6, 90, 4), (6, 99, 4), (6, 108, 4), (6, 108, 8), 

(6, 109, 8), (6, 109, 12), (6, 110, 4), (6, 111, 6), (6, 112, 8), (6, 112, 12), (6, 113, 4), (6, 114, 6), (6, 115, 6), (6, 145, 4), 

(6, 2070, 10), (6, 2070, 11), (6, 2071, 10), (6, 2071, 11), (6, 2072, 12), (6, 2072, 13), (6, 2076, 26), (6, 2076, 27), (6, 2077, 26), (6, 2077, 27), 

(6, 2078, 26), (6, 2078, 27), (6, 2079, 26), (6, 2079, 27), (6, 2087, 16), (6, 2087, 17), (6, 2088, 16), (6, 2088, 17), (6, 2089, 19), (6, 2089, 20), 

(6, 2094, 10), (6, 2094, 11), (6, 2102, 26), (6, 2102, 27), (6, 2105, 10), (6, 2105, 11), (6, 2106, 10), (6, 2106, 11), (6, 2107, 12), (6, 2107, 13), 

(6, 2108, 16), (6, 2108, 17), (6, 2109, 16), (6, 2109, 17), (6, 2110, 19), (6, 2110, 20), (6, 2111, 16), (6, 2111, 17), (6, 2139, 10), (6, 2139, 11). 

For the former 51 cases {resp. the latter 80 cases), the decomposition types of Mq are (3, 2, 1) and (4, 1, 1) {resp. 
(3,3) and (5,1)) and G is a subgroup of the group G| x Dq of the CARAT code (6,2139,9) [resp. Dq x D4 of 
the CARAT code (6, 145,4)). 

(iv) When n — 6, (KS2) fails if and only if the CARAT code of G is one of the 18 triples 

(6, 2072, 14), (6, 2076, 28), (6, 2077, 28), (6, 2078, 28), (6, 2079, 28), (6, 2089, 21), (6, 2102, 28), (6, 2107, 14), (6, 2110, 21), (6, 2295, 2), 
(6, 3045, 3), (6, 3046, 3), (6, 3047, 3), (6, 3052, 5), (6, 3053, 5), (6, 3054, 3), (6, 3061, 5), (6, 3066, 3). 

For the former 10 cases, the decomposition type of AIq is (4,2) and G is the group Dq of the CARAT code 
(6, 2295, 2) or a subgroup of the 3 groups C2 x of the CARAT codes (6, 2102, 28), (6, 2107, 14) and (6, 2110, 21). 
For the latter 8 cases, the decomposition type of Mq is (5,1) and G is a subgroup of the group C2 x S5 of the 
CARAT code (6,3054,3). 

Using the algorithms as in Section [5] and Section [6l we may verify the following isomorphism which gives the 
smallest example exhibiting the failure of the Krull-Schmidt theorem for permutation G-lattices (see Section |4] 
and Dress's paper |Dre73[ Proposition 9.6]): 
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Proposition (Proposition 16. 7|) . Let Dq be the dihedral group of order 12 and {1}, C2^\ C2^\ C3, C|, Cq, 

andDi 
DQ-lattices holds: 



S^^\ 53^' and Dq be the conjugacy classes of subgroups of Dq. Then the following isomorphism of permutation 



(1)1 



The following flow chart presents the structure of the GAP algorithms which will be given in Section [S] 



Algorithm Fl. Compute \M(^^K 










Algorithm F2. Is [Mg]^' invertiblc? 


No 




Yes 


Algorithm F3. Is [[Afc]^']^'] = ? 


> 

Yes 




No 


Algorithm F4. Is {Mg\^^ = possible? 


> 

No 




Yes 


Algorithm F5. 

Algorithm F6. Is [McJ-'^'^O? 
Algorithm F7. 


> 

Yes 



> L{M) is not retract A:-rational. 



L{M)^ is stably /c-rational. 



> L{M)'^ is not stably but retract fc-rational. 



-> L{M)'^ is stably fc-rational. 



As an application of the method of this paper, we give examples of not retract fc-rational fields which are 
related to the rationality problem under the finite group action, e.g. Noether's problem (see [HKYllj . [Yam 12) . 
[HKKij 'l. 

Let A: be a field of char fc 7^ 2 and k{x,y,z) be the rational function field over k with variables x,y,z. We 
consider the /c-involution (i.e. fc-automorphism of order 2) 



<Ja,b,c,d ■ X -X, y ^ 



-ax 



z i-> 



'CX 



(a, 6, c, d e 



y z 

on k{x, y, z) and the rationality problem of k{x, y, z)('^» ''.^ '') over k, namely whether the fixed field fc(x, y, z)^"'^-''-'-'^'! 
is fc-rational. We see that the fixed field fc(x, y, z)^'^'' '' '^''*^ is fc-isomorphic to fc(a;, y, z)('^^(''''^(''''^('=)'^<'*''* for t G D/^ 
where Z?4 = {(abdc), {ab){cd)) is the permutation group on the set {a, 6, c, d} which is isomorphic to the dihedral 
group of order 8. Let m — [fc(-\/a, ^/b, -y/c, Vd) : k]. Hence the rationality problem is determined by the following 
22 cases: 



(CI) m 
(C2) TO = 
(C3) TO = 
(C4) TO = 
(C5) TO = 
(C6) TO = 
(C7) TO = 
(C8) TO = 
(C9) TO = 

(CIO) TO 
(Cll) TO 

(C12) TO 
(C13) TO 
(C14) TO 



= 1; 



= 2, (1) a,6,ce fc^2. (2) a,6,de fc><2. (3) a,c,d£k''^; (4) b,c,dek''^; 

2, (1) a, 6, cd e fc^2. (2) 5^ ac e fc^^. (3) c, a6 e fc^^. (4) c, a, fed G fc^^. 
= 2, (1) a, d, &c e fc^2. (2) h, c, ad G fc^^. 

= 2, (1) a, bd, cdek""^; (2) &, cd, ac G fc^^. (3) ^5 g ;jX2. (-4) 5^ g ^> 

= 2, ab, ac, ad G fc^^; 

= 4, (1) a,bek''^; (2) b,dek''^; (3) d.cek''^; (4) c,aG fc^^; 
= 4, (1) a,dG fc^2. (2) b,c£k''^; 

-- 4, (1) a, foe G fc^2. (2) b^adek""^; (3) d,bcek''^; (4) c, ad G fc^^. 
- 4, (1) a,bdek''^; (2) b,dcek''^; (3) d, ac G fc^^. (4) c, afo G fc^^. 

(5) a, cd G fc^2. (e) G fc^^. (7) ^fo G fc^^. (§) c, 6d G fc^^. 
= 4, (1) a,fecdG fc^2. (2) 6,acdG fc^2. (3) ^f^afecG fc^^. (4) c,a6dG fc^^. 
= 4, (1) a6, cd G fc^2. (2) 6d, ac G fc^^. 

= 4, (1) a6,acG fc''^; (2) M,afeG fc''^. (3) cd^bdek""^; (4) ac,cdek''^; 
= 4, ad, 6c G fc^^; 
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(C15) m = 4, (1) ab, acd e k""^: (2) bd, abc e k""^: (3) cd, abd G /c^^. ,^4) g ^ 

(C16) m = 4, (1) ad, abc G /fc^^. (2) be, abd G A:^^. 

(C17) m = 8, (1) a e A:^^. (2) e fc><2; (3) ^ k""^- (4) c e fcx2; 

(C18) m 8, (1) a6 £ A:^^. (2) qc G fc><2. (3) ^ ;,x2. (4) ^ ;,x2. 

(C19) m = 8, (1) ad G fc><2. (2) 5^ G /fc^^. 

(C20) m = 8, (1) abc G A:^^ (2) bed G A;><2; (3) aferf e (4) acd G k""^; 
(C21) m = 8, afocdG A;^^. 
(C22) m = 16. 



We see that if one of the conditions (CI), (C2), (C3), (C5), (C6), (C7), (CIO), (C12), (C13) holds, then 
k{x,y, z)^'^'^''''"'''^ is A;-rational (see Lemma Fll-Sp . 

Theorem fTheorem lll.3p . Let k be a field o/char fc 7^ 2 and k{x,y,z) he the rational function field over k with 
variables x,y,z. Let aa.b,c,d be a k-involution on k{x,y,z) defined by 

—ax^ + b —cx^ + d , , , 
cra,b.c.d ■ X -X, y , z i~> [a,b,c,dek ) 

y z 

and m = [k{^/a, \/b, -y/c, Vd) : A:]. 

(i) A;(a;, y, z)^'^"'''''=-''^ = k{ti,t2,t^,t4) where ti,t2,t^,t4^ satisfy the relation 

{t\-a){tl-d) = {tl-b){tl~c). 

(ii) k{x,y, z)^'^"-''-''''''^ is k-isomorphic to A:(a:, j/, z)^'^^<'')'^<'')'^<'^)'^('"^ for t e D4 where D4 = {{abdc), (a6)(cd)) is the 
permutation group on the set {a,b,c,d} which is isomorphic to the dihedral group of order 8. 

(iii) // one of the following conditions holds, then k{x,y , z)^'''^ -"^^ is not retract k-rational: 
(C15) m = 4, (1) ab, acd G k""^; (2) bd, abc G k""^; (3) cd, abd G k""^; (4) ac, bed G k""^; 
(C16) m = 4, (1) ad,abc G k""^; (2) bc,abd G k""^; 

(CIS) m = 8, (1) ab G . (2) ac G k""^ ; (3) 6d G k""^; (4) cd G . 
(C19) m = 8, (1) ad G k""^; (2) &c G A:><2; 

(C20) m = 8, (1) abc G fc><2 . (2) bed G k""^ ; (3) a6d G k""^; (4) acd G A;><2 . 
(C21) m = 8, abcde k""^ ; 
(C22) m = 16. 

We do not know whether the field fc(a;, y, z)<''»f is A;-rational for the cases (C4), (C8), (C9), (Cll), (C14), 
(C17). 

We organize this paper as follows. In Section [2l we recall known results and prepare some basic materials, 
e.g. Galois cohomology, Tate cohomology, flabby resolution of a G-lattice. We explain the relationship between 
these materials and the rationality problem of algebraic A:-tori. In Section [31 we explain how to access the GAP 
code and the CRAT code of a finite subgroup G of GL(n, 7L) {n < 6) of this paper. In Section |4l we show that 
the Krull-Schmidt theorem for G-lattices holds when the rank < 4, and fails when the rank is 5 and 6 by using 
the GAP code and the CARAT code. In Section [SJ we give some algorithms to compute a flabby resolution 
of a G-lattice effectively in GAP. We also give some algorithms which may determine whether the flabby class 
of the G-lattice is invertible (resp. zero) or not. These algorithms enable us to classify the function flelds of 
algebraic fc-tori birationally. In Section [6l we give a classiflcation of all the flabby and coflabby G-lattices of 
rank up to 6. In Section [71 we obtain a birational classification of the norm one tori of dimensions 4 and 5. In 
Section [SI we will give some GAP algorithms for computing the Tate cohomologies. In Sections [3] and [TUl we 
give proofs of Theorem 11.251 and Theorem II .261 respectivelv by using the algorithms which is given in Sections [3J 
[H [5] and [Sj Using the algorithms in Section [5l we will show Theorem 111.31 which provides some examples of not 
retract A:-rational fields in Section[TTJ In Section[T2l an application of Theorem 1 1 1 . 31 which is related to Noether's 
problem is given. Tables 11 to 15 in Theorems 11.111 and 11.261 are located in Section [131 We also give detailed 
information of a birational classification of the algebraic fc-tori of dimension 5 as in Table 16 in Section [T3l 

Acknowledgments. The authors would like to thank Ming-chang Kang for giving them useful and valuable 
comments. They also would like to thank Shizuo Endo for valuable comments and for fruitful discussions about 
Section [31 The first-named author wishes to gratefully thank his teacher Yumiko Hironaka for continuous en- 
couragement. 
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2. Preliminaries: Tate cohomology and flabby resolutions 

First we recall the definitions of Galois cohomology and Tate cohomology. See for details Cartan and Eilenberg 
|CE56| ChapterXII] and Brown IBro82| Chapter VI]. 

Definition 2.1 (n-cochains, coboundary homomorphisms). Let G be a group and M be an additive G-module. 
Let 71 > be an integer and C"{G,M) be the additive group of all maps from G" to M. The elements of 
C"{G,M) are called the n-cochains. The coboundary homomorphisms 



G"(G,A/) ^ G"+^(G, M) 



are defined as 



(ci"V')(5i,...,5„+i) = gi ■ip{g2,-. -,9,1+1) 

+ Z]r=i(-l)V(5i7 • ■ ■ ,9t-i,9i9t+i,9t+2, ■ ■ ■,9n+i) 
+(-ir+V(5i,.--,5n). 

Lemma 2.2. d""*"^ o d" = holds, and {C{G,M),d^ becomes a cochain complex. 

Definition 2.3 (Group cohomology). Define the group of n-cocycles as 

Z" (G,A/) =Ker (d"), 

the group of n-coboundaries as 

(b°{g,m)^o. 



S"(G, M) = Im (n > 1), 



and the n-th cohomology group as 



H''{G,M) = Z''{G,M)/B''{G,M), {n > 1). 

Definition 2.4 (Tate cohomology). Let G be a finite group and M be an additive G-module. Define the trace 
map Tg : M M as 



geG 



the groups of 0-cocycles and (— l)-cocycles as 



J Z"(G, M) = A/G H°{G, M), 
\z-i(G,Af) =Ker {Tg), 

the groups of 0-coboundaries and (— l)-coboundaries as 

{b\G,M)^Iu,{Tg), 

\5-i(G, M) = Eg6G Im (ff - idM), 

and the n-th Tate cohomology group as 



H''{G,M) 



where Hi is the i-th homology group. 



= < 



H''{G,M) {n>l), 

Z°{G,M)/B°{G,M) {n = 0), 

Z-^{G,M)/B~^{G,M) {n = -l), 

[H^n-iiG,M) (n<-2) 



Assume that G is a finite group and M is a G- lattice, i.e. finitely generated S[G]-module which is Z-free as 
an abelian group. Both Z"(G,M) and B"{G,M) are free Z-modules of finite rank, and it turns out that the 
groups H'^{G,M) have exponent dividing ^G and hence finite for any ri e S. We have that _ff"(G, S[G]) = 
for n = ±1 (see Lemma[2TT]) and that H°{G, 7L[G]) = 0. 

We will give some GAP algorithms for computing the Tate cohomology H'^{G, Mg) in Section |8l 



In order to construct a flabby resolution of M, we use the following long exact sequence: 
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Lemma 2.5 (A long exact sequence). // 

is an exact sequence of G-lattices, then there exists a long exact sequence of ahelian groups 

> H^-\G,C) ^ H^{G,A) A H^{G,B) A H^{G,C) A H^+^{G,A) ^ • •• 

where f* and g* are the maps in cohomology induced from the cochain maps f and g, and d* is the connecting 
homomorphism obtained by using the snake lemma. 

Definition 2.6 (Dual G-lattice). Let M be a G-lattice. The G-lattice M° = Horns (A'/, with G-action 

(.9 ■ /)M = -m) (/ e Ar,m e e G) 

is called the dual G-lattice of M . 

Note that (M°)° ~ M and if A{g) is the matrix representation of the action of g G G on the G-lattice M with 
a fixed S-basis, then the matrix representation of the action of g on M° is given by * A{g''^). In particular, if M 
is permutation G-lattice, then M ~ M° . 

Lemma 2.7 (see |Arn84[ Theorem 2.2]). ^{G^M) ~ H-'\G,M°). 

Definition 2.8 (Dual homomorphism). For / e Hom2(Afi, M2), we define the dual homomorphism f° e 
Homs(M2°,Mi°) by 

r(0(m) /(/(m)) il€M°,m€Mi). 

Lemma 2.9. If A ^ B A C is an exact sequence of G-lattices, then C° — > B° — > A° is also an exact sequence 
of G-lattices. 

We recall some basic facts of the theory of flabby (flasque) G-lattices (see |CTS77| . |Swa83j . |Vos981 Chapter 
2], |Lorn5] . |Swain] V 

Definition 2.10 (Permutation, stably permutation, invertible, flabby and coflabby G-lattices). Let G be a finite 
group and M be a G-lattice (i.e. finitely generated S[G]-module which is S-free as an abelian group). A G- 
lattice M is called permutation if M has a Z-basis permuted by G, i.e. M ~ ®i<,i<,„Z[G/i?i] for some subgroups 
Hi, ... , Hyn of G. M is called stably permutation if M©P ~ P' for some permutation G-lattices P and P' . M is 
called invertible (or permutation projective) if it is a direct summand of a permutation G-lattice, i.e. P ~ M(BM' 
for some permutation G-lattice P and a G-lattice M' . M is called flabby (or flasque) if H~^{H, M) = for any 
subgroup H oi G where H is the Tate cohomology. Similarly, M is called coflabby (or coflasque) if H^{H, M) = 
for any subgroup H oi G. 

Lemma 2.11 f |Len741 Propositions 1.1 and 1.2], see also |Swa83[ Section 8]). Let E be an invertible G-lattice. 
Then 

(i) E is flabby and coflabby. 

(ii) If G is a coflabby G-lattice, then any short exact sequence O^G^N^E^O splits. 

Let G(G) be the category of all G-lattices and S{G) be the category of all permutation G-lattices. We say that 
two G-lattices Mi and M2 are similar if there exist permutation G-lattices Pi and P2 such that Mi® Pi — M2®P2- 
We denote the similarity class of M by [M]. The category of similarity classes C{G)/S{G) becomes a commutative 
monoid (with respect to the sum [Mi] -I- [M2] := [Mi ® M2] and the zero = [P] where P G S{G)). 

Theorem 2.12 (Endo and Miyata |EM741 Lemma 1.1], Colliot-Thelene and Sansuc iCTS77[ Lemma 3], see also 
|Swa831 Lemma 8.5], [LotOSI Lemma 2.6.1]). For any G-lattice M , there is a short exact sequence of G-lattices 
0— ^Af— >P—>0 where P is permutation and F is flabby. 

Definition 2.13 (Flabby resolution). The exact sequence — t- A/ ^ P P as in Theorem 12. 121 is called 
a flabby resolution of the G-lattice M. pg{M) = [F] G G{G)/S{G) is called the flabby class of M, denoted by 
[MY^ = [F]. Note that [MY^ is well-defined: if [M] = [A/'], [MY^ = [F\ and [M'Y^ = [F'] then F©Pi ~ P'ePj 
for some permutation G-lattices Pi and P2, and therefore [F] = [F'] (cf. |Swa83[ Lemma 8.7]). We say that 
[MY' is invertible if [A^^]-''' = [E] for some invertible G-lattice E. 
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It is not difficult to see 

"M is permutation" =>"Af is stably permutation" ^ "Af is invertible" ^ "Af is flabby and coflabby". 



(see Section [IJ. Let L/k be a finite Galois extension with Galois group G — Gal(L/A:) and Af be a G-lattice. 
The flabby class [A/]-''' plays crucial role in the rationality problem for L{M)'^ . In particular, by Theorem 11.161 
(Endo and Miyata |EM73j . Voskresenskii |Vos74j and Saltman |Sal84aj '). we have the following fundamentals: 

(i) [M]f^ = if and only if L{M)^ is stably fc-rational; 

(ii) [MY'' — [M'Y'' if and only if L{M)'^ and L{M')'^ are stably isomorphic, i.e. there exist algebraically 
independent elements xi,...,Xm over L{M)'^ and yi,...,yn over L{M')^ such that L{M)'~^{xi, . . . ,Xm) — 



(iii) [Aiy^ is invertible if and only if L{M)'^ is retract fc-rational. 

Let G ~ Gal(i/fc) be a finite group and M ~ Afi © M2 be a decomposable G-lattice. Let Ni = {a ^ G \ 
cf(v) = V for any v S Mi] be the kernel of the action of G on Mi [i — 1,2). Then L{M)'^ is the function 
field of an algebraic torus T and is fc-isomorphic to the free composite of L(Afi)'^ and L{M2)'^ over k where 
L{Mi)^ = (i^O(^f')'^^^' is the function field of some torus {i = 1,2) with T = Ti x T2 and Af, may be 
regarded as a G/A'i-lattice. 

Lemma 2.14. Let G he a finite group and M ~ Mi Af2 &e a decomposable G-lattice with the flabby class 
Pg{M) = [My" . Let Ni be a normal subgroup of G which acts on Mi trivially. The G-lattice Mi may be 
regarded as a G/Ni-lattice with the flabby class Po/NiiMi) as G/Ni-lattice. Then 

(i) pg{M)^ pg{Mi) + pg{M2). 

(ii) pg{Mi) =0 if and only if Pg/nA^'^i) = 0- 

(iii) pg{Mi) is invertible if and only if PG/Nii^'h) invertible. 

Proof, (i) Let ^- Afj f i ^ i^i ^- be flabby resolutions of Afj as G-lattices {i = 1,2). Then ^ Af ^ 
Pi © P2 -Fi © -F2 -> is a flabby resolution of M. Hence pg{M) = [Fi © F2] = Pg{Mi) + pg{M2). (ii), (iii) 
See I CTS77[ Lemme 2] and |Kan091 Lemma 4.1]. □ 

Lemma 2.15 (Swan |SwalO[ Lemma 3.1]). Let Mi M ^ M2 be a short exact sequence of G- 
lattices with M2 invertible. Then pg{M) — pg{Mi) + pg{M2). In particular, if pg{Mi) is invertible, then 
-Pg{Mi)^ Pg{pg{Mi)). 

Proof. See [SwalO| Lemma 3.1]. □ 

Lemma 2.16. Let G ~ Gal{L/k) be a finite group and M ~ Mi © Af2 be a decomposable G-lattice. 

(i) L{AI)^ is retract k-rational if and only if both of L{Mi)'^ [i — 1,2) are retract k-rational. 

(ii) If L{Mi)'^ and L{M2)'^ are stably k-rational, then K{M)'~^ is stably k-rational. 

(iii) When rank Mi < 3 (i = 1, 2), L(AI)^ is stably k-rational if and only if both of L{Mi)'~^ (i — 1, 2) are stably 
k-rational. 

Proof. See, for example, jHKKi| Theorem 6.5]. □ 

Let H he a, subgroup of G. For a G-lattice Af , it can be regarded as a i7-lattice by restricting the action of G 
to H. We write this _ff-lattice as M\h. 

Lemma 2.17. Let G be a finite subgroup 0/ GL(n, S) and Mg be the corresponding G-lattice as in Definition 
\1.24\ Let H be a subgroup of G. 

(i) IfpGiMG) = 0, then ph{Mh) = 0. 

(ii) If pg{Mg) is invertible, then Ph{Mh) is invertible. 

Proof. Let — Mg — >-P— >-Obea flabby resolution of Mg as a G-lattice. Then — ^ Mg\h — ^ P\h — ^ 
P|ff — >■ is a flabby resolution of Mg\h = Mh as a i/-lattice, because Ph is a permutation if-lattice and F\h is 
a flabby iJ-lattice. This shows that ph{Mh) = [F\h] as a iJ-lattice. If G-lattice F is stably permutation (resp. 
invertible), then F\h is stably permutation (resp. invertible) as a iJ-lattice. □ 



4 

[mY^ = 



4 

=4> [M]-^' is invertible 



L{M')G{yi,...,yr.); 
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3. CARAT CODE OF THE Z-CLASSES IN DIMENSIONS 5 AND 6 

In this section, we will explain how to access the GAP code and the CRAT code of a finite subgroup G of 
GL(n, Z) (n < 6). We need the GAP ( IGAPj ) packages CrystCat and CARAT to do the computations below. 

The CrystCat package of GAP provides a catalog of (Q-classes and S-classes (conjugacy classes) of finite 
subgroups G of GL(n, (Q) and GL(n, Z) (2 < n < 4). For 2 < n < 4, the GAP code (n, i, j, k) of a finite subgroup 
G of GL(n, Z) means that G belongs to the fc-th Z-class of the j-ih. Q-class of the i-th crystal system of dimension 
n in GAP (see also |BBNWZ78I Table 1]). 

The CARAtI f jCaratj ) package of GAP provides all conjugacy classes of finite subgroups of GL(n, Q) (n < 6) 
(see jPSOOj ). After unpacking the CARAT, we get the (Q-catalog file carat-2. Ibl/tables/qcatalog.tar.gz. 
Unpacking this file, we get lists of (Q-classes of GL(rt, (Q) (n = 1, . . . , 6) in qcatalog/datal, . . . , qcatalog/data6. 
Generators of each group are in individual files under the folders qcatalog/diml/, . . . , qcatalog/dim6/. 

The second-named author wrote the perl script crystlst.pl to collect these generators into a single file. 
Files crystl.gap, . . . , crystS.gap are lists of representatives of (Q-classes of GL(1, (Q), . . . , GL(6, (Q) respectively. 
These files are available from http : //www . math . h . kyoto-u . ac . j p/~yainasaki/Algorithin/| as GLnQ.zip. 

Let G be a finite subgroup of GL(n, Z). CARAT has a command ZClassRepsQClass (G) to compute the 
complete S-class representatives of the Q-class of G. We split the (Q-class of G into K-classes by the command 
ZClassRepsQClass (G) . For the ^-th group G in the list of S-classes obtained by ZClassRepsQClass (G) where 
G is the m-th group ((Q-class) in qcatalog/datart, we say that the CARAT code of G is (n, m, I). 

The second-named author wrote a GAP program to determine the (Q-class and the S-class of a group G. 
The files crystcat . gap and car at number . gap contain programs related to the GAP code and the CARAT code 
respectively. The file caratnumber . gap uses other files which are packed in the crystdat . zip. This zip file 
should be packed at the current directory. 

All the files above are available from |http : //www . math . h . kyoto-u . ac . jp/~yamasaki/Algorithm7 

MatGroupZClass(n,i, j ,k) (build-in function of GAP) returns the group G < GL(n, S) of the GAP code 
(n, z, j, k) when 2 < n < 4. 

CaratMatGroupZClass (n, i , j ) returns the group G < GL(n, S) of the CARAT code {n,i,j) when 1 < n < 6. 
CrystCatZClass(G) returns the GAP code (n, fc) of G < GL{n, %) when 1 < ti < 4. 
CaratZClass(G) returns the CARAT code {n,i,j) of G < GL(n, S) when 1 < n < 6. 
NrQClasses (n) returns the number of (Q-classes in dimension n when 1 < rt < 6. 

NrZClasses (n,m) returns the number of Z-classes in the m-th (Q-class in dimension n when 1 < n < 6. 
CrystCat2Carat(l) returns the CARAT code of the group G of the GAP code /. 
Carat2CrystCat(l) returns the GAP code of the group G of the CARAT code I. 

Example 3.1 (Some programs in crystcat . gap and caratnumber . gap). We give some examples of the functions 
in crystcat .gap and caratnumber . gap. Note that caratnumber . gap needs the CARAT package in GAP. 

Let G„ be the cyclic group of order n and J„ — Jc^ be the Chevalley module of rank n — 1 which is the dual 
of /„ = Ker e where e : Z[G„] — > S is the augmentation map (see Section[T]). Then L(J„)'-^" is the function field 
of the norm one torus i?^^j,((Gm) where X is a cyclic Galois extension of k of degree 5. 

gap> Read ("crystcat. gap" ) ; 
gap> Read ("caratnumber .gap") ; 

gap> List ( [1 . . 6] ,n->NrQClasses (n) ) ; # # of Q-classes in dimension n 
[2, 10, 32, 227, 955, 7103 ] 

gap> List([l. .6] ,n->Sum([l. .NrQClasses(n)] ,i->NrZClasses(n,i))) ; # # of Z-classes 
[ 2, 13, 73, 710, 6079, 85308 ] 

gap> J5:=Group([ [ [ 0, 1, 0, ], [ 0, 0, 1, ], [ 0, 0, 0, 1 ], [ -1, -1, -1, -1 ] ] ]); 
gap> CrystCatZClass ( J5) ; 
[ 4, 27, 1, 1 ] 

gap> G:=MatGroupZClass(4,27,l,l) ; # G=C5 

"^CARAT works only on Linux or Mac OS X, but not on Windows. Because in the old version of CARAT the number of Q-classes 
of GL(6, <Q) was not correct, the second-named author reported it to CARAT group. This has been fixed in the current version 
2.1bl. 
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MatGroupZClassC 4, 27, 1, 1 ) 
gap> CrystCat2Carat( [4,27, 1,1] ) ; 
[ 4, 227, 1 ] 

gap> Carat2CrystCat( [4,227, 1] ) ; 

[ 4, 27, 1, 1 ] 

gap> GeneratorsOf Group (G) ; 

[ [ [ 0, -1, 1, ], [ 0, -1, 0, 1 ], [ 0, -1, 0, ], [ 1, -1, 0, ] ] ] 
gap> P : =RepresentativeActioii(GL(4, Integers) , J5,G) ; 

[ [ 0, -1, 0, 1 ], [ 0, 1, 0, ], [ 0, 0, -1, ], [ -1, 0, 1, ] ] 

gap> J5"P=G; #clieckiiig P"-1*J5*P=G 

true 

gap> J6:=Group([ [ [ , 1 , , , ] , [ 0, 0, 1, 0, ], [ 0, 0, 0, 1, ], 
> [ 0, 0, 0, 0, 1 ], [ -1, -1, -1, -1, -1 ] ] ]); 
<matrix group with 1 generators> 
gap> CaratZClass ( J6) ; 
[ 5, 461, 4 ] 

gap> G:=CaratMatGroupZClass(5,461,4) ; # G=C6 
<matrix group with 1 generators> 
gap> GeneratorsOf Group (G) ; 

[ [ [ -1, 0, 1, 0, ], [ 1, 0, 0, 0, ], [ -1, 0, 0, 0, -1 ], 

[1,1,0,0,0], [1,0,0,1,0]]] 
gap> P:=RepresentativeAction(GL(5, Integers) , J6,G) ; 
[ [ 0, 0, 0, -1, 1 ], [0, -1, 0, 1, ], [ 0, 1, 0, 0, ], 

[1,0,0,0,0], [ -1, 0,1,0,0]] 
gap> J6"P=G; #checking P"-1*J6*P=G 
true 

Some programs related to a flabby resolution are available from 
http : / / www . math . h . kyot o-u . ac . j p/~yamasaJii/ Algorithm/ 



4. KRULL-SCHMIDT theorem FAILS FOR DIMENSION 5 

Let G be a finite group and Z[G] be the integral group ring of G. 

Definition 4.1 (Decomposable and reducible G-lattices). A G- lattice M is said to be reducible if there exists a 
non-trivial G-invariant subspace of M. A G-lattice is said to be irreducible if it is not reducible. A G-lattice M 
is said to be decomposable if there exist non-trivial G-lattices U i and U2 such that M ~ [/i t/2 • A G-lattice is 
said to be indecomposable if it is not decomposable. 

If a G-lattice M is decomposable, then it is reducible. By Maschke's theorem, the converse holds for (Q[G]- 
modules, but not for G-lattices (i.e. finitely generated Z-free Z[G]-module). 

We say that the direct sum cancellation holds for G-lattices if Mi®N ~ M2 0-/V implies Mi ~ M2 for G-lattices 
Ml, M2 and N. We say that the KruU-Schmidt theorem holds for G-lattices if Mq ^ Mi®- • -eM; ~ iVi©- • -QNm 
for indecomposable G-lattices Mi and Nj , then I — m and, after a suitable renumbering of the Nj , Mi ~ Ni for 
any 1 < i < m. Clearly, the KruU-Schmidt theorem implies the direct sum cancellation. 

By KruU-Schmidt- Azumaya theorem [AzuSOj (see jCR8H Theorem 6.12]), the Krull-Schmidt theorem holds 
for any Sp[G]-lattice where Wip is the ring of p-adic integers. By |Jon65[ Theorem 2] (see jCRSli Theorem 36.1]), 
for p-group G where p is odd prime, the Krull-Schmidt theorem holds for Z(p) [G]-lattices where Z(p) is the 
localization of Z at the prime ideal (p). Note that the G-lattice 7L[G/H] is indecomposable for any subgroup 
H <G (see |CR87l Theorem 32.14]). 

Endo and Hironaka iEH79| Theorem, page 161] (see |CR87| Theo rem 50.29]) showed that if the direct sum 
cancellation holds for G-lattices, then G is abelian, dihedral, A4, Si or ^5 via the projective class group (see also 
[Swa88[ Corollary 1.3 and Section 7]). The question whether the Krull-Schmidt theorem holds for G-lattices is 
solved except for the case where G is the dihedral group of order 16 (see also |Fac031 Theorem 9.1]). 

Tiieorem 4.2 (Hindman, Klingler and Odenthal jHK0981 Theorem 1.6]). Let G he a finite group which is not 
the dihedral group Dg of order 16. Then the Krull-Schmidt theorem holds for G-lattices if and only if one of the 
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following conditions holds: (i) G ^ Cp for prime p < 19; (ii) G — Gn for n — I, A, 8 or 9; (iii) G = C2 x C2; (iv) 
G is the dihedlral group D4 of order 8. 

Two G-lattices M, N are placed in the same genus {M « N) if ~ A^jpj for any prime ideal (p). We say 
that the generalized KruU-Schmidt theorem holds for G-lattices if Mq ~ Mi ® • • • ® M/ ~ iVi • • • © 7V,„ for 
indecomposable G-lattices and Nj, then I = m and, after a suitable renumbering of the Nj, Mi w Ni for any 
1 < i < m. Clearly, the KruU-Schmidt theorem implies the generalized Krull-Schmidt theorem. The following 
theorem was pointed out to the authors by S. Endo: 

Theorem 4.3 (Dress |Dre70[ Section 1]). Let p be a prime number. The following conditions are equivalent: 

(i) G is a p-group: 

(ii) the generalized Krull-Schmidt theorem holds for invertible G-lattices. 

Proof. (This proof is due to S. Endo [Endl2| .) (i) ^ (ii). If p is odd prime, then the Krull-Schmidt theorem holds 
for [G]-lattices. Assume that G is a 2-group and M is an invertible G-lattice. Since the Krull-Schmidt theorem 
holds for S2[G]-lattices, M2 ~ 0S2[G/Fi] where M2 is the 2-adic completion of M and H, < G. It follows 
from Maranda's theorem |CR811 Theorem 30.14] (see also |CR811 Proposition 30.17]) that M(2) ~ Z(2) [G/i?,] 
where M(^2) is the localization of M at prime (2). The generalized Krull-Schmidt theorem holds for invertible 
G-lattices because Z(p)[G/i/] is indecomposable for any prime p and any subgroup H < G. 

(ii) ^ (i). Assume that G is not a p-group and _ff < G is of order p'g™ where p and q are different primes 
and l,m > 1. Let Syp{H) be a p-Sylow subgroup of H. Then by |Dre70[ Section 1] there exists G-lattice M 
such that IslH/SypiH)] ® Z[ff/S'y,(i/)] ~ M © Z. By taking the tensor product Z[G](8)s[_f/] of both sides, we 
get IslG/SypiH)] © IslG/SygiH)] ~ Z[G] M © Z[G/i/] as G-lattices. This contradicts that the generalized 

Krull-Schmidt theorem holds. □ 

A G-set is a finite set with left G-action. The disjoint union X ]J X' of G-sets X and X' is also G-set. Two 
G-sets are isomorphic if there exists a bijection between them which preserves the action of G. A G-set X may 
be written uniquely up to isomorphism as X ~ Ylj^ aH{X)G/ H where H runs through a set of representatives 
of conjugacy classes of subgroups of G (see ICR87 1 Chapter 11], |Ben911 Chapter 5], jGW93j . [BouOOj for related 
materials, e.g. Burnside ring). For G-sets X and X', the direct sum of permutation G-lattices 'Z[X] and 'Z[X'] 
is also permutation: S[X] © TL\X'\ ~ K[X]JX']. A finite group G is called cyclic mod p (or p-hypoelementary) 
if the quotient group G/Op{G) is cyclic where Op{G) is the largest normal p-subgroup of G. 

Theorem 4.4 (Dress [Dre73[ Proposition 9.6]). Let G be a finite group. The following conditions are equivalent: 

(i) G is cyclic mod p for some p; 

(ii) for any two G-sets S, T, K[S'] ~ K[r] if and only if S ~ T . 

In particular, the Krull-Schmidt theorem holds for permutation G-lattices if and only if G is cyclic mod p for 
some p. 

Using the algorithms in Sections [5] and |6l we will show the following proposition by constructing explict 
isomorphism in Section IH] (see Example 16. 8p . We remark that the dihedral group Dq of order 12 is the smallest 
group which is not cyclic mod p for any p. 

Proposition (Proposition 16 . 7p . Let Dq be the dihedral group of order 12 and {!}, Gj^"*, Gj^"*, Gj'^'', G3, G|, Gg, 
S^^\ and Dq be the conjugacy classes of subgroups of Dq. Then the following isomorphism of permutation 
Dg-lattices holds: 

^Dq] © 2%[Dq/CI] © ^[De/Ge] © 'EIDq/s'^^] © 'E[Df,/s'i^] 
=i S[£i6/G^^^] © ^[Lie/Gf ^] © ^[De/Gf ^] © ^[De/Ga] © 27L. 

Definition 4.5 (Decomposition type). Let G be a finite group and M be a G-lattice. When M decomposes into 
indecomposable G-lattices M ~ [/i © • • • © C/^ of rank ni, . . . ,71^, we say that a decomposition type DT(Af) of 
M is (rii, . . . , Ur). (This may not be unique.) 

Let G be a finite subgroup of GL(n, 7L) and Mg be the corresponding G-lattice of rank n as in Definition 1 1.241 
The number of G-lattices Mq for a given decomposition type DT(AfG) is as follows (see Example 14.91 below) : 



DT(Mg) 


(1) 


Total 


DT(Mg) 


(1,1) 


(2) 


Total 


DT(Mg) 


(1,1,1) (2,1) 


(3) 


Total 




2 


2 


#Mg 


4 


9 


13 




8 31 


34 


73 
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DT(A/g) 


(1,1,1,1) (2,1,1) (2,2) (3,1) (4) 


Total 














16 96 175 128 295 


710 












DT(Mg) 


(15) (2,13) (22,1) (3,12) (3^2) (4,1) (5) 


Total 












32 280 1004 442 1480 1400 1452 


(i090 

(6079) 










DT(Mg) 


(16) (2,14) (22,12) (23) (3,13) (3^2,1) (32 


) (4,1^) 


(4,2) 


(5,1) 


(6) 


Total 




68 824 4862 6878 1466 10662 4235 5944 


21573 


9931 


18996 


8S439 

(85308) 



For n < 4, we see that the Krull-Schmidt theorem holds for G-lattices. However, it turns out that the KruU- 
Schmidt theorem fails for n = 5. We split the Krull-Schmidt theorem into the following two parts: 



(KSl) li Ml ® ■ ■ ■ ® Ml ~ Ni ® ■ ■ ■ ® Nm for indecomposable G-lattices and Nj, then / = m and, after a 
suitable renumbering of the Nj, rank Mi = rank Ni for any 1 < i < to; 

(KS2) If Ml ® • • • ® Mm ~ iVi © • • • ® iVm for indecomposable G-lattices Mi and Ni with rank = rank Ni 
for any \ < i < m, then after a suitable renumbering of the Ni, Mi ~ Ni for any 1 < i < m. 

Krull-Schmidt theorem holds if and only if the conditions (KSl) and (KS2) hold. 

Theorem 4.6. Let G be a finite subgroup o/GL(n, Z) and Mq be the G-lattice as in Definition \1.24\ 

(i) When n < 4, the Krull-Schmidt theorem holds, i. e. if Mq — Mi © • • • © M; ~ iVi © • • • © N^ for indecomposable 
G-lattices Mi and Nj , then I = m and, after a suitable renumbering of the Nj, Mi ~ Ni for any 1 < i < m. 

(ii) When n — 5, (KS2) holds, and the Krull-Schmidt theorem fails if and only if (KSl) fails if and only if the 
CARAT code of G is one of the 11 triples 

(5, 188, 4), (5, 189, 4), (5, 190, 6), (5, 191, 6), (5, 192, 6), (5, 193, 4), (5, 205, 6), (5, 218, 8), (5, 219, 8), (5, 220, 4), (5, 221, 4). 

For the exceptional 11 cases, the decomposition types of Mg are (3,2) and (4, 1) and G is a subgroup of the group 
C2 X De of the CARAT code (5,205,6). 

(iii) When n = 6, (KSl) fails if and only if the CARAT code of G is one of the 131 triples 

(6, 2013, 8), (6, 2018, 4), (6, 2023, 6), (6, 2024, 6), (6, 2025, 6), (6, 2026, 6), (6, 2033, 6), (6, 2042, 8), (6, 2043, 8), (6, 2044, 4), 

(6, 2045, 4), (6, 2048, 5), (6, 2049, 8), (6, 2050, 8), (6, 2051, 8), (6, 2052, 8), (6, 2058, 5), (6, 2059, 5), (6, 2067, 5), (6, 2068, 5), 

(6, 2069, 5), (6, 2069, 11), (6, 2070, 9), (6, 2071, 9), (6, 2072, 10), (6, 2072, 11), (6, 2076, 24), (6, 2076, 25), (6, 2077, 24), (6, 2077, 25), 

(6, 2078, 24), (6, 2078, 25), (6, 2079, 24), (6, 2079, 25), (6, 2087, 15), (6, 2088, 15), (6, 2089, 17), (6, 2089, 18), (6, 2094, 9), (6, 2102, 24), 

(6, 2102, 25), (6, 2105, 9), (6, 2106, 9), (6, 2107, 10), (6, 2107, 11), (6, 2108, 15), (6, 2109, 15), (6, 2110, 17), (6, 2110, 18), (6, 2111, 15), 

(6,2139,9), 

(6, 40, 4), (6, 41, 4), (6, 44, 6), (6, 45, 6), (6, 47, 4), (6, 53, 4), (6, 54, 4), (6, 54, 8), (6, 55, 4), (6, 63, 4), 

(6, 64, 6), (6, 65, 4), (6, 66, 6), (6, 67, 6), (6, 75, 4), (6, 75, 8), (6, 76, 8), (6, 76, 12), (6, 77, 8), (6, 77, 12), 

(6, 78, 4), (6, 78, 8), (6, 79, 6), (6, 80, 4), (6, 81, 8), (6, 81, 12), (6, 90, 4), (6, 99, 4), (6, 108, 4), (6, 108, 8), 

(6, 109, 8), (6, 109, 12), (6, 110, 4), (6, 111, 6), (6, 112, 8), (6, 112, 12), (6, 113, 4), (6, 114, 6), (6, 115, 6), (6, 145, 4), 

(6, 2070, 10), (6, 2070, 11), (6, 2071, 10), (6, 2071, 11), (6, 2072, 12), (6, 2072, 13), (6, 2076, 26), (6, 2076, 27), (6, 2077, 26), (6, 2077, 27), 

(6, 2078, 26), (6, 2078, 27), (6, 2079, 26), (6, 2079, 27), (6, 2087, 16), (6, 2087, 17), (6, 2088, 16), (6, 2088, 17), (6, 2089, 19), (6, 2089, 20), 

(6, 2094, 10), (6, 2094, 11), (6, 2102, 26), (6, 2102, 27), (6, 2105, 10), (6, 2105, 11), (6, 2106, 10), (6, 2106, 11), (6, 2107, 12), (6, 2107, 13), 

(6, 2108, 16), (6, 2108, 17), (6, 2109, 16), (6, 2109, 17), (6, 2110, 19), (6, 2110, 20), (6, 2111, 16), (6, 2111, 17), (6, 2139, 10), (6, 2139, 11). 

For the former 51 cases {resp. the latter 80 cases), the decomposition types of Mq are (3, 2, 1) and (4, 1, 1) {resp. 
(3, 3) and (5, 1)) and G is a subgroup of the group G| x Dq of the CARAT code (6, 2139, 9) (resp. x D4 of 
the CARAT code (6, 145,4)). 

(iv) When n — 6, (KS2) fails if and only if the CARAT code of G is one of the 18 triples 

(6, 2072, 14), (6, 2076, 28), (6, 2077, 28), (6, 2078, 28), (6, 2079, 28), (6, 2089, 21), (6, 2102, 28), (6, 2107, 14), (6, 2110, 21), (6, 2295, 2), 
(6, 3045, 3), (6, 3046, 3), (6, 3047, 3), (6, 3052, 5), (6, 3053, 5), (6, 3054, 3), (6, 3061, 5), (6, 3066, 3). 

For the former 10 cases, the decomposition type of Mq is (4,2) and G is the group Dq of the CARAT code 
(6,2295,2) or a subgroup of the 3 groups C2xDe of the CARAT codes (6,2102,28), (6,2107,14) and (6,2110,21). 
For the latter 8 cases, the decomposition type of Mg is (5,1) and G is a subgroup of the group C2 x 5*5 of the 
CARAT code (6,3054,3). 
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4.0. Classification of indecomposable msLximal finite groups of dimension n < 6. Let G < GL(7i, S) be 
a finite matrix group. G is called reducible (resp. irreducible, decomposable, indecomposable) if Mg is reducible 
(resp. irreducible, decomposable, indecomposable) where Mg is the corresponding G-lattice as in Definition 
11.241 Let lmi{n,i, j) < GL(n, Z) be the j-th Z-class of the i-th (Q-class of the irreducible maximal finite group 
of dimension n which corresponds to the build-in function ImfMatrixGroup(n,i, j) of GAP. For n < 10 and 
n = p < 23; prime, the irreducible maximal finite groups Imf(n, is determined by Plesken and Pohst |PP77| 
(n < 7), |PP80) (n = 8, 9), Plesken }Ple85| {n = p < 23; prime) and Souvignier |Sou94j (n = 10). 

For n = 2, there exist exactly 2 irreducible maximal finite groups Imf(2, 1, 1) ~ D4 and Imf(2, 2, 1) ~ Dq of 
order 8 and 12 of the GAP codes (2, 3, 2, 1) and (2, 4, 4, 1). 

For n — 3, there exist exactly 3 irreducible maximal finite groups Imf(3, 1, 1) ~ Imf(3, 1, 2) ~ Imf(3, 1, 3) ~ 
C2 X 5-4 of order 48 of the GAP codes (3, 7, 5, 1), (3, 7, 5, 2) and (3, 7, 5, 3). 

For n — A, there exist exactly 6 irreducible maximal finite groups Imf(4, 1, 1), Imf(4, 2, 1) ~ x C2, 
Imf(4,3,l) ~ Imf(4,3,2) ~ C2 x ^5, Imf(4,4, 1) ~ C| x ^4 and Imf (4, 5, 1) ~ C2 x {Si x C2) of order 1152, 
288, 240, 240, 384 and 144 of the GAP codes (4, 33, 16, 1), (4, 30, 13, 1), (4, 31, 7, 1), (4, 31, 7, 2), (4, 32, 21, 1) and 
(4, 29, 9, 1) respectively. 

For n = 5, there exist exactly 7 irreducible maximal finite groups Imf(5, 1, 1) ~ Imf(5, 1, 2) ~ Imf(5, 1, 3) ~ 
C| X 5-5 of order 3840 of the CARAT codes (5,942,1), (5,942,2), (5,942,3) and Imf (5, 2,1) ~ Imf(5,2,2) ~ 
Imf (5, 2, 3) ~ Imf (5, 2, 4) ~ C2 x Sq of order 1440 of the CARAT codes (5, 949, 1), (5, 949, 4), (5, 949, 2), (5, 949, 3). 

For n — 6, there exist exactly 17 irreducible maximal finite groups Imf (6, 1, 1) ~ Imf (6, 1, 2) ~ Imf (6, 1, 3) ~ 
C| X Se, Imf (6, 2,1) ~ x S3, Imf (6, 3,1) ~ Imf(6,3,2), Imf (6, 4,1) ~ Imf(6,4,2) ~ C2 x 5-7, Imf (6, 5,1) ~ 
C2 xPGL(2,F7), Imf (6, 6,1) ~ Imf(6,6,2) ~ Imf(6,6,3) ~ C2 x S5, Imf(6,7, 1) ~ Imf(6,7,2) ~ (C2 x 5*4)^ XC2, 
Imf (6, 8, 1) ~ (C| X Ae) x C2, Imf (6, 9, 1) ~ Imf(6,9,2) Dq x S4 of order 46080, 46080, 46080, 10368, 103680, 
103680, 10080, 10080, 672, 240, 240, 240, 4608, 4608, 23040, 288 and 288 of the CARAT codes (6,2773,1), 
(6,2773,3), (6,2773,2), (6,2803,1), (6,2804,2), (6,2804,1), (6,2932,1), (6,2932,2), (6,2945,1), (6,2952,1), 
(6,2952,3), (6,2952,2), (6,2772,2), (6,2772,5), (6,2750,4), (6,2866,2) and (6,2866,3) respectively. 

Let lndm{{n,i, j) < GL(n, S) be the j-th K-class of the i-th Q-class of the indecomposable maximal finite 
group of dimension n. We see that all the groups Indmf (n, i,j) coincide with Imf(n, for n < 5. However, this 
is not true for n — 6. This phenomenon is suggested by |Ple781 Section V] (see also jPH841 Section V]). Indeed, 
it turns out that we need the one additional group Indmf(6, 10, 1) ~ (C2 x ^4)^ of order 2304 of the CARAT 
code (6,5517,4) in order to get all the indecomposable maximal finite groups. Namely, there exist exactly 18 
indecomposable maximal finite groups of dimension 6. 

We will check this in the next subsection (see Example l4.9l in Subsection 14 . 1 1 and Example l8.2|) . The algorithms 



given in this section are available from http : / /math . h . kyoto-u . ac . jp/~yeLinasZLki/Algorithin/| as KS.gap. 



IndmfMatrixGroup(n,i, j) returns Indmf(n, i, j) of dimension n (this works only for n < 6). 

Indmf NumberQClasses (n) returns the number of Q-classes of all the indecomposable maximal finite groups of 

dimension n (this works only for n < 6). 

Indmf NumberZClasses(n, i) returns the number of S-classes in the i-th (Q-class of the indecomposable maximal 
finite groups Imf(n,i, j) of dimension n (this works only for n <6). 

Alllmf MatrixGroups (n) returns all the irreducible maximal finite groups of dimension n. 

Alllndmf MatrixGroups (n) returns all the indecomposable maximal finite groups of dimension n (this works only 
for n < 6). 

Algorithm Indmf (Constructing all the indecomposable maximal finite groups (Indmf) of dimension n < 6). 
{The following algorithm needs the CARAT package of GAP and caratnumber .gap). 

Indmf MatrixGroup : = function (d , q, z) 
local ans; 

if d=6 and q=10 and z=l then 

ans :=CaratMatGroupZClass(6,5517,4) ; 
SetNameCans, "Indmf MatrixGroup (6, 10,1) ") ; 
return ans; 

else 

return ImfMatrixGroup(d,q,z) ; 

fi; 
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end; 

Indmf NumberQClasses := f unction(d) 
if d=6 then 
return 10; 

else 

return Imf NumberQClasses (d) ; 

fi; 

end; 

Indmf NumberZClasses : = f unction (d,q) 
if d=6 and q=10 then 
return 1; 

else 

return Imf NumberZClasses(d,q) ; 

fi; 

end; 

AllImfMatrixGroups := function(n) 
local 1; 

1 : =List ( [1 . . Imf NumberQClasses (n) ] , 

x->List ( [1 . . Imf NumberZClasses (n,x)] ,y->ImfMatrixGroup(n,x,y) ) ) ; 
return Concatenation(l) ; 

end; 

Alllndmf MatrixGroups := f unction (n) 
local 1; 

1 : =List ( [1 . . Imf NumberQClasses (n) ] , 

x->List ( [1 . . Imf NumberZClasses (n,x)] ,y->ImfMatrixGroup(n,x,y) ) ) ; 
1 : =Concatenation(l) ; 
if n=6 then 

1[18] :=IndmfMatrixGroup(6,10,l) ; 

fi; 

return 1; 

end; 

Example 4.7 (All the indecomposable maximal finite groups of dimension n < 6). 

gap> Imf 2: =AllImf MatrixGroups (2) ; # Imf2=Indmf2: 2 groups 

[ ImfMatrixGroup(2,l,l) , ImfMatrixGroup(2,2, 1) ] 

gap> List(Imf2,CrystCatZClass) ; 

[[2,3,2,1], [ 2, 4, 4, 1 ] ] 

gap> List(Imf 2,Size) ; 

[ 8, 12 ] 

gap> List([l. .Imf NumberQClasses (2)] , 

> x->List([l. . Imf NumberZClasses (2, x)] ,y->Imf Invariants(2,x,y) .isomorphismType)) ; 
[ [ "C2 wr C2 = D8" ] , [ "C2 x S3 = C2 x W(A2) = D12" ] ] 

gap> Imf 3 : =AllImf MatrixGroups (3) ; # Imf3=Indmf3: 3 groups 

[ ImfMatrixGroup(3,l,l) , ImfMatrixGroup(3,l,2) , ImfMatrixGroup(3,l,3) ] 

gap> List(Imf3,CrystCatZClass) ; 

[ [ 3, 7, 5, 1 ], [ 3, 7, 5, 2 ], [ 3, 7, 5, 3 ] ] 

gap> List (Imf 3, Size) ; 
[ 48, 48, 48 ] 

gap> List([l. . Imf NumberQClasses (3)] , 
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> x->List([l. . ImfNumberZClasses(3,x)] ,y->Imf Invariants(3,x,y) .isomorphismType)) ; 
[ [ "C2 wr S3 = C2 X S4 = W(B3)", "C2 wr S3 = C2 x S4 = C2 x W(A3)", 
"C2 wr S3 = C2 X S4 = C2 X W(A3)" ] ] 



gap> Iiiif4:=AllImfMatrixGroups(4) ; # Imf4=Indmf4: 6 groups 
[ ImfMatrixGroup(4,l,l) , ImfMatrixGroup(4,2, 1) , ImfMatrixGroup(4,3, 1) , 
IinfMatrixGroup(4,3,2) , Imf MatrixGroup(4,4, 1) , IiiifMatrixGroup(4,5,l) ] 
gap> List(Iinf4,CrystCatZClass) ; 

[ [ 4, 33, 16, 1 ], [4, 30, 13, 1 ], [ 4, 31, 7, 1 ], [ 4, 31, 7, 2 ] , 

[ 4, 32, 21, 1 ] , [4, 29, 9, 1 ] ] 
gap> List (Imf 4 , Size) ; 
[ 1152, 288, 240, 240, 384, 144 ] 
gap> List([l. . Imf NumberQClasses(4)] , 

> x->List([l. . ImfNiimberZClasses(4,x)] ,y->Imf Invariants (4, x,y) . isomorphismType) ) ; 
[ [ "W(F4)" ], [ "D12 wr C2 = (C2 x W(A2)) wr C2" ], 

[ "C2 X S5 = C2 X W(A4)", "C2 x S5 = C2 x W(A4)" ] , [ "C2 wr S4 = W(B4)" ] , 
[ "(D12 Y D12) :C2" ] ] 

gap> Imf 5:=AllImfMatrixGroups(5) ; # Imf5=Indmf5: 7 groups 

[ ImfMatrixGroup(5,l,l) , ImfMatrixGroup(5,l,2) , ImfMatrixGroup(5, 1 ,3) , ImfMatrixGroup(5,2,l) , 
ImfMatrixGroup(5,2,2) , ImfMatrixGroup(5,2,3) , ImfMatrixGroup(5,2,4) ] 

gap> Listdmf 5,CaratZClass) ; 

[ [ 5, 942, 1 ], [ 5, 942, 2 ], [ 5, 942, 3 ], [ 5, 949, 1 ], 
[ 5, 949, 4 ], [5, 949, 2 ], [5, 949, 3 ] ] 

gap> List (Imf 5 , Size) ; 

[ 3840, 3840, 3840, 1440, 1440, 1440, 1440 ] 
gap> List([l. .ImfNumberQClasses(5)] , 

> x->List([l. . ImfNumberZClasses(5,x)] ,y->Imf Invariants (5, x,y) .isomorphismType)); 
[ [ "C2 wr S5 = W(B5)", "C2 wr S5 = C2 x W(D5)", "C2 wr S5 = C2 x W(D5)" ], 

[ "C2 X S6", "C2 X S6", "C2 x S6", "C2 x S6" ] ] 



gap> Imf6:=AllImfMatrixGroups(6) ; # Imf 6: 17 groups 

[ ImfMatrixGroup(6,l,l) , Imf MatrixGroup(6 , 1 , 2) , Imf MatrixGroup(6, 1 ,3) , Imf MatrixGroup(6 , 2, 1) , 
ImfMatrixGroup(6,3,l) , ImfMatrixGroup(6,3,2) , ImfMatrixGroup(6,4, 1) , Imf MatrixGroup (6,4,2) , 
ImfMatrixGroup(6,5,l) , ImfMatrixGroup(6,6,l) , Imf MatrixGroup (6, 6, 2) , Imf MatrixGroup (6, 6, 3) , 
Imf MatrixGroup (6, 7, 1) , Imf MatrixGroup (6, 7, 2) , Imf MatrixGroup (6, 8, 1) , Imf MatrixGroup (6, 9, 1) , 

Imf MatrixGroup (6, 9, 2) ] 
gap> Listdmf 6, CaratZClass) ; 

[ [ 6, 2773, 1 ], [6, 2773, 3 ], [6, 2773, 2 ], [6, 2803, 1 ], [6, 2804, 2 ], 
[ 6, 2804, 1 ], [6, 2932, 1 ], [6, 2932, 2 ], [6, 2945, 1 ], [6, 2952, 1 ], 
[ 6, 2952, 3 ], [6, 2952, 2 ], [6, 2772, 2 ], [6, 2772, 5 ], [6, 2750, 4 ], 
[ 6, 2866, 2 ] , [6, 2866, 3 ] ] 

gap> List (Imf 6, Size) ; 

[ 46080, 46080, 46080, 10368, 103680, 103680, 10080, 10080, 672, 240, 

240, 240, 4608, 4608, 23040, 288, 288 ] 
gap> List([l. . Imf NumberQClasses(6)] , 

> x->List([l. . ImfNumberZClasses(6,x)] ,y->Imf Invariants(6,x,y) .isomorphismType)); 
' ' "C2 wr S6 = W(B6)", "C2 wr S6 = C2 x W(D6)", "C2 wr S6 = C2 x W(D6)" ], 

'(C2 X S3) wr S3 = (C2 x W(A2)) wr S3 = D12 wr S3" ], [ "C2 x W(E6)", "C2 x W(E6)" ], 
"C2 X S7 = C2 X W(A6)", "C2 x S7 = C2 x W(A6)" ], [ "C2 x PGL(2,7)" ], 
"C2 X S5", "C2 X S5", "C2 x S5" ], 

'(C2 X S4) wr C2 = (C2 x W(A3)) wr 02", " (C2 x S4) wr C2 = (C2 x W(A3)) wr C2" ], 
"subgroup of index 2 of C2 wr S6" ], 
"C2 X S3 X S4 = D12 x S4 = C2 x W(A2) x W(A3)", 
"C2 X S3 X S4 = D12 x S4 = C2 x W(A2) x W(A3)" ] ] 



[ [ 
[ 
[ 
[ 
[ 
[ 
[ 
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gap> Indmf2:=AllIndmfMatrixGroups(2) ; ; 
gap> Indmf 3 : =AllIndmf MatrixGroups (3) ; ; 
gap> Indmf4:=AllIndmf MatrixGroups (4) ; ; 
gap> Indmf 5 : =AllIndmf MatrixGroups (5) ; ; 
gap> Indmf 6 : =AllIndmf MatrixGroups (6) ; ; 

gap> [Imf 2=Indmf 2 , Imf 3=Indmf 3 , Imf 4=Indmf 4 , Imf 5=Indmf 5 , Imf 6=Indmf 6] ; 
[ true, true, true, true, false ] 

gap> Indmf 6; # Indmf 6: 18 (=17+1) groups 

[ ImfMatrixGroup(6,l,l) , ImfMatrixGroup(6, 1,2) , Imf MatrixGroup(6 , 1 ,3) , 
ImfMatrixGroup(6,2, 1) , ImfMatrixGroup(6,3, 1) , ImfMatrixGroup(6,3,2) , 
ImfMatrixGroup(6,4, 1) , ImfMatrixGroup(6,4,2) , ImfMatrixGroup(6,5,l) , 
ImfMatrixGroup(6,6, 1) , ImfMatrixGroup(6,6,2) , ImfMatrixGroup(6,6,3) , 
ImfMatrixGroup(6,7, 1) , ImfMatrixGroup(6,7,2) , ImfMatrixGroup(6,8,l) , 
ImfMatrixGroup(6,9, 1) , ImfMatrixGroup(6,9,2) , Indmf MatrixGroup(6 , 10 , 1) ] 

gap> CaratZClass (Indmf MatrixGroup (6, 10,1)) ; 

[ 6, 5517, 4 ] 

gap> Size (Indmf MatrixGroup (6, 10, 1) ) ; 
2304 

gap> StructureDescriptiondndmf MatrixGroup(6 , 10 , 1) ) ; 
"C2 x C2 X S4 X S4" 



4.1. Krull- Schmidt theorem (1). We will determine all the possible decompositions of Mq into indecom- 
posable ones for all finite subgroups G of GL(7i, Z) with n < 6 (see Examples 14.91 and Examples 14.131 below). 
Note that if a G-lattice M splits into indecomposable G-lattices Mi and A/2 of rank i and j, then G is a sub- 
group of Gi X G2 where Gi and G2 are some indecomposable maximal finite subgroups of GL{i, Z) and GL{j, Z) 
respectively. 

LatticeDecompositions(n) returns the list C — {h, . . . ,ls} of the lists li of the GAP codes whose i-th list U 
contains all the GAP codes of the groups G whose corresponding G-lattice Ma is decomposable into the indecom- 
posable G-lattices M ~ Mi © • • • © Mm with rank Mj = rj where (ri, . . . , r„i) corresponds to the z-th partitions 
Partitions (n) [i] of the integer 2 < n < 4. 

LatticeDecompositions (n: Carat) returns the same as LatticeDecompositions (n) but using the CARAT 
code instead of the GAP code. This algorithm is valid for 1 < n < 6. 

LatticeDecompositions (n: Carat, FromPerm) returns the same as LatticeDecompositions (n: Carat) but us- 
ing ConjugacyClassesSubgroupsFromPerm(G) instead of ConjugacyClassesSubgroups2(G) (see below). 

In order to construct conjugacy classes of subgroups of a group G, we use the following GAP function 
ConjugacyClassesSubgroups2 (G) because the ordering of the conjugacy classes of subgroups of G by the built-in 
function ConjugacyClassesSubgroups (G) is not fixed for some groups. 

ConjugacyClassesSubgroups2 : = f unction(g) 
Reset (GlobalMersenneTwister) ; 
Reset (GlobalRandomSource) ; 
return ConjugacyClassesSubgroups (g) ; 

end; 

If a group G is too big, ConjugacyClassesSubgroups2(G) may not work well. For example, we should use 
ConjugacyClassesSubgroupsFromPerm(G) instead of ConjugacyClassesSubgroups2 (G) for the 2nd Z-class of 
the 1st (Q-class of the irreducible maximal finite group Imf (6, 1, 2) ~ Gf x Sq of dimension 6 of order 46080. 
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ConjugacyClassesSubgroupsFromPerm: = f unction (g) 
local iso,h,i; 

Reset (GlobalMersenne Twister) ; 

Reset (GlobalRcLndomSource) ; 

iso:=IsoiiiorphisinPennGroup(g) ; 

h : =Con j ugacyClas sesSubgroups2 (Range ( i so) ) ; 

h:=List(h, Representative) ; 

h:=List(h,x->PreImage(iso,x)) ; 

return h; 

end; 

Algorithm KSl (All the decomposable G-lattices Mq of rank n). 

{The following algorithm needs the CARAT package of GAP and caratnumber . gap). 

DirectSuinMatrixGroup:= function (1) 

local gg.ggl; 

gg:=List(l,GeneratorsOf Group) ; 
if Length(Set(gg,Length))>l then 
return fail; 

else 

ggl:=List([l. . Length (gg[l])] ,x->DirectSuinMat (List (gg,y->y [x] ) ) ) ; 

fi; 

return Group (ggl.DirectSumMat (List (1, Identity))) ; 

end; 

DirectProductMatrixGroup := function(l) 

local gg,ggl,o,ol,i, j ,gx; 
gg:=List(l,GeneratorsOf Group) ; 

ggi: = []; 

for i in [1 . .Length (1)] do 
o : =List (1 , Identity) ; 
for j in gg[i] do 
o[i] :=j ; 

Add(ggl,DirectSu2nMat(o)) ; 

od; 

od; 

return Group (ggl.DirectSumMat (List (1, Identity))) ; 

end; 

AllDirectProductlndmf MatrixGroups := function(l) 
local li; 

li:=List(Collected(l) , 

x->UnorderedTuples(AllIndmf MatrixGroups (x[l] ) ,x[2] )) ; 
return List (Cartesian(li) , 

x->DirectProductMatrixGroup(Concatenation(x) ) ) ; 

end; 

PartialMatrixGroup : = f iinction(G ,1) 

local gg.gp; 

gg:=GeneratorsOf Group (G) ; 

gp:=List(gg,x->x{lKl}) ; 

return Group (gp.IdentityMat (Length (1))) ; 

end; 



LatticeDecompositions:= function (n) 
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local d, ind,pp,pl , subgr ,ld; 
iiid: = [] ; 

for d in [1 . .n] do 

pp : =Partitions (d) ; 

pi : =List (pp , SortedList) ; 

if ValueOptionC'f romperin")=true or ValueOption("FroiiiPerm")=true then 
subgr : =List (pi , x-> 

Concatenation (List (AllDirectProductlndinfMatrixGroups(x) , 
y->ConjugacyClassesSubgroupsFroinPerm(y) ) ) ) ; 

else 

subgr : =List (pi , x-> 

Concatenation (List (AllDirectProductlndmf MatrixGroups (x) , 
y->List(ConjugacyClassesSubgroups2(y) .Representative)))) ; 

fi; 

subgr : =List ( [1 . . NrPartitions (d)] , 

x->Filtered ( subgr [x] ,y->ForAll( [1 . . Length (p 1 [x] )] ,z-> 
pi [x] [z] =1 or pi [x] [z] =d or 
CaratZClass (PartialMatrixGroup(y , 

[Sum([l. .z-1] ,w->pl[x] [w])+l. .Sum([l. .z] ,w->pl[x] [w])])) 

in ind[pl[x] [z]]))); 
Id :=List (subgr ,x->Set(x, CaratZClass)) ; 
ld[NrPartitions(d)] :=Difference(ld[NrPartitions(d)] , 

Union(List( [1 . . NrPartitions (d)-l] ,x->ld[x] ))) ; 
ind[d] :=ld [NrPartitions (d)] ; 

od; 

if ValueDption("carat")=true or ValueOption("Carat")=true then 
return Id; 

else 

return List(ld,x->Set(x,Carat2CrystCat)) ; 

fi; 

end; 

Example 4.8 (DirectSuinMatrixGroup(l), DirectProductMatrixGroup(l)). 

DirectSumMatrixGroup(l) returns the direct sum of the groups Gi, . . . , G„ for the Ust / = [Gi, 
DirectProductMatrixGroup(l) returns the direct product of the groups Gi, . . . , G„ for the Ust I 

gap> Read ("caratnumber .gap") ; 
gap> Read ("KS. gap" ) ; 

gap> G:=Imf MatrixGroup(l , 1 , 1) ; # G=C2 of dimension 1 
ImfMatrixGroupd , 1,1) 
gap> GeneratorsOf Group (G) ; 
[ [ [ -1 ] ] ] 

gap> Gs3:=DirectSumMatrixGroup( [G,G,G] ) ; # Gs3=C2 of dimension 3 
Group([ [ [ -1, 0, ], [ 0, -1, ], [ 0, 0, -1 ] ] ]) 
gap> Order (Gs3); 
2 

gap> Gp3:=DirectProductMatrixGroup([G,G,G]); # Gp3=C2"3 of dimension 3 

<matrix group with 3 generators> 

gap> GeneratorsOf Group (Gp3) ; 

[ [ [ -1, 0, ] , [ 0, 1, ] , [ 0, 0, 1 ] ] , 

[[1,0,0], [ 0, -1, ] , [0,0,1]], 

[ [ 1, 0, ] , [ 0, 1, ] , [ 0, 0, -1 ] ] ] 
gap> Size(Gp3) ; 
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Example 4.9 (Algorithm KSl). By Algorithm KSl, we may check that the condition (KSl) holds when 
rank Mq = n < 4 and fails for the 11 cases when rank Mq — 5 and the 131 cases when rank = 6 as 
in Theorem 14.61 The decomposition types of the 11 G-lattices Mq of rank 5 are (3,2) and (4,1) and G is a 
subgroup of the group C2 x Dq of the CARAT code (5, 205, 6). The decomposition types of the former 51 cases 
(resp. the latter 80 cases) out of the 131 cases are (3, 2, 1) and (4, 1, 1) (resp. (3, 3) and (5, 1)) and G is a 
subgroup of the group G| x Dg of the CARAT code (6, 2139, 9) (resp. De x D4 of the CARAT code (6, 145, 4)). 
For the groups Gi and G2 of the CARAT codes (6, 2139, 9) and (5, 205, 6), we see that Afgi ^ Mq^ ® iV for some 
G- lattice N of rank 1. 

The computation in this example also confirms that the 2 (resp. 3, 6, 7) irreducible maximal finite subgroups 
Imf (n, of dimension 2 (resp. 3, 4, 5) become the indecomposable maximal finite subgroups, and the 18 groups 
given in Subsection 14.01 are the indecomposable maximal finite subgroups of dimension 6 (see also Example 18. 2p . 
Indeed, we get the 18996 indecomposable (conjugacy classes of) subgroups of GL(6, S) as the subgroups of the 
18 indecomposable maximal finite groups although we obtain only 14348 subgroups if we use the 17 irreducible 
ones. 

gap> Read ("caratnumber .gap") ; 
gap> Read ("KS. gap") ; 

gap> Idl : =LatticeDecompositions(l) ; 
[[[1,1,1], [ 1, 2, 1 ] ] ] 

gap> ld2:=LatticeDecompositions(2) ; 

[ [ [ 2, 1, 1, 1 ], [2, 1, 2, 1 ], [ 2, 2, 1, 1 ], [ 2, 2, 2, 1 ] ], 

[ [ 2, 2, 1, 2 ], [ 2, 2, 2, 2 ], [ 2, 3, 1, 1 ], [ 2, 3, 2, 1 ], [ 2, 4, 1, 1 ], 
[ 2, 4, 2, 1 ], [ 2, 4, 2, 2 ], [ 2, 4, 3, 1 ], [ 2, 4, 4, 1 ] ] ] 
gap> Partitions (2) ; 
[ [ 1, 1 ] , [ 2 ] ] 
gap> List (ld2, Length) ; 
[ 4, 9 ] 

gap> [Length (Union (ld2)) ,Sum(ld2, Length)] ; 
[ 13, 13 ] 



gap> ld3:=LatticeDecompositions(3) ; 



[ 


[ 


3, 1, 1, 1 


] 


[ 


3, 1, 2, 1 


] 


[ 


3, 2, 1, 1 


] 


[ 


3, 2, 2, 1 


] 


[ 


3, 2, 3, 1 


] 








[ 3, 3, 1, 


1 


], 


[ 3, 3, 2, 


1 


], 


[ 3, 3, 3, 


1 


] ] 














[ 


[ 


3, 2, 1, 2 


] 


[ 


3, 2, 2, 2 


] 


[ 


3, 2, 3, 2 


] 


[ 


3, 3, 1, 2 


] 


[ 


3, 3, 2, 2 


] 








[ 3, 3, 2, 


3 


] , 


[ 3, 3, 3, 


2 


], 


[ 3, 4, 1, 


1 


], 


[ 3, 4, 2, 


1 


], 


[ 3, 4, 3, 


1 


] 






[ 3, 4, 4, 


1 


] , 


[ 3, 4, 5, 


1 


], 


[ 3, 4, 6, 


1 


], 


[ 3, 4, 6, 


2 


], 


[ 3, 4, 7, 


1 


] 






[ 3, 5, 1, 


2 


] , 


[ 3, 5, 2, 


2 


], 


[ 3, 5, 3, 


2 


], 


[ 3, 5, 3, 


3 


], 


[ 3, 5, 4, 


2 


] 






[ 3, 5, 4, 


3 


] , 


[ 3, 5, 5, 


2 


], 


[ 3, 5, 5, 


3 


], 


[ 3, 6, 1, 


1 


], 


[ 3, 6, 2, 


1 


] 






[ 3, 6, 3, 


1 


] , 


[ 3, 6, 4, 


1 


], 


[ 3, 6, 5, 


1 


], 


[ 3, 6, 6, 


1 


], 


[ 3, 6, 6, 


2 


] 






[ 3, 6, 7, 


1 


] ] 


f 
























[ 


[ 


3, 3, 1, 3 


] 


[ 


3, 3, 1, 4 


] 


[ 


3, 3, 2, 4 


] 


[ 




] 


[ 


3 J 3 ) 3 J 3 


] 








[ 3, 3, 3, 


4 ] , 


[ 3, 4, 1, 


2 


], 


[ 3, 4, 2, 


2 


], 


[ 3, 4, 3, 


2 


], 


[ 3, 4, 4, 


2 


] 






[ 3, 4, 5, 


2 


] , 


[ 3, 4, 6, 


3 


], 


[ 3, 4, 6, 


4 


], 


[ 3, 4, 7, 


2 


], 


[ 3, 5, 1, 


1 


] 






[ 3, 5, 2, 


1 


] , 


[ 3, 5, 3, 


1 


], 


[ 3, 5, 4, 


1 


], 


[ 3, 5, 5, 


1 


], 


[ 3, 7, 1, 


1 


] 






[ 3, 7, 1, 


2 


] , 


[ 3, 7, 1, 


3 


], 


[ 3, 7, 2, 


1 


], 


[ 3, 7, 2, 


2 


], 


[ 3, 7, 2, 


3 


] 






[ 3, 7, 3, 


1 


] , 


[ 3, 7, 3, 


2 


], 


[ 3, 7, 3, 


3 


], 


[ 3, 7, 4, 


1 


], 


[ 3, 7, 4, 


2 


] 






[ 3, 7, 4, 


3 


] , 


[ 3, 7, 5, 


1 


], 


[ 3, 7, 5, 


2 


], 


[ 3, 7, 5, 


3 


] ] 


] 







gap> Partitions (3) ; 

[ [ 1, 1, 1 ] , [ 2, 1 ] , [ 3 ] ] 

gap> List (ld3, Length) ; 

[ 8, 31, 34 ] 
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gap> [Length(Union(ld3)) ,Sum(ld3, Length)] ; 
[ 73, 73 ] 

gap> ld4:=LatticeDecompositions(4) ; ; 
gap> Partitions (4) ; 

[[1,1,1,1], [ 2, 1, 1 ] , [ 2, 2 ] , [ 3, 1 ] , [ 4 ] ] 

gap> List (ld4, Length) ; 
[ 16, 96, 175, 128, 295 ] 

gap> [Length(Union(ld4)) , Sum (ld4, Length)] ; 
[ 710, 710 ] 

gap> ld5:=LatticeDecompositions(5:Carat) ; ; 
gap> Partitions (5) ; 

[ [ 1, 1, 1, 1, 1 ], [ 2, 1, 1, 1 ], [ 2, 2, 1 ], [ 3, 1, 1 ], [ 3, 2 ], [ 4, 1 ], [ 5 ] ] 

gap> List (ld5, Length) ; 

[ 32, 280, 1004, 442, 1480, 1400, 1452 ] 

gap> [Length(Union(ld5)) , Sum (IdS, Length)] ; 

[ 6079, 6090 ] 

gap> last [2] -last [1] ; 

11 

gap> f32_41:=Intersection(ld5[5] ,ld5[6]); # type [ 3, 2 ] and [ 4, 1 ] 

[ [ 5, 188, 4 ], [5, 189, 4 ], [5, 190, 6 ], [5, 191, 6 ], [5, 192, 6 ], 

[ 5, 193, 4 ], [5, 205, 6 ], [5, 218, 8 ], [5, 219, 8 ], [5, 220, 4 ], 

[ 5, 221, 4 ] ] 
gap> Length(f32_41) ; 
11 

gap> f32_41g:=List(f32_41,x->CaratMatGroupZClass(x[l] ,x[2] ,x[3] )) ; ; 

gap> List (f32_41g, Order) ; 

[ 12, 12, 12, 12, 12, 12, 24, 6, 6, 6, 6 ] 

gap> List(f32_41g,StructureDescription) ; 

[ "D12", "C6 X C2", "D12", "D12" , "D12", "D12", "C2 x C2 x S3", "S3", "S3", "C6", "C6" ] 
gap> last [7] ; # the 7th group of the CARAT code [ 5, 205, 6 ] is maximal 
"C2 x C2 X S3" 

gap> f 32_41gsub : =Set (ConjugacyClassesSubgroups2 (f 32_41g [7] ) , 

> x->CaratZClass (Representative (x) ) ) ; ; 
gap> Difference(f32_41,f32_41gsub) ; 
[ ] 

gap> f 32_41 [7] ; 
[ 5, 205, 6 ] 

gap> ld6:=LatticeDecompositions(6:Carat,FromPerm) ; ; 
gap> Partitions (6) ; 

[ [ 1, 1, 1, 1, 1, 1 ], [ 2, 1, 1, 1, 1 ], [ 2, 2, 1, 1 ], [ 2, 2, 2 ], 

[ 3, 1, 1, 1 ], [ 3, 2, 1 ], [ 3, 3 ], [ 4, 1, 1 ], [ 4, 2 ], [ 5, 1 ] , [ 6 ] ] 
gap> List (ld6, Length) ; 

[ 68, 824, 4862, 6878, 1466, 10662, 4235, 5944, 21573, 9931, 18996 ] 

gap> [Length(Union(ld6)) ,Sum(ld6, Length)] ; 

[ 85308, 85439 ] 

gap> last [2] -last [1] ; 

131 

gap> f321_411:=Intersection(ld6[6] ,ld6[8]) ; # type [3, 2, 1 ] and [4, 1, 1 ] 
[ [ 6, 2013, 8 ], [6, 2018, 4 ], [6, 2023, 6 ], [6, 2024, 6 ], [6, 2025, 6 ], 
[ 6, 2026, 6 ], [6, 2033, 6 ], [6, 2042, 8 ], [6, 2043, 8 ], [6, 2044, 4 ], 
[ 6, 2045, 4 ], [6, 2048, 5 ], [6, 2049, 8 ], [6, 2050, 8 ], [6, 2051, 8 ], 
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[ 6, 2052, 8 ], [6, 2058, 5 ], [6, 2059, 5 ], [6, 2067, 5 ], [6, 2068, 5 ], 

[ 6, 2069, 5 ], [6, 2069, 11 ] , [6, 2070, 9 ], [6, 2071, 9 ], [6, 2072, 10 ], 

[ 6, 2072, 11 ] , [6, 2076, 24 ] , [6, 2076, 25 ] , [6, 2077, 24 ] , [6, 2077, 25 ], 

[ 6, 2078, 24 ] , [6, 2078, 25 ] , [6, 2079, 24 ] , [6, 2079, 25 ] , [6, 2087, 15 ], 

[ 6, 2088, 15 ] , [6, 2089, 17 ] , [6, 2089, 18 ] , [6, 2094, 9 ], [6, 2102, 24 ], 

[ 6, 2102, 25 ], [6, 2105, 9 ], [6, 2106, 9 ], [6, 2107, 10 ] , [6, 2107, 11 ], 

[ 6, 2108, 15 ] , [6, 2109, 15 ] , [6, 2110, 17 ] , [6, 2110, 18 ] , [6, 2111, 15 ], 

[ 6, 2139, 9 ] ] 

gap> Length(f 321_411) ; 

51 



gap> f321_411g:=List(f321_411,x->CaratMatGroupZClass(x[l] ,x[2] ,x[3])) ; ; 
gap> List(f321_411g, Order) ; 

[ 12, 12, 12, 12, 12, 12, 24, 6, 6, 6, 6, 12, 12, 12, 12, 12, 12, 24, 6, 6, 6, 6, 12, 12, 
12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 24, 24, 24, 24, 24, 24, 24, 24, 
24, 24, 24, 24, 48 ] 

gap> List(f321_411g,StructureDescription) ; 



"D12" 


"C6 


X C2" 


"D12", "D12", 


"D12", 


"D12", "C2 


X C2 X 


S3", "S3", "S3", "C6" 


"C6", 


"C6 X 


C2", 


"D12" 


"D12", "D12", 


"D12", 


"D12", "C2 


X C2 X 


S3", "C6", "C6", "S3" 


"S3", 


"C6 X 


C2", 


"C6 X 


C2", "C6 X C2" 


, "C6 X 


C2", "D12" 


"D12" 


, "D12", "D12", "D12", 


"D12", 



"D12", "D12", "D12", "D12", "D12", "D12" , "C6 x C2 x C2", "C2 x C2 x S3", "C2 x C2 x S3 

"C2 X C2 X S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", 

"C2 X C2 X S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x C2 x S3" ] 

gap> last [51]; # the 51th group of the CARAT code [ 6, 2139, 9 ] is maximal 

"C2 X C2 X C2 X S3" 

gap> f 321_411gsub : =Set (ConjugacyClassesSubgroups2 (f 321_411g [51] ) , 
> x->CaratZClass (Representative (x))) ; ; 
gap> Differeiice(f321_411,f321_411gsub) ; 
[ ] 

gap> f321_411[51] ; 
[ 6, 2139, 9 ] 



gap> gg : =GeneratorsOf Group (CaratMatGroupZClass (5 , 205 , 6) ) ; ; 
gap> gg:=List(gg,x->DirectSumMat([[l]] ,x)) ; ; 
gap> Add(gg,-IdentityMat(6)) ; 
gap> CaratZClass (Group (gg) ) ; 
[ 6, 2139, 9 ] 



gap> f33_51:=Intersection(ld6[7] ,ld6[10]) ; # type [ 3, 3 ] 



40, 4 ] 
53, 4 ] 
64, 6 ] 
75, 8 ] 
78, 4 ] 
81, 12 ] , 
109, 8 ] , 
112, 12 ] , 
2070, 10 ] 
2072, 13 ] 
2078, 26 ] 
2087, 17 ] 
2094, 10 ] 
2105, 11 ] 
2108, 16 ] 
2110, 20 ] 



[ 6, 41, 4 ] , [ 6, 44, 6 ] , [ 6, 45, 6 ] , 
[ 6, 54, 4 ] , [ 6, 54, 8 ] , [ 6, 55, 4 ] , 
[ 6, 65, 4 ] , [ 6, 66, 6 ] , [ 6, 67, 6 ] , 
[ 6, 76, 8 ] , [6, 76, 12 ] , [ 6, 77, 8 ] , 
[ 6, 78, 8 ] , [ 6, 79, 6 ] , [ 6, 80, 4 ] , 
[ 6, 90, 4 ] , [ 6, 99, 4 ] , [6, 108, 4 ] 
[ 6, 109, 12 ], [6, 110, 4 ], [6, 111, 
[ 6, 113, 4 ] , [6, 114, 6 ] , [6, 115, 
[ 6, 2070, 11 ], [6, 2071, 10 ] , [6, 
[ 6, 2076, 27 ] , [6, 
[ 6, 2079, 26 ] , [6, 
[ 6, 2088, 17 ] , [6, 
[ 6, 2102, 26 ] , [6, 
[ 6, 2106, 11 ] , [6, 
[ 6, 2109, 16 ] , [6, 
[ 6, 2111, 17 ] , [6, 



[ 6, 2076, 26 ] 

[ 6, 2078, 27 ] 

[ 6, 2088, 16 ] 

[ 6, 2094, 11 ] 

[ 6, 2106, 10 ] 

[ 6, 2108, 17 ] 

[ 6, 2111, 16 ] 



and [ 5, 1 ] 
[ 6, 47, 4 ] , 
[ 6, 63, 4 ] , 
[ 6, 75, 4 ] , 

[ 6, 77, 12 ] , 
[ 6, 81, 8 ] , 
, [ 6, 108, 8 ] , 
6 ] , [6, 112, 8 
6 ] , [6, 145, 4 
2071, 11 ] , [6, 
2077, 26 ] , [6, 
2079, 27 ] , [6, 
2089, 19 ] , [6, 
2102, 27 ] , [6, 
2107, 12 ] , [6, 
2109, 17 ] , [6, 
2139, 10 ] , [6, 



], 
], 

2072, 12 ] 

2077, 27 ] 

2087, 16 ] 

2089, 20 ] 

2105, 10 ] 

2107, 13 ] 

2110, 19 ] 

2139, 11 ] ] 
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gap> Length(f33_51) ; 
80 

gap> f33_51g:=List(f33_51,x->CaratMatGroupZClass(x[l] ,x[2] ,x[3] )) ; ; 
gap> List (f33_51g, Order) ; 

[ 12, 12, 12, 12, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 

24, 24, 24, 24, 48, 48, 48, 48, 48, 48, 48, 48, 48, 48, 48, 48, 48, 96, 12, 12, 12, 12, 
12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 24, 24, 24, 24, 24, 24, 
24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 24, 48, 48 ] 
gap> List(f 33_51g,StructureDescription) ; 

[ "C12", "C12", "C3 : C4", "C3 : C4" , "C12 x C2", "C3 x D8", "C3 x D8" , "C3 x D8" , 

"C3 X D8", "C4 X S3", "C4 x S3", "C4 x S3", "C4 x S3", "C2 x (C3 : C4) " , " (C6 x C2) : C2", 

"(C6 X C2) : C2", " (C6 x C2) : C2", " (C6 x C2) : C2", " (C6 x C2) : C2", " (C6 x C2) : C2", 

"(C6 X C2) : C2", " (C6 x C2) : C2", "D24" , "D24", "D24" , "D24" , "C6 x D8", "C2 x C4 x S3", 

"D8 X S3", "D8 X S3", "C2 x ((C6 x C2) : C2)", "C2 x ((C6 x C2) : C2)", "D8 x S3", 

"D8 x S3", "D8 x S3", "D8 x S3", "D8 x S3", "D8 x S3", "C2 x D24", "C2 x S3 x D8" , 

"C6 x C2", "C6 x C2", "C6 x C2", "C6 x C2" , "C6 x C2", "C6 x C2", "D12", "D12" , "D12", 

"D12", "D12", "D12", "D12", "D12", "D12", "D12", "D12", "D12", "D12", "D12", 

"C6 X C2 X C2", "C6 x C2 x C2", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", 

"C2 X C2 X S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", 

"C2 X C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x S3", 

"C2 X C2 X S3", "C2 x C2 x S3", "C2 x C2 x S3", "C2 x C2 x C2 x S3", "C2 x C2 x C2 x S3" ] 

gap> last [40]; # the 40th group of the CARAT code [ 6, 145, 4 ] is maximal 

"C2 X S3 X D8" 

gap> f 33_51gsub : =Set (ConjugacyClassesSubgroups2 (f 33_51g [40] ) , 
> x->CaratZClass (Representative (x))) ; ; 
gap> Difference (f 33_51 , f 33_51gsub) ; 
[ ] 

gap> f 33_51 [40] ; 
[ 6, 145, 4 ] 



Example 4.10 (The generators of the exceptional 11 groups G < GL(5, Z) whose corresponding G-lattices 
M ~ Ml e M2 ~ A^i e iV2 with rank Mi = 4, rank M2 = 1, rank TVi = 3 and rank N2 = 2). Let / be the identity 
matrix of rank n. Let 



X 




Then the CARAT code and the generators of the exceptional 11 groups G < GL(5, Z) are given as 



G CARAT code Generators 



Sa X C2 £>6 (5, 188, 4) (X^, XY, -I) 

C2XC6 (5,189,4) {X,-I) 

De (5,190,6) {-X,Y} 

De (5,191,6) {-X,XY) 

De (5,192,6) {X,Y) 

De (5,193,4) {X,~Y) 

De X C2 (5, 205, 6) (X, F, -/) 

S3 (5,218,8) {X^,XY) 

S3 (5,219,8) {X^,-XY) 

Ce (5,220,4) {X) 

Ce (5,221,4) {-X) 
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The group (X, Y) < GL{5, TL) may be regarded as the group embedded directly by the group G < GL(4, Z) of 
the GAP code (4, 14, 8, 2). We also see that 



p-^xp 






1 








^ 








1 













































1 


. 



p-^YP = 



/ 1 
' 1 

1 




\ 




where P = 





1 

\o 



1\ 

1 


1> 



This shows that M ~ Mi e M2 ~ A^i 8 -/V2 with rank Mi = 4, rank M2 = 1, rank A^i = 3 and rank N2 = 2. 



4.2. KruU-Schmidt theorem (2). We will determine whether the condition (KS2) holds. 

Algorithm KS2 (Determination whether the condition (KS2) holds). 

{The following algorithm needs the CARAT package of GAP and caratnumber .gap). 

InverseProjectioii:= function (1) 

local lc,lcg,lg,ll,G,M,i, j ,k,gn,gnl,gn2,o,gN,h,hl,ans,ansl; 
lc:=Collected(l) ; 

if ValueOption("carat")=true or ValueOption("Carat")=true then 
leg : =List (Ic , x-> 

[CaratMatGroupZClass (x [1] [1] ,x[l] [2] ,x[l] [3]),x[2]]); 

else 

leg : =List (Ic , x-> 

[MatGroupZClass (x [1] [1] ,x[l] [2] ,x[l] [3] ,x[l] [4]) ,x[2]]) ; 

fi; 

lg:=Concatenation(List(lcg,x->List ( [1 . .x[2] ] ,y->x [1] ))) ; 
ll:=Concatenation(List(lc,x->List([l. .x[2]] ,y->x[l] [1]))) ; 
G : =DirectProductMatrixGroup(lg) ; 
gn: = []; 

for i in [1 . .Length(lc)] do 
if lc[i] [1] [1]=1 then 
gnl:=[[[-l]]]; 

else 

gnl :=GeneratorsOf Group (Normalizer(GL(lc [i] [1] [1] .Integers) , 
lcg[i] [1])); 

fi; 

gn2: = [] ; 

for j in [1. .lc[i] [2]] do 

o:=List([l. .lc[i] [2]] ,x->IdentityMat(lc[i] [1] [1])); 
for k in gnl do 
o[j] :=k; 

Add(gn2,DirectSuinMat(o)) ; 

od; 

od; 

gnl :=GeneratorsOf Group (SymmetricGroup (Ic [i] [2])) ; 

gn2 : =Concatenation(gn2 , List (gnl , 

x->KroneckerProduct (PermutationMat (x,lc [i] [2]) , 

IdentityMat (Ic [i] [1] [1] ) ) ) ) ; 
Add (gn , Group (gn2) ) ; 

od; 

N : =DirectProductMatrixGroup(gn) ; 

ansl :=List(ConjugacyClassesSubgroups2(G) .Representative) ; 

ansl :=Filtered(ansl,x-> 

ForAll([l. .Length(lg)] ,y->PartialMatrixGroup(x, 

[Sum([l. .y-1] ,z->ll[z])+l. .Suin([l. .y] ,z->ll [z] )] )=lg [y] ) ) ; 

ans : = [] ; 
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gN:=GeneratorsOf Group (N) ; 
while ansl<>[] do 
h: = [] ; 

hl: = [ansl[l]] ; 
while hl<>[] do 

h:=Union(h,hl) ; 

hi : =Dif f erence (Concatenation (List (hi ,x->List (gN,y->x~y) ) ) ,h) ; 

od; 

Add(ans , ansl [1] ) ; 

ansl : =Diff erence (ansl ,h) ; 

od; 

return ans ; 

end; 

Example 4.11 (lnverseProjection( [11 , 12] ) ). Let Gi ~ C4 < GL(2, Z) (resp. G2 ~ -De < GL(2, K)) be a 
cyclic group of order 4 (resp. dihedral group of order 12) of the GAP code h = (2, 3, 1, 1) (resp. h — (2, 4, 4, 1)). 

lnverseProjection( [11,12] ) returns the list of all groups G < GL(4, Z) such that Mq — Mq^ ® Mq^ and the 
GAP code of Gi (resp. G2) is li (resp. 12)- 

lnverseProjection( [11,12] :Carat) returns the same as InverseProjection( [11 ,12] ) but with respect to 
the CARAT code and I2 instead of the GAP code. 

Read ("cryst cat. gap") ; 
Read ("caratnumber .gap") ; 
Read ("KS. gap" ) ; 

gap> pgs:=lnverseProjection([[2,3,l,l] , [2,4,4,1]] ) ; 
[ <matrix group of size 24 with 4 generators>, 

<matrix group of size 48 with 5 generators>, 

<matrix group of size 24 with 4 generators>, 

<matrix group of size 24 with 4 generators> ] 
gap> List (pgs , StructureDescription) ; 

[ "C2 X (C3 : C4)", "C2 x C4 x S3", "C4 x S3", "C4 x S3" ] 
gap> List (pgs , CrystCatZClass) ; 

[ [ 4, 20, 14, 1 ], [4, 20, 15, 1 ], [ 4, 20, 9, 2 ], [ 4, 20, 9, 1 ] ] 

Example 4.12 (Verification of [Mg]^^ ^ and that [Mg]^^ is not invertible where Mq ^ Mq^ © Mg^ is a 
decomposable G-lattice). By using InverseProjection in Algorithm KS2, we may obtain Table 3 of Theorems 
Oandimsland Tables 11 to 14 in Theorems [Hn] and [11211 

Let G < GL(4, TL) where Mg ^ Mgi ® is a decomposable G-lattice of rank 4 with Gi < GL(3, Z) and 
G2 < GL(1, Z). Let 7V3 be the set of the 15 GAP codes as in Table 1. By LemmaHH we have [Mg]-^' = [Mi]f'K 
Hence, by Theorem 11.21 and Theorem l2.121 L{Mg)'^ is not retract fc-rational if and only if L{Mg)'^ is not stably 
/c-rational if and only if the GAP code of Gi is ^ £ N^. 

All the GAP codes A/si, as in Table 3 of Theorem 11.81 of such groups G which satisfy Mg — Mg^ ffi Mg2, 
Gi < GL(3, S) of the GAP code I e 7V3 and G2 < GL(1, %) may be obtained as follows. 

Similarly, by using the result I4 and N4, as in Tables 2 and 4 of Theorems 11.81 and 11.251 we may obtain the 
CARAT codes X41, A/'an, and Nn as in Tables 11 to 14 of Theorems [TTT] and [L26l 

Read ("cryst cat .gap") ; 
Read ("caratnumber .gap") ; 
Read ("KS. gap" ) ; 

gap> indl : =LatticeDecompositions (1 : Carat) [NrPartitions (1)] ; 
[[1,1,1], [1,2,1]] 
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gap> ind2:=LatticeDecompositions(2:Carat) [NrPartitions (2)] ; 

[ [ 2, 3, 2 ], [ 2, 4, 2 ], [ 2, 5, 1 ] , [ 2, 6, 1 ] , [ 2, 7, 1 ], 

[ 2, 8, 1 ], [ 2, 9, 1 ], [ 2, 10, 1 ], [ 2, 10, 2 ] ] 
gap> ind3:=LatticeDecompositions(3:Carat) [NrPartitions (3)] ; 

[ [ 3, 6, 3 ], [ 3, 6, 4 ], [ 3, 7, 4 ] , [ 3, 7, 5 ], [ 3, 8, 3 ] , [ 3, 8, 4 ], 

[ 3, 9, 2 ], [ 3, 10, 2 ], [ 3, 11, 2 ], [ 3, 12, 2 ] , [ 3, 13, 2 ] , [ 3, 14, 2 ] , 
[ 3, 14, 4 ], [3, 15, 2 ], [3, 17, 2 ], [3, 22, 2 ], [3, 25, 2 ], [3, 26, 2 ], 
[ 3, 27, 2 ], [ 3, 28, 1 ], [ 3, 28, 2 ] , [ 3, 28, 3 ] , [ 3, 29, 1 ], [ 3, 29, 2 ], 
[ 3, 29, 3 ], [ 3, 30, 1 ], [ 3, 30, 2 ], [ 3, 30, 3 ] , [ 3, 31, 1 ], [ 3, 31, 2 ], 
[ 3, 31, 3 ], [ 3, 32, 1 ], [ 3, 32, 2 ], [ 3, 32, 3 ] ] 

gap> ind4 : =LatticeDecompositions (4 : Carat) [NrPartitions (4)] ; ; 

gap> ind5:=LatticeDecompositions(5:Carat) [NrPartitions (5)] ; ; 

gap> List ( [indl , ind2 , ind3 , ind4 , indS] , Length) ; 

[ 2, 9, 34, 295, 1452 ] 



gap> N3: = [ [ 3, 3, 1, 3 ], [ 3, 3, 3, 3 ], [ 3, 3, 3, 4 ] , [ 3, 4, 3, 2 ] , [ 3, 4, 4, 2 ], 

> [ 3, 4, 6, 3 ], [ 3, 4, 7, 2 ], [ 3, 7, 1, 2 ], [ 3, 7, 2, 2 ] , [ 3, 7, 2, 3 ], 

> [ 3, 7, 3, 2 ], [ 3, 7, 3, 3 ], [ 3, 7, 4, 2 ] , [ 3, 7, 5, 2 ] , [ 3, 7, 5, 3 ] ];; 
gap> Length (N3) ; 

15 

gap> N3c:=List(N3,CrystCat2Carat) ; 

[ [ 3, 6, 3 ], [ 3, 8, 3 ], [ 3, 8, 4 ] , [ 3, 15, 2 ], [3, 13, 2 ], 
[ 3, 14, 4 ], [ 3, 9, 2 ], [ 3, 28, 1 ], [ 3, 29, 1 ], [ 3, 29, 3 ] , 
[ 3, 31, 1 ], [ 3, 31, 3 ], [ 3, 30, 1 ], [ 3, 32, 1 ] , [ 3, 32, 3 ] ] 

gap> N31g:=List(Cartesian( [N3c,indl] ) ,x->InverseProjection(x: Carat) ) ; ; 

gap> N31:=Set (Concatenation (N31g) , CrystCatZClass) ; 

[ [ 4, 4, 3, 6 ], [ 4, 4, 4, 4 ], [ 4, 4, 4, 6 ] , [ 4, 5, 1, 9 ], [ 4, 5, 2, 4 ], 
[ 4, 5, 2, 7 ], [ 4, 6, 1, 4 ], [ 4, 6, 1, 8 ], [ 4, 6, 2, 4 ] , [ 4, 6, 2, 8 ], 
[ 4, 6, 2, 9 ], [ 4, 6, 3, 3 ], [ 4, 6, 3, 6 ], [ 4, 7, 3, 2 ] , [ 4, 7, 4, 3 ], 
[ 4, 7, 5, 2 ], [ 4, 7, 7, 2 ], [ 4, 12, 2, 4 ], [ 4, 12, 3, 7 ], [ 4, 12, 4, 6 ], 

[ 4, 12, 4, 9 ], [ 4, 12, 5, 6 ], [ 4, 12, 5, 7 ] , [ 4, 13, 1, 3 ], 
[ 4, 13, 3, 4 ], [ 4, 13, 4, 3 ], [ 4, 13, 5, 3 ] , [ 4, 13, 6, 3 ] , 
[ 4, 13, 7, 7 ], [ 4, 13, 7, 8 ], [ 4, 13, 8, 3 ] , [ 4, 13, 8, 4 ], 
[ 4, 13, 10, 3 ] , [ 4, 24, 1, 5 ] , [ 4, 24, 2, 3 ] , [ 4, 24, 2, 5 ] , 
[ 4, 24, 4, 3 ], [ 4, 24, 4, 5 ], [ 4, 24, 5, 3 ] , [ 4, 24, 5, 5 ] , 
[ 4, 25, 1, 4 ], [ 4, 25, 2, 4 ], [ 4, 25, 3, 2 ], [ 4, 25, 3, 4 ], 
[ 4, 25, 5, 2 ], [ 4, 25, 5, 4 ], [ 4, 25, 6, 2 ], [ 4, 25, 6, 4 ], 
[ 4, 25, 7, 4 ], [ 4, 25, 8, 2 ], [ 4, 25, 8, 4 ] , [ 4, 25, 9, 4 ], 
[ 4, 25, 10, 2 ], [4, 25, 10, 4 ] , [4, 25, 11, 2 ], [4, 25, 11, 4 ] ] 
gap> Length(N31) ; 
64 



[ 4, 12, 4, 8 ] 

[ 4, 13, 2, 4 ] 

[ 4, 13, 7, 6 ] 

[ 4, 13, 9, 3 ] 

[ 4, 24, 3, 5 ] 

[ 4, 25, 1, 2 ] 

[ 4, 25, 4, 4 ] 

[ 4, 25, 7, 2 ] 



gap> I4:=[ [ 4, 31, 1, 3 ], [ 4, 31, 1, 4 ], [ 4, 31, 2, 2 ], [ 4, 31, 4, 2 ] , 

> [ 4, 31, 5, 2 ], [ 4, 31, 7, 2 ], [ 4, 33, 2, 1 ] ];; 
gap> Length (14); 

7 

gap> N4:=[ [ 4, 5, 1, 12 ], [ 4, 5, 2, 5 ], [ 4, 5, 2, 8 ] , [ 4, 5, 2, 9 ], [ 4, 6, 1, 6 ], 

> [ 4, 6, 1, 11 ], [ 4, 6, 2, 6 ], [ 4, 6, 2, 10 ], [ 4, 6, 2, 12 ], [ 4, 6, 3, 4 ], 

> [ 4, 6, 3, 7 ], [ 4, 6, 3, 8 ], [ 4, 12, 2, 5 ] , [ 4, 12, 2, 6 ] , [ 4, 12, 3, 11 ], 

> [ 4, 12, 4, 10 ], [4, 12, 4, 11 ], [4, 12, 4, 12 ] , [ 4, 12, 5, 8 ] , [ 4, 12, 5, 9 ] , 

> [ 4, 12, 5, 10 ], [4, 12, 5, 11 ], [ 4, 13, 1, 5 ], [ 4, 13, 2, 5 ], [ 4, 13, 3, 5 ] , 

> [ 4, 13, 4, 5 ], [ 4, 13, 5, 4 ], [ 4, 13, 5, 5 ], [ 4, 13, 6, 5 ], [ 4, 13, 7, 9 ], 

> [ 4, 13, 7, 10 ], [4, 13, 7, 11 ], [ 4, 13, 8, 5 ], [ 4, 13, 8, 6 ] , [ 4, 13, 9, 4 ] , 

> [ 4, 13, 9, 5 ] , [ 4, 13, 10, 4 ], [4, 13, 10, 5 ] , [ 4, 18, 1, 3 ], [ 4, 18, 2, 4 ] , 

> [ 4, 18, 2, 5 ] , [ 4, 18, 3, 5 ] , [ 4, 18, 3, 6 ] , [ 4, 18, 3, 7 ] , [ 4, 18, 4, 4 ] , 
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gap> Length (N4) ; 
152 

gap> I4c:=List(I4,x->CaratZClass(MatGroupZClass(x[l] ,x[2] ,x[3] ,x[4]))) ; ; 
gap> I41g:=List (Cartesian ( [I4c,indl] ) ,x->InverseProjection(x:Carat)) ; ; 
gap> I41:=Set(Concatenation(I41g) ,CaratZClass) ; ; 

[ [ 5, 692, 1 ], [5, 693, 1 ], [5, 736, 1 ], [5, 911, 1 ], [5, 912, 1 ], 
[ 5, 914, 1 ], [5, 916, 1 ], [5, 917, 1 ], [5, 917, 5 ], [5, 918, 1 ], 
[ 5, 918, 5 ], [5, 919, 1 ], [5, 921, 1 ], [5, 922, 1 ], [5, 923, 1 ], 
[ 5, 924, 1 ], [5, 925, 1 ], [5, 926, 1 ], [5, 926, 3 ], [5, 927, 1 ], 
[ 5, 928, 1 ], [5, 928, 3 ], [5, 929, 1 ], [5, 930, 1 ], [5, 932, 1 ] ] 

gap> Length(I41) ; 

25 

gap> N311g:=List (Cartesian ( [UnorderedTuples(N3c , 1) ,UnorderedTuples(indl,2)] ) , 

> x->InverseProj action (Concatenation (x) : Carat)) ; ; 
gap> N311 :=Set(Concatenation(N311g) ,CaratZClass) ; ; 
gap> Length (N3 11) ; 
245 

gap> N32g:=List (CartesieLa( [N3c , ind2] ) ,x->InverseProjection(x: Carat) ) ; ; 
gap> N32:=Set (Concatenation (N32g) ,CaratZClass) ; ; 
gap> Length (N32) ; 

849 

gap> N4c:=List(N4,x->CaratZClass(MatGroupZClass(x[l] ,x [2] ,x [3] ,x [4] ) ) ) ; ; 
gap> N41g:=List(Cartesian([N4c,indl] ) ,x->InverseProjection(x: Carat) ) ; ; 
gap> N41:=Set(Concatenation(N41g) ,CaratZClass) ; ; 
Length(N41) ; 
768 



Example 4.13 (Verification of the condition (KS2)). By using Algorithm KS2, we may check that the condition 
(KS2) holds for n < 5. For n = 6, there exist exactly 10 (resp. 8) G-lattices of decomposition type (4, 2) (resp. 
(5, 1)) which are decomposable in two different ways Mq — Mi ® M2 ~ A^i ® 7V2 as follows: 
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Mg ~ Ml © M2 ~ iVi ® iV2 


Ml 


M2 


Ni 


iV2 


(6, 2072, 14) 


C2 X Ce 


(2,2,1,2) 


C2 


(4,14,4,2) 


C2 X Ca 


(2,2,2,2) 


C2 




(6, 2076, 28) 


De 


(2,2,1,2) 


C2 


(4,14, 9,2) 


Da 
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C-2 


{ A ^ A 'i A\ Q 

(,4, 14, ,3,4J ^3 


(6, 2077, 28) 


Da 
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{1} 


(5,911,3) 


Ss 


(1,1,1) 


{1} 
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C2 
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A, 
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{1} 
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In particular, we see that the 3 G-lattices Mq for the groups 5*5, F20 and A5 of the CARAT codes (5,911,4), 
(5, 918, 4) and (5, 931, 4) respectively are not permutation but stably permutation because the G-lattices Mq for 
the groups S5, F20 and A5 of the CARAT codes (5,911,3), (5,918,3) and (5,931,3) are permutation. We will 
study this 3 cases in Section [6] again (see Theorem 16.21 (iii). Table 8 and Example 16. 5p . 



Read ("cry St cat .gap") ; 
Read ("caratnumber .gap") ; 
Read ("KS. gap" ) ; 

gap> indl : =LatticeDecompositions (1 : Carat) [NrPartitions (1)] ; ; 
gap> ind2 : =LatticeDecompositions (2 : Carat) [NrPartitions (2)] ; ; 
gap> indS : =LatticeDecompositions (3 : Carat) [NrPartitions (3)] ; ; 
gap> ind4 : =LatticeDecompositions (4 : Carat) [NrPartitions (4)] ; ; 
gap> ind5 : =LatticeDecompositions (5 : Carat) [NrPartitions (5)] ; ; 
gap> List ( [indl , ind2 , ind3 , ind4 , ind5] , Length) ; 
[ 2, 9, 34, 295, 1452 ] 

gap> ips21 : =List (CartesianC [ind2 , indl] ) , x->InverseProject ion (x: Carat) ) ; ; 
gap> List ( [Flat (last) ,Set(List(Flat(last) ,CaratZClass) )] , Length) ; 
[ 31, 31 ] 

gap> ips211 : =List (Cartesian ( [UnorderedTuples (ind2 , 1) ,UnorderedTuples (indl ,2)] ) , 

> x->InverseProjection(Concatenation(x) :Carat)) ; ; 

gap> List ( [Flat (last) , Set (List (Flat (last) ,CaratZClass) )] , Length) ; 
[96, 96 ] 

gap> ips22:=List (UnorderedTuples (ind2, 2) ,x->InverseProjection(x:Carat)) ; ; 
gap> List ( [Flat (last) ,Set(List(Flat(last) ,CaratZClass) )] , Length) ; 
[ 175, 175 ] 

gap> ips31 : =List (Cartesian( [ind3 , indl] ) , x->InverseProject ion (x: Carat) ) ; ; 
gap> List ( [Flat (last) ,Set(List(Flat(last) ,CaratZClass) )] , Length) ; 
[ 128, 128 ] 

gap> ips2111 : =List (Cartesian ( [UnorderedTuples (ind2 , 1) .UnorderedTuples (indl ,3)] ) , 

> x->InverseProjection(Concatenation(x) :Carat)) ; ; 

gap> List ( [Flat (last) , Set (List (Flat (last) ,CaratZClass) )] , Length) ; 
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[ 280, 280 ] 

gap> ips221:=List(Cartesiaii([UnorderedTuples(ind2,2) ,UnorderedTuples (indl , 1)] ) , 

> x->InverseProjection(Concatenation(x) :Carat)) ; ; 

gap> List ( [Flat (last) , Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 1004, 1004 ] 

gap> ips311:=List(Cartesiaii([UnorderedTuples(ind3,l) .UnorderedTuples (indl ,2)] ) , 

> x->InverseProjection (Concatenation (x) : Carat)) ; ; 

gap> List ( [Flat (last) , Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 442. 442 ] 

gap> ips32 : =List (Cartesian ( [indS , ind2] ) , x->InverseProject ion (x: Carat) ) ; ; 
gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 1480. 1480 ] 

gap> ips41:=List(Cartesian([ind4.indl]) ,x->InverseProjection(x:Carat)) ; ; 
gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 1400. 1400 ] 

gap> ips21111 := List (Cartesian ( [UnorderedTuples(ind2, 1) .UnorderedTuples(indl.4)] ) , 

> x->InverseProjection (Concatenation (x) :Carat)) ; ; 

gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 824. 824 ] 

gap> ips2211 := List (Cartesian ( [UnorderedTuples (ind2.2) ,UnorderedTuples(indl .2)] ) . 

> x->InverseProjection (Concatenation (x) : Carat)) ; ; 

gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 4862. 4862 ] 

gap> ips222:= List (UnorderedTuples (ind2, 3) ,x->InverseProjection(x : Carat) ) ; ; 
gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 6878. 6878 ] 

gap> ips3111 := List (Cartesian ( [UnorderedTuples (ind3. 1) , UnorderedTuples (indl. 3) ] ) . 

> x->InverseProjection(Concatenation(x) :Carat)) ; ; 

gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 1466. 1466 ] 

gap> ips321 := List (Cartesian ( [ind3, ind2, indl] ) .x->InverseProjection(x: Carat) ) ; ; 
gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 10662. 10662 ] 

gap> ips33:= List (UnorderedTuples (ind3, 2) .x->InverseProjection(x: Carat) ) ; ; 
gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 

[ 4235, 4235 ] 

gap> ips411 : = List (Cartesian ( [UnorderedTuples (ind4. 1) .UnorderedTuples (indl .2)] ) . 

> x->InverseProjection(Concatenation(x) :Carat)) ; ; 

gap> List ( [Flat (last) .Set (List (Flat (last) .CaratZClass))] .Length) ; 
[ 5944, 5944 ] 

gap> ips42:= List(Cartesiein( [ind4, ind2] ) ,x->InverseProjection(x:Carat) ) ; ; 

gap> List ( [Flat (last) , Set (List (Flat (last) , CaratZClass))] , Length) ; 

[ 21583, 21573 ] 

gap> last [1] -last [2] ; 

10 

gap> ipsSl := List (Cartesian( [ind5, indl] ) , x->InverseProject ion (x: Carat) ) ; ; 

gap> List ( [Flat (last) , Set (List (Flat (last) .CaratZClass))] .Length) ; 

[ 9939. 9931 ] 

gap> last [1] -last [2] ; 

8 

gap> Filtered(Collected(List(Flat(ips42) .CaratZClass)) ,x->x[2]>l) ; # type [4.2] 
[ [ [ 6. 2072, 14 ]. 2 ], [ [ 6, 2076, 28 ] , 2 ] , [ [ 6, 2077, 28 ] , 2 ], 
[ [ 6, 2078, 28 ], 2 ], [ [ 6, 2079, 28 ] , 2 ] , [ [ 6, 2089, 21 ] , 2 ] , 
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2107, 14 ], 2 ], [ [ 6, 2110, 21 ] , 2 ] , 



[ 6, 2078, 28 ] 
[ 6, 2110, 21 ] 



[ 6, 2079, 28 ] , 
[ 6, 2295, 2 ] ] 



[ [ 6, 2102, 28 ] , 2 ] , [ [ 

[ [ 6, 2295, 2 ] , 2 ] ] 
gap> KSfail42:= List (last ,x->x [1] ) ; 
[ [ 6, 2072, 14 ] , [6, 2076, 28 ] , [6, 2077, 28 ] 

[ 6, 2089, 21 ] , [6, 2102, 28 ] , [6, 2107, 14 ] 
gap> Length (KSfai 142) ; 
10 

gap> KSfail42g:=List(KSfail42,x->CaratMatGroupZClass(x[l] ,x[2] ,x[3] )) ; ; 

gap> List (KSfail42g, Order) ; 

[ 12, 12, 12, 12, 12, 12, 24, 24, 24, 12 ] 

gap> List(KSf ail42g,StructureDescription) ; 

[ "C6 X C2", "D12", "D12", "D12", "D12", "D12", "C2 x C2 x S3", "C2 x C2 x S3", 

"C2 x C2 X S3", "D12" ] 
gap> [last [7] , last [8] , last [9] , last [10]] ; # 7th, 8th, 9th, 10th groups are maximal 
[ "C2 X C2 X S3", "C2 x C2 x S3", "C2 x C2 x S3", "D12" ] 
gap> KSfail42gsubl:=Set(CoiijugacyClassesSubgroups2(KSfail42g[7]) , 

> x->CaratZClass (Representative (x))) ; ; 

gap> KSf ail42gsub2:=Set(ConjugacyClassesSubgroups2(KSf ail42g[8] ) , 

> x->CaratZClass (Representative (x) ) ) ; ; 

gap> KSf ail42gsub3:=Set(ConjugacyClassesSubgroups2(KSf ail42g[9] ) , 

> x->CaratZClass (Representative (x))) ; ; 
gap> List (KSf ail42,x->x in KSf ail42gsubl) ; 

[ false, true, true, true, true, false, true, false, false, false ] 
gap> List (KSf ail42,x->x in KSf ail42gsub2) ; 

[ true, true, false, true, false, true, false, true, false, false ] 
gap> List (KSf ail42,x->x in KSf ail42gsub3) ; 

[ true, false, true, false, true, true, false, false, true, false ] 

gap> ips42f :=Flat(ips42) ; ; 

gap> ips42f c:=List(ips42f ,CaratZClass) ; ; 

gap> KSfail42i:=List(KSfail42,x->Filtered([l. .21583] ,y->ips42f c [y] =x) ) ; 
[ [ 9822, 10444 ], [ 10162, 10496 ], [ 9901, 9960 ], [ 9890, 1002 
[ 9956, 10033 ], [ 9895, 10257 ], [ 10030, 10230 ], [ 9963, 102 
gap> KSf ail42gg : =List (KSf ail42i ,x-> [ips42f [x [1] ] , ips42f [x [2] ] ] ) ; ; 
gap> List (KSf ail42gg,x->List(x,y->List( [[1,2] , [3. .6]] , 

> z->CrystCatZClass(PartialMatrixGroup(y,z) ) ) ) ) 



[ 10095, 10518 ] , 
[ 10647, 10720 ] ] 



[ [ 
[ 
[ 
[ 
[ 
[ 
[ 
[ 
[ 
[ 



[ 2, 2, 1, 

[ 2, 2, 1, 

[ 2, 2, 2, 
[ 2, 2 
[ 2, 2 

[ 2, 2, 1, 

[ 2, 2, 2, 

[ 2, 2, 2, 

[ 2, 2, 2, 

[ 2, 4, 2, 



] 



[ 4, 
[ 4, 
[ 4, 



1, 2 ] 

1, 2 ] 



14, 4, 
14, 9, 
14, 5, 
[ 4, 14, 5, 
[ 4, 14, 8, 
[ 4, 14, 7, 
[ 4, 14, 5, 
[ 4, 14, 6, 
[ 4, 14, 7, 
[ 4, 21, 3, 
gap> List(last,y->List([y[l][l],y[l][2] _ 
> x->StructureDescription(MatGroupZClass(x[l] ,x [2] ,x [3] ,x [4] ) ) ) ) ; 
[ [ "C2", "C6 X C2", "C2 X C2", "C6" ], 
"D12", "C2 X C2", "S3" ] , 

C2", "D12" ] , 
"D12" ] , 



] ] 
] ] 
] ] 
] ] 
] ] 
] ] 
] ] 
] ] 
] ] 
] ] 



[ [ 2, 2, 2, 
[ [ 2, 2, 2, 



[ [ 2, 2, 2, 

[ [ 2, 2, 2, 

[ [ 2, 2, 1, 

[ [ 2, 2, 2, 

[ [ 2, 2, 2, 

[ [ 2, 2, 1, 

[ [ 2, 2, 2, 

[ [ 2, 4, 2, 



[ 4, 14, 1 
[ 4, 14, 3 
[ 4, 14, 7 
[ 4, 14, 6 
[ 4, 14, 3 
[ 4, 14, 6 
[ 4, 14, 
[ 4, 14, 
[ 4, 14, 
[ 4, 21, 



10, 2 ] ] ] , 
10, 2 ] ] ] , 
10, 2 ] ] ] , 
3, 2 ] ] ] ] 



y[2] [l],y[2] [2]], 



[ "C2", 

[ "C2 X C2", 

[ "C2", 

[ "C2", 

[ "C2", 

[ "C2 X 



"D12 
"D12 
"D12 
C2" , 



"D12", "C2 X 
', "C2 X C2", 
', "C2", "S3" ] , 
', "C2 X C2", "D12" ] , 

"D12", "C2 X 



C2", "C2 X C2 X S3" ] , 



[ "C2 X C2", "D12", "C2", "C2 x C2 x S3" ], 
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[ "C2 X C2", "D12", "C2 x C2", "C2 x C2 x S3" ], 
[ "S3", "D12", "S3", "D12" ] ] 



gap> Filtered(Collected(List(Flat(ips51) ,CaratZClass)) ,x->x[2]>l) ; # type [5,1] 



[ [ [ 6, 3045, 3 ], 2 ], [ [ 6, 3046, 3 ], 2 ], [ [ 
[ [ 6, 3052, 5 ], 2 ], [ [ 6, 3053, 5 ], 2 ], [ [ 
[ [ 6, 3061, 5 ], 2 ], [ [ 6, 3066, 3 ], 2 ] ] 

gap> KSfail51:= List (last ,x->x [1] ) ; 

[ [ 6, 3045, 3 ], [6, 3046, 3 ], [6, 3047, 3 ], [ 
[ 6, 3053, 5 ], [6, 3054, 3 ], [6, 3061, 5 ], [ 

gap> Length(KSf ail51) ; 



3047, 
3054, 



3052, 
3066, 



] ] 



gap> KSf ail51g : =List (KSf ail51 , x->CaratMatGroupZClass (x [1] , x [2] , x [3] ) ) ; ; 

gap> List (KSf ail51g, Order) ; 

[ 120, 120, 120, 20, 20, 240, 40, 60 ] 

gap> List (KSf ail51g,StructureDescription) ; 

[ "C2 X A5", "S5", "S5", "C5 : C4", "C5 : C4", "C2 x S5" , "C2 x (C5 : C4) " , "A5" ] 
gap> last [6] ; # the 6tli group of the CARAT code [ 6, 3054, 3 ] is maximal 
"C2 X S5" 

gap> KSf ail51gsub : =Set (ConjugacyClassesSubgroups2(KSf ail51g [6] ) , 

> x->CaratZClass (Representative (x) ) ) ; ; 
gap> Difference (KSf ail51 , KSf ail51gsub) ; 
[ ] 

gap> ips51f : =Flat (ips51) ; ; 

gap> ips51f c : =List (ips51f ,CaratZClass) ; ; 

gap> KSfail51i:=List(KSfail51,x->Filtered([l. .9939] ,y->ips51f c [y] =x) ) ; 
[ [ 9630, 9633 ], [ 9635, 9638 ], [ 9642, 9645 ], [ 9648, 9651 ], 

[ 9653, 9656 ], [ 9660, 9665 ], [ 9670, 9675 ], [ 9679, 9681 ] ] 
gap> KSfail51gg:=List(KSfail51i,x->[ips51f [x[l]] , ips51f [x [2] ] ] ) ; ; 
gap> List(KSf ail51gg,x->List(x,y->List( [[1] , [2. .6]] , 

> z->CaratZClass(PartialMatrixGroup(y,z))))) ; 
[ [ 

[ 
[ 
[ 
[ 
[ 
[ 

[ [ [ 1, 1, 1 ], [5, 931, 3 ] ], [ [ 1, 1, 1 ], [5, 931, 4 ] ] ] ] 
gap> List(last,y->List([y[l] [1] ,y[l] [2] ,y[2] [1] ,y[2] [2]] , 

> x->StructureDescription(CaratMatGroupZClass(x[l] ,x[2] ,x[3])))); 

"C2 x A5" ] , 

], 

], 

"C5 : C4" ] , 
"C5 : C4" ] , 
"C2 X S5" ] , 
"C2", "C2 X (C5 : C4) " ] , 

] ] 



[ 


1, 


2, 


1 


] , 


[ 


5, 


910, 


3 


] 


] , 


[ [ 


1, 


2, 


1 


] , 


[ 


5, 


910, 


4 ] 


[ 


1, 


1, 


1 


] , 


[ 


5, 


911, 


3 


] 


] , 


[ [ 


1, 


1, 


1 


] , 


[ 


5, 


911, 


4 ] 


[ 


1, 


2, 


1 


] , 


[ 


5, 


912, 


3 


] 


] , 


[ [ 


1, 


2, 


1 


] , 


[ 


5, 


912, 


4 ] 


[ 


1, 


2, 


1 


] , 


[ 


5, 


917, 


3 


] 


] , 


[ [ 


1, 


2, 


1 


] , 


[ 


5, 


917, 


4 ] 


[ 


1, 


1, 


1 


] , 


[ 


5, 


918, 


3 


] 


] , 


[ [ 


1, 


1, 


1 


] , 


[ 


5, 


918, 


4 ] 


[ 


1, 


2, 


1 


] , 


[ 


5, 


919, 


3 


] 


] , 


[ [ 


1, 


2, 


1 


] , 


[ 


5, 


919, 


4 ] 


[ 


1, 


2, 


1 


] , 


[ 


5, 


926, 


5 


] 


] , 


[ [ 


1, 


2, 


1 


] , 


[ 


5, 


926, 


6 ] 


[ 


1, 


1, 


1 


] , 


[ 


5, 


931, 


3 


] 


] , 


[ [ 


1, 


1, 


1 


] , 


[ 


5, 


931, 


4 ] 



[ [ 


"C2" 


"C2 


X A5", 


"C2" 


[ 


M H (1 


"S5" 


(1 -1 (1 
> » 


"S5" 


[ 


"C2" 


"S5 


', "C2" 


, "S5 


[ 


"C2" 


"C5 


: C4", 


"C2" 


[ 


M H M 


"C5 


: C4", 


II -1 II 


[ 


"C2" 


"C2 


X S5", 


"C2" 


[ 


"C2" 


"C2 


X (C5 


: C4) 


[ 


M H M 


"A5" 


M H M 


"A5" 



5. GAP ALGORITHMS: THE FLABBY CLASS [MgY'' 

Let G be a finite subgroup of GL(n, S) and M = Mq be the G-lattice as in Definition ll.241 When G ~ Gal(L/fc) 
for a Galois extension L/k, the field L{Mg)'^ rnay be regarded as the function field of an algebraic /c-torus T 
which splits L via lU (see Section [T]). 
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In this section, we provide some GAP algorithms for computing the flabby class [M]^' of M and for verifying 
whether [My^ is invertible and [M^^ — 0. The following flow chart shows the structure of the GAP algorithms: 



Algorithm Fl. Compute [MgY^- 










Algorithm F2. Is [May- invertible? 


!■ 

No 




Yes 


Algorithm F3. Is [[MaY^y^ ? 


> 

Yes 




No 


Algorithm F4. Is [May- = possible? 


> 

No 




Yes 


Algorithm F5. 

Algorithm F6. Is [MgY^=W 
Algorithm F7. 


> 

Yes 



L{M)'^ is not retract /c-rational. 



-> L{M)^ is stably fc-rational. 



> L(M)'^ is not stably but retract fc-rational. 



-> L{M)^ is stably fc-rational. 



5.0. Determination whether Mq is flabby (coflabby). 

Let G be a finite subgroup of GL(n, and M = Mq be the corresponding G-lattice of rank n as in Definition 
11.241 We provide GAP some algorithms for computing H~^{G, Mq) and H^{G,Mg) and verifying whether the 
G-lattice Mq is flabby (resp. coflabby). 

Hminusl(G) returns the Tate cohomology group H'~^{G, Mq)- 
H1(G) returns the cohomology group H^{G,Mg)- 
IsFlabby(G) returns whether G-lattice Mq is flabby or not. 
IsCof labby (G) returns whether G-lattice Mq is coflabby or not. 

Note that in the algorithms below we use the formulas (i?"^(G, M) '^■z (Q) n M = Z^^iG, M), {B°{G, M) 
Q) n M = Z°{G,M) and {B\G,M) (x)^ (Q) n C^G,M) = Z^{G,M) to compute H-^{G,M), H°{G,M) and 
H^{G,M) respectively. 



Algorithm FO (Determination whether Mq is flabby (coflabby)). 



Hminusl:= function(g) 
local m,gg,i,s,r; 
in: = [] ; 

gg:=GeneratorsOf Group (g) ; 
if gg=[] then 
return [] ; 

else 

for i in gg do 

m: =Concatenation(m, i-ldentity (g) ) ; 

od; 

s : =SmithNormalForinIntegerMat (m) ; 
r : =Rank ( s ) ; 

return List ( [1 . . r] , x->s [x] [x] ) ; 

fi; 

end; 



Hl:= function(g) 
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local m,gg,i,s,r; 
m: = [] ; 

gg:=GeneratorsOf Group (g) ; 
if gg=[] then 
return [] ; 

else 

for i in gg do 

m: =Concatenation(m,TransposedMat (i) -Identity (g) ) ; 

od; 

m : =TransposedMat (m) ; 

s : =SmithNormalFormIntegerMat (m) ; 

r :=Rank(s) ; 

return List ( [1 . . r] , x->s [x] [x] ) ; 

fi; 

end; 

IsFlabby:= function(g) 
local h; 

h:=List(ConjugacyClassesSubgroups2(g) .Representative) ; 
return ForAll(h.,x->Product(Hminusl(x))=l) ; 

end; 

IsCoflabby:= function(g) 
local h; 

h:=List(ConjugacyClassesSubgroups2(g) , Representative) ; 
return ForAll(h,x->Product(Hl(x))=l) ; 

end; 

5.1. Construction of the flabby class [McY^ of the G-lattice Mq- 

Let G be a finite subgroup of GL(n, Z) and M — Mq be the corresponding G-lattice of rank n as in Definition 
11.241 We want to construct a flabby resolution 0— )-M— >-P— >-i^— >-0 with rank F not too large. If — Q — )■ 
R — > M° — > is a coflabby resolution of M° — Homz (M, S) where R is permutation and Q is coflasque, we can 
get a flasque resolution by taking a dual exact sequence — > A/ — > Homs(i?, 7L) — > Honia(Q, Z) 0. 

We construct a coflabby resolution of M° first. Let P° be a permutation G-latticc and P° A M° be a 
G-homomorphism. For a subgroup H of G, suppose that / maps {P°)^ surjectively to (M°)^, i.e. 

(2) (P°)« (Af°)« ^ is exact. 

Then H^{H, P°) H°{H, M°) is surjective, so that H^{H, Q) where Q = Ker / by Lemma [131 In order to 
get a coflabby resolution of M° , it is enough to construct a permutation G-lattice P° and a G-homomorphism / 
such that ([2]) is satisfied for all subgroups H of G. 

Let V° be a finite subset of M° which is closed under the action of G. Let P° be a free S-module over V", 
i.e. P° = 1L\P°\. The G-lattice P° is permutation naturally, and for p e 7^°, P° 9 p p G C M° defines a 
G-homomorphism / : P° — )■ Af°. If 7^° contains a Z-basis of {M°)^ for all subgroups if of G, then the condition 
([2]) is satisfied for all subgroups H C G. 

The condition ([2]) is consistent with the conjugation. Namely, ([2]) is satisfied for H if and only if it is satisfied 
for = g^^Hg. Thus it is enough to consider only the subgroups H not mutually conjugate. 

Let Ti. = {Hi}i^i be the set of all conjugacy classes of subgroups of G. Let Qi be a free S-basis of {M°)^\ 
Then 

P°= y OrbcW, n=\jQ, 
ren iei 

provides P° = 'TL\P°\ which satisfies ^ for all Hi C G. Therefore we may obtain a coflabby resolution of M: 

(3) ^ Ker/ P° h M° 0. 
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The following algorithm f Algorithm IFT|) tries to find some "reduced" subset W C Tl such that P° = 7L[V°] 
satisfies the condition ([2|) where 

(4) ^° = U OrbG(r). 

This trial is performed in a computer calculation as follows: 

The following algorithms construct a "reduced" flabby resolution of Mq'- — >■ Mq —?' P F 0. 
ZOlattice(G) returns a K-basis of (Mg)*^- 

FindCof labbyResolutionBase(G,HH) returns a Z-basis of a smaller permutation lattice P° satisfying ([2]) for 
any H e H. 

FlabbyResolution(G) returns a flabby resolution of Mq as follows: 

FlabbyResolution(G) . action? returns the matrix representation of the action of G on P; 
FlabbyResolution(G) .actionF returns the matrix representation of the action of G on F; 
FlabbyResolution(G) . injection returns the matrix which corresponds to the injection t : Mq — > P; 
FlabbyResolution(G) . surjection returns the matrix which corresponds to the surjection (j) : P ^ F. 

Algorithm Fl (Construction of the flabby class [Mg]-''' of the G-lattice Mg)- 

Z01attice:= function(g) 
local gg,m,i; 
gg:=GeneratorsOf Group (g) ; 
if gg=[] then 

return Identity(g); 

else 

m: = [] ; 

for i in gg do 

m: =Concatenation(m,TrajisposedMat (i) -Identity (g) ) ; 

od; 

m : =TransposedMat (m) ; 
return NullspacelntMat (m) ; 

fi; 

end; 

ReduceCof labbyResolutionBase : = f unction (g,hh, mi) 
local o,oo,z0,mi2; 
00 : =Orbits (g,mi) ; 
zO : =List (hh, ZOlattice) ; 
for o in oo do 

mi2:=Filtered(mi,x->(x in o)=fail); 

if ForAll([l. .Length(hh)] ,i->LatticeBasis(List(Orbits(hh[i] ,mi2) ,Sum) )=zO [i] ) then 
mi : =mi2 ; 

fi; 

od; 

return mi ; 

end; 

FindCof labbyResolutionBase : = f unction(g,hh) 
local d,mi,h,zO,ll,i,o; 
d : =Length ( Ident ity (g) ) ; 
mi: = [] ; 

for h in hh do 

zO:=Z01attice(h) ; 

11 : =LatticeBasis (List (Orbits (h, mi) ,Sum)) ; 
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for i in zO do 

if LatticeBasis (ConcatenationCll , [i] ) ) Oil then 
o:=Drbit(g,i) ; 
mi : =Concatenation(mi , o) ; 
o:=List(Drbits(h,o) .Sum) ; 
11 : =LatticeBasis (ConcatenationCll , o) ) ; 

fi; 

od; 

od; 

return ReduceCof labbyResolutionBase(g,hh,mi) ; 

end; 

FlabbyResolution:= function (g) 

local tg,gg,d,th,mi,ms,o,r,ggl,gg2,vl,mg,img; 
tg: =TransposedMatrixGroup(g) ; 
gg: =GeneratorsOf Group (tg) ; 
d: =Length(Identity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 

mi : =FindCof labbyResolutionBase (tg,th) ; 

r : =Length(mi) ; 

o : =IdentityMat (r) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 

return rec(injection:=TraiisposedMat(mi) , 
surjection:=NullMat(r,0) , 

actionP : =TransposedMatrixGroup (Group (ggl , o) ) 

); 

else 

ms : =NullspaceIntMat (mi) ; 

vl : =NullspaceIntMat (TransposedMat (ms) ) ; 

mg:=Concatenation(vl,ms) ; 

img:=mg--l; 

gg2 : =List (ggl , x->mg*x*img) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] }{ [d+1 . . r] }) ; 

return rec(injection:=TrajisposedMat(mi) , 
surjection:=TransposedMat(ms) , 
act ion? : =TransposedMatrixGroup (Group (ggl) ) , 
actionF : =TrajisposedMatrixGroup (Group (gg2) ) 

); 

fi; 

end; 



Example 5.1 ( AlgorithmEII • The G-lattice Mg has the trivial flabby class [MgY^ = for G = ^ _\j ^ ~ G3. 

ReadC'FlabbyResolution.gap") ; 

gap> G:=Group([[[0,l] , [-1,-1]]]) ; 
Group([ [[0,1], [ -1, -1 ] ] ]) 
gap> FlabbyResolution(G) ; 

rec( injection := [ [ 1, 0, -1 ], [0, -1, 1 ] ], 
surjection :=[[!], [ 1 ], [ 1 ] ], 

actionP := Group([ [ [ , , 1 ] , [ 1 , , ] , [ , 1 , ] ] ] ) , 
actionF := Group ([ [ [ 1 ] ] ]) ) 
gap> FlabbyResolution(G) . actionF; # F is trivial of rank 1 
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Group([ [ [ 1 ] ] ]) ) 



5.2. Determination whether [A/g]^' is invertible. 

Let G be a finite subgroup of GL(n, %) and M = Mq be the corresponding G-lattice of rank n as in Definition 
11.241 We provide the algorithm (Algorithm F2) for the determination whether [Mq]-^' is invertible. First, take a 
flabby resolution of M: 

If F is not coflabby, then [M]-'^' is not invertible. If F is coflabby, then take a flabby resolution 
(5) O^F^Q^E^O. 

By Lemma [2.111 we find that [M]-^' is invertible <^=4> F is invertible E is invertible <;=4> ([5]) splits. Thus 

it remains to check whether ([5]) splits, i.e. whether there exists tt : Q — > F such that tt o t = id^- 

We divide the standard basis of Q into G-orbits, and take a complete representative system {xx} of the G- 
orbits. Let Hx be the stabilizer of xx in G. Then tt{xx) in F^^. Conversely if we fix an element of F^ as tt{xx), 
then TT is determined by the representatives {xx}- 

We may have the necessary and the sufficient condition for t: o l — icLm , and this becomes a system of linear 
equations. Hence this system of linear equations has an integer solution 4=> the section tt : Q — > F exists 
[MY'' is invertible. This computation is performed in GAP as follows: 

IsInvertibleF(G) returns whether [MaY'' is invertible. 
Algorithm F2 (Determination whether [McY^ is invertible). 



IsInvertibleF : = function(g) 

local tg,gg,d,th,ini,mi2,ms,z0,ll,h,r,i, j ,k,ggl,gg2,gl,g2,oo,iso,ker, 

tg2,th2,h2,ll,12,vl,ml,m2; 
tg:=TraLnsposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d : =Length ( Ident ity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
mi : =FindCof labbyResolutionBase (tg , th) ; 
r : =Length(mi) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 

return true; 

else 

ms : =NullspacelntMat (mi) ; 

vl : =NullspacelntMat (TransposedMat (ms) ) ; 

ml : =Concatenation(vl ,ms) ; 

m2 : =ml~-l ; 

gg2:=List(ggl,x->ml*x*m2) ; 
gg2:=List(gg2,x->x{[d+l. .r]}{[d+l. .r]}) ; 
tg2:=Group(gg2); 

iso : =GroupHomomorphismBy Images (tg,tg2 ,gg,gg2) ; 
ker :=Kernel(iso) ; 

th2:=List(Filtered(th,x->lsSubgroup(x,ker)) ,x->lmage(iso,x)) ; 
for h in th2 do 

if Product (Hminusl(h))>l then 
return false; 

fi; 

od; 

for h in th do 

if Product (Hminusl(h))>l then 
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d:=r-d; 

mi : =FindCof labbyResolut ionBase (tg2 , th2) ; 
r : =Length(mi) ; 

ggl : =List (gg2 ,x->Permutation(x,mi) ) ; 

gg2:=List(gg2,TraiisposedMat) ; 

g2:=Group(gg2); 

ggl:=List(ggl,x->x"-l) ; 

gl:=Group(ggl) ; 

mi : =TraiisposedMat (mi) ; 

iso : =GroupHomomorphismByImagesNC (gl , g2 , ggl , gg2) ; 
oo:=OrbitsDomain(gl, [1. .r] ) ; 
ml: = [] ; 

for i in oo do 

h : =Stabilizer (gl , i [1] ) ; 

11 : =List (RightCosetsNC (gl ,h) , Representative) 
ll:=List(ll,x->i [1] 'x) ; 
12:=List(ll,x->Image(iso,x)) ; 
zO:=Z01attice (Image (iso, h)) ; 
for j in zO do 

m2:=NullMat(r,d) ; 

for k in [1 . .Length (11)] do 
m2[ll[k]] :=j*12[k] ; 

od; 

Add(ml,Flat(mi*m2)) ; 

od; 

od; 

m2:=Concatenation(ml, [Flat(IdentityMat(d))] ) ; 
ml : =NullspaceIntMat (m2) ; 

return Gcd(TransposedMat(ml) [Length (m2) ] )=1 ; 

fi; 

od; 

ggl :=List(gg,x->Permutation(x,mi) ) ; 
gg:=GeneratorsOf Group (g) ; 
ggl:=List(ggl,x->x"-l) ; 
gl:=Group(ggl) ; 

mi : =TransposedMat (mi) ; 

iso : =GroupHomomorpliismByImagesNC(gl ,g,ggl ,gg) ; 
00 : =OrbitsDomain(gl , [1 . . r] ) ; 
ml: = [] ; 

for i in oo do 

h : =Stabilizer (gl , i [1] ) ; 

11 :=List (RightCosetsNC (gl,h) .Representative) ; 
ll:=List(ll,x->i[l] "x) ; 
12:=List(ll,x->Image(iso,x)) ; 
zO : =Z01att ice (Image ( iso, h)) ; 
for j in zO do 

m2:=NullMat(r,d) ; 

for k in [1 . . Length(ll)] do 
m2[ll[k]] :=j*12[k] ; 

od; 

Add(ml,Flat(mi*m2)) ; 

od; 

od; 

m2:=Concatenation(ml, [Flat (IdentityMat (d) )] ) ; 
ml : =NullspaceIntMat (m2) ; 



RATIONALITY PROBLEM FOR ALGEBRAIC TORI 



45 



return Gcd(TransposedMat (ml) [Lengtli(m2)] )=1 ; 

fi; 

end; 

5.3. Computation oi E with [[Mcy-y- = [E]. 

Let G be a finite subgroup of GL(n, S) and M = Mq be tfie corresponding G-lattice of rank n as in Definition 
11.241 By a result of Section [5?2] (Algorithm |F2|) . we assume that [M]-'"' is invertible. The next step is to determine 
whether [MY^ = 0. First, we give a sufficient condition for [My- = 0. Let 0— >Af— ^P^^"— >Obca flabby 
resolution of M. By Algorithm IF21 we can compute F, and by the assumption F is invertible. If F is still 
complicated, we take a flabby resolution of F: ^ F -> Q -> S ^ 0. Then E^O=^F^O=> [M]-^' = 0. By 
the same way, we define [M]/'" := [[M]^'" inductively. Then we obtain a sufficient condition for [7\f]^' = 0, 
namely, [MY^ = [MY' = 0. The following algorithm may compute E with [E] = [[M]-^']-''' effectively. 

flfl(G) returns the G-lattice E with [[MgY'^Y' = [E]- 
Algorithm F3 (Computation of F with [[MgY''Y^ = [^])- 

flfl:= function(g) 

local tg,gg,d,th,mi,ms,r,ggl,gg2,vl,mg,img,tg2,iso,ker; 
tg: =TransposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d: =Length(ldentity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
mi : =FindCof labbyResolutionBase (tg , th) ; 
r :=Length(mi) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 
return [] ; 

else 

ms : =NullspacelntMat (mi) ; 

vl : =NullspacelntMat (TrcinsposedMat (ms) ) ; 

mg:=Concatenation(vl,ms) ; 

img:=mg"-l; 

gg2 : =List (ggl , x->mg*x*img) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] }{ [d+1 . . r] » ; 

tg2:=Group(gg2) ; 

iso : =GroupHomomorpliismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th: =List (Filtered (th,x->lsSubset (x,ker) ) ,x->lmage (iso ,x) ) ; 
tg:=tg2; 

gg:=gg2; 
d:=r-d; 

mi :=FindCof labbyResolutionBase (tg,th) ; 
r : =Length(mi) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 
return [] ; 

else 

ms : =NullspacelntMat (mi) ; 

vl : =NullspacelntMat (TrsLnsposedMat (ms) ) ; 

mg : =Concatenation(vl ,ms) ; 

img:=mg~-l; 

gg2 : =List (ggl , x->mg*x*img) ; 
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gg2 : =List (gg2 , x->x{ [d+1 . . r] }{ [d+1 . . r] » ; 
return TransposedMatrixGroup (Group (gg2) ) ; 

fi; 

fi; 

end; 

Example 5.2 (Algorithni lF3p . Let Imf (n, i, j) < GL(n, S) be the j-th S-class of the i-th Q-class of the irreducible 
maximal finite group of dimension n (which corresponds to the GAP command ImfMatrixGroup(n,i, j)). Note 
that the maximal irreducible finite groups Imf(n, coincide with the maximal indecomposable finite groups 
Indmf (n, i, j) when n < 5 (see Subsection 14. 0|) . 

By using the algorithm f If 1, we may confirm that [McY'' = for G = Imf(4, 4, 1) and Imf(5, 1, 1). By Lemma 
12.171 we obtain [Mh]-^^ = for any subgroups H of G. There are 193 (resp. 953) conjugacy classes of subgroups 
ofImf(4,4, 1) (resp. Imf(5,l,l)). 

Read ("cryst cat. gap") ; 
Read ("caratnumber .gap") ; 
Read("FlabbyResolution.gap") ; 

gap> G:=ImfMatrixGroup(4,4,l) ; 
Imf Matr ixGroup (4,4,1) 

gap> Size (G) ; 
384 

gap> CrystCatZClass(G) ; 

[ 4, 32, 21, 1 ] 

gap> flfl(G); 
[ ] 

gap> Length(List(ConjugacyClassesSubgroups2(G) , Representative)) ; # # of conjugacy classes 
193 

gap> G:=ImfMatrixGroup(5,l,l) ; 
Imf MatrixGroup (5 , 1,1) 

gap> Size (G) ; 
3840 

gap> CaratZClass (G) ; 

[ 5, 942, 1 ] 

gap> flfl(G); 
[ ] 

gap> Length(List(ConjugacyClassesSubgroups2(G) , Representative)) ; # # of conjugacy classes 
953 



Example 5.3 (Kunyavskii's birational classification of the algebraic fc-tori of dimension 3 (Theorem 11.21) '). By 
Voskresenskii's theorem (Theorem II. ip . [MgY^ — for all (7-lattices Mq of rank < 2. Using the algorithm 
flfl, we may confirm Kunyavskii's theorem (Theorem II. 2|) . There exist 39 (resp. 34) decomposable (resp. 
indecomposable) G'-lattices Mq of rank 3 (see Example 14. 9p . 

By Voskresenskii's theorem and Lemma [2.141 [A/g]'^' — for 39 decomposable (^-lattices Mq- 
Using flfl and by Lemma [2.171 we may see that [Afg]-^' = for any subgroups G of Imf (3, 1, 1) ~ C2 x 5*4, 
the group Gi ~ D4 of the GAP code (3,4,5,2) and the group G2 ^ 5*4 of the GAP code (3,7,4,3). Namely, 
L{Mc)'~^ is stably fc-rational. Note that Kunyavskii's theorem claims not only the stably fc-rationality but also 
the fc-rationality, and we could not confirm the fc-rationality by this method. 

There exist exactly 15 groups which are not subgroups of Imf(3,l,l), Gi and G2 (see Table 2 in Theorem II. ip . 
Indeed, using the algorithm IslnvertibleF, we may confirm that [MgY'' is not invertible for all the 15 groups 
G. Namely, L{Mg)'~^ is not retract fc-rational. 
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Read ("cryst cat. gap") ; 
ReadC'FlabbyResolution.gap") ; 

gap> G:=ImfMatrixGroup(3,l,l) ; # G=C2xS4 

Imf MatrixGroup (3 , 1,1) 

gap> CrystCatZClass(G) ; 

[ 3, 7, 5, 1 ] 

gap> flfl(G); 

[ ] 

gap> flfl(MatGroupZClass(3,4,5,2)) ; # G=D4 
[ ] 

gap> flfl(MatGroupZClass(3,7,4,3)) ; # G=S4 
[ ] 

gap> ld3 : =LatticeDecompositions (3) ; ; 

gap> Partitions (3) ; 

[ [ 1, 1, 1 ] , [ 2, 1 ] , [ 3 ] ] 

gap> List (ld3, Length) ; 

[ 8, 31, 34 ] 

gap> ind3 : =ld3 [3] ; ; 

gap> imf311sub:=Set(ConjugacyClassesSubgroups2(G) , 

> x->CrystCatZClass (Representative (x))) ; ; 

gap> G3452sub : =Set (ConjugacyClassesSubgroups2 (MatGroupZClass (3 , 4,5,2)), 

> x->CrystCatZClass (Representative (x) ) ) ; ; 

gap> G3743sub : =Set (ConjugacyClassesSubgroups2 (MatGroupZClass (3 , 7,4,3)) , 

> x->CrystCatZClass (Representative (x) ) ) ; ; 

gap> N3 : =Dif f erence (ind3 , Union (imf 31 Isub , G3452sub , G3743sub) ) ; 

[ [ 3, 3, 1, 3 ], [ 3, 3, 3, 3 ], [ 3, 3, 3, 4 ], [ 3, 4, 3, 2 ], 
[ 3, 4, 4, 2 ], [ 3, 4, 6, 3 ], [ 3, 4, 7, 2 ], [ 3, 7, 1, 2 ], 
[ 3, 7, 2, 2 ], [ 3, 7, 2, 3 ], [ 3, 7, 3, 2 ], [ 3, 7, 3, 3 ], 
[3,7,4,2], [ 3, 7, 5, 2 ] , [ 3, 7, 5, 3 ] ] 

gap> Length (N3) ; 

15 

gap> Filtered(N3,x->IsInvertibleF(MatGroupZClass(x[l] ,x[2] ,x[3] ,x[4] ))=true) ; 
[ ] 



5.4. Possibility for [MgV^ = 0. 

We will devise an algorithm which, in a favorable situation, will enable us to show that some G-lattices are 
not stably permutation. 

Let G be a finite subgroup of GL(n, Z) and M — Mq be the corresponding G-lattice of rank n as in Definition 
11.241 By a result of Section [22] (Algorithm [F2|, we assume that \My^ is invertible. 

Each isomorphism class of irreducible permutation G-lattices corresponds to a conjugacy class of subgroup H 
of G by _ff o 7l\G/H]. Let _ffi, . . . , Hr be conjugacy classes of subgroups of G whose ordering corresponds to the 
GAP function ConjugacyClassesSubgroups2 (G) (see Section[4]). Let F be the flabby class of Mg- 

We assume that F is stably permutation, i.e. for Xr+i ~ ±1, 

{^x,%[GlHA®Xr+iF ~ 0j/,Z[G/i/,]. 

\i=l / i=l 

Define = — yi and bi — x^+i- Then we have for bi = ±1, 

r 

(6) 0a,K[G/i/,] ~ -biF. 

i=l 

By computing some Z-class invariants, we will give a necessary condition for [MgY'' — 0. 
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Let {ci, . . . ,Cr} be a set of complete representatives of the conjugacy classes of G. Let Ai{cj) be the matrix 
representation of the factor coset action of cj G G on Z[G'/i?i] and B{cj) be the matrix representation of the 
action of cj E G on F. By ([6]), for each Cj G G, we have 

r 

(7) tiA,{cj) + hi tiB{cj) = 

i=l 

where tr A is the trace of the matrix A. Similarly, we consider the rank of iJ" = Z^. For each Hj, we get 

r 

(8) a, rank , Z[G/i/i]) + hi rank Z°{Hj,F) = 0. 

i=l 

Finally, we compute Let Syp{A) be a p-Sylow subgroup of an abelian group A. Syp{A) can be written as a 
direct product of cyclic groups uniquely. Let np^ii,(Syp{A)) be the number of direct summands of cyclic groups of 
order p*^. For each Hj,p, e, we get 

r 

(9) ^a.np,e(5yp(i?°(i/j,Z[G/i7,])))+6inp,e(%p(i?°(if,,^^))) =0. 

i=l 

By the equalities dH) and Q, we may get a system of linear equations in ai, . . . , a^, 6i over S. Namely, 
we have that [MgY^ — the exist ai, . . . ,ar € Z and 6i = ±1 which satisfy (jG]) this system of linear 
equations has a integer solution in ai, . . . , with hi = ±\. In particular, if this system of linear equations has 
no integer solutions, then we conclude that [MgY^ 7^ 0. 

HO(G) returns the Tate cohomology group H'^{G, Mq). 

PossibilityOf StablyPermutationF(G) returns a basis £ — {li, . ..,ls} of the solution space of the system of 
linear equations which is obtained by the equalities ([7]), ([S]) and (jH]). 

PossibilityOf StablyPermutationM(G) returns the same as PossibilityOf StablyPermutationF(G) but with 
respect to Mq instead of F. (We will use this in Section [6l) 



Algorithm F4 (Possibility for [Mg]-^' = 0). 

H0:= function(g) 
local m,s,r; 
m:=Sum(g) ; 

s : =SmithNormalForniIntegerMat (m) ; 
r : =Rajik(s) ; 

return List ( [1 . . r] ,x->s [x] [x] ) ; 

end; 



PossibilityOf St ablyPermut at ionH: = f unction (g,hh) 

local gg,hg,hgg,hom,c,h,m,ml,m2,v,h0,og,oh,p,e; 

gg:=GeneratorsOf Group (g) ; 

hg : =List (hh , x->RightCoset s (g , x) ) ; 

hgg:=List (hg,x->List (gg,y->Permutation(y ,x,OnRight) ) ) ; 

horn: =List (hgg,x->GroupHomomorphismBy Images (g, Group (x, () ) ,gg,x) ) ; 

c : =List (ConjugacyClasses (g) .Representative) ; 

og:=Order(g) ; 

m: =List (c ,x->List ( [1 . . Length (hh)] ,y->og/Order (hh [y] ) -NrMovedPoints (Image (hom[y] ,x) ) ) ) ; 
v:=List(c, Trace) ; 
for h in hh do 

hO:=HO(h) ; 

oh:=Order(h) ; 

ml:=List([l. . Length (hh)] , 

x->List (OrbitLengths (Image (hom[x] ,h) , [1 . . og/Order (hh [x] )] ) ,y->oh/y) ) ; 

Add (m, List (ml , Length) ) ; 

Add(v,Length(hO) ) ; 

if oh>l then 
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for p in Set (Factorslnt (oh) ) do 

for e in [1 . .PadicValuation(oh,p)] do 

Add (m , List (ml , x->Number (x , y->PadicValuat ion (y , p) =e ) ) ) ; 
Add(v, Number (hO,x->PadicValuation(x,p)=e) ) ; 

od; 

od; 

fi; 

od; 

m : =TransposedMat (m) ; 

m: =Concatenation(m, [v] ) ; 

return NullspacelntMat (m) ; 

end; 

PossibilityOf StablyPermutationF : = f unction(g) 

local tg,gg,d,th,mi,ms,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,ml,m2,v; 
tg: =TransposedMatrixGroup(g) ; 
gg: =GeneratorsOf Group (tg) ; 
d:=Length(ldentity(g)) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
mi : =FindCof labbyResolut ionBase (tg , th) ; 
r : =Length(mi) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 

return [1 , -1] ; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspacelntMat (TransposedMat (ms) ) ; 

ml :=Concatenation(v,ms) ; 

m2 : =ml~-l ; 

gg2 : =List (ggl , x->ml*x*m2) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] >{ [d+1 . . r] » ; 

tg2:=Group(gg2) ; 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th2:=List(Filtered(th,x->lsSubgroup(x,ker)) ,x->lmage(iso,x)) ; 

g2 : =TransposedMatrixGroup(tg2) ; 

h2 : =List (th2 , TrcinsposedMatrixGroup) ; 

return PossibilityOf StablyPermutationH(g2 ,h2) ; 

fi; 

end; 

PossibilityOf StablyPermutationM: = f unction (g) 
local hh; 

hh:=List(ConjugacyClassesSubgroups2(g) .Representative) ; 
return PossibilityOf StablyPermutationH(g,hh) ; 

end; 



Example 5.4 f Algorithm IF4I Possibility for [May- — 0). Let G ~ -F20 be the Frobenius group of order 20 of 
the GAP code (4, 31, 1, 3) or (4, 31, 1, 4) as in Table 2. By Algorithm lF2l we may check that [MgY^ is invertible. 
We will show that [Mg]-''' 7^ 0. There exist 6 conjugacy classes of subgroups {1}, H2 — C2, H3 ~ C4, H4 ~ C5, 
H5 ~ D5 and G of C? of order 1,2,4,5, 10 and 20 respectively. The corresponding permutation G-lattices are 
Z[G], 'Z[G/H2], liG/Hs], 'Z[G/H4], 'ZiG/H^] and Z of rank 20, 10, 5, 4, 2 and 1 (this ordering is determined 
by the GAP function ConjugacyClassesSubgroups2 (G) (see Section|4])). By Algorithm IFll we may obtain the 
flabby G-lattice F of rank 16 via the function FlabbyResolution(G) .actionF where — > Mq — >■ P — >■ F is a 
flabby resolution of AIq. 
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Let £ = {li, . . . ,ls} he a list of lists obtained by the GAP function PossibilityOf StablyPermutationF(G) . 
Put U = lAx + • • • + TLls i.e. the set of all linear combinations of L over TL. When [ai, . . . , Or, 61] G there is a 
possibility that 

r 

1=1 

By U = ([1, 1, 0, 1, —1, 0, —2]), there is a possibility that 

TL{G\ ® TL{GIH2\ © S[G/i/4] ^ ^[G/iJs] ® 

However, h\ should be ±1. This implies that F is not stably permutation, hence \Mq\^'^ 7^ 0. In other words, 
L{Mg)'~^ is not stably but retract fc-rational. 

By ij2(G,Z[G]) = 0, H^{G,'Z[G/H2]) = TLjlTL and n'^{G ,TL\G j H^) = TLlhTL while H^{G,'E[G I H^]) = 
and H^{G,F) = 0, we also see that kF is not stably permutation for all fc > 1. 

ReadC'FlabbyResolution.gap") ; 

gap> G:=MatGroupZClass(4,31,l,3) ; ; # G=F20 

gap> Raiik(FlabbyResolution(G) . actionP . 1) ; # F is of rank 16 
16 

gap> IsInvertibleF(G) ; 
true 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescriptioii (Representative (x) ) ) ; 
[ "1", "C2", "C4", "C5", "DIO", "C5 : C4" ] 

gap> PossibilityOf StablyPermutationF(G) ; # checking [M]~{fl}: non-zero 
[ [ 1, 1, 0, 1, -1, 0, -2 ] ] 

gap> G:=MatGroupZClass(4,31,l,4) ; ; # G=F20 

gap> Rank(FlabbyResolution(G) . actionF . 1) ; # F is of rank 16 
16 

gap> IsInvertibleF(G) ; 
true 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 
[ "1", "C2", "C4", "C5", "DIO", "C5 : C4" ] 

gap> PossibilityOf StablyPermutationF(G) ; # checking [M]~{fl}: non-zero 
[ [ 1, 1, 0, 1, -1, 0, -2 ] ] 



5.5. Verification of [A/g]^' = 0: Method I. 

Let G be a finite subgroup of GL(n, Z) and M — Mq be the corresponding G-lattice of rank n as in Definition 
11.241 Next we try to check whether the possibility of the isomorphism as in ^ actually holds. The following al- 
gorithm tries to find the isomorphism using the GAP function RepresentativeAction(GL(n, Integers) ,G1 ,G2) . 

Nlist(l) returns the negative part of the list I. 
Plist(l) returns the positive part of the list I. 

StablyPermutationFCheck(G,Ll,L2) returns the matrix P which satisfies GiP — PG2 where Gi (resp. G2) is 
the matrix representation group of the action of G on (©[^lOj Ii[G/Hi\) © biF (resp. (®[=ia- Ii[G/H^]) ® b[F) 
with the isomorphism 

(10) a, nG/H,]^ e b,F ~ a[ Z[G/i/,]^ © b[F 

for lists Li — [ai, . . . , a^, 61] and L2 = [o-i, . . . , a^, b[], if P exists. If such P does not exist, this returns false. 
StablyPermutationMCheck(G,Ll,L2) returns the same as StablyPermutationFCheck(G,Ll ,L2) but with re- 
spect to Mg instead of F. (We will use this in Section [6]) 
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If the rank of F is small enough, StablyPermutationFCheck works well. However, if the rank of F is not 
small, StablyPermutationFCheck does not return the answer in a suitable time, and then we need to make more 
efforts. We will explain this in the next section fSection l5.6p . 

Algorithm F5 (Verification of [MoY'' = 0: Method I). 

(The following algorithm needs the CARAT package, in particular for the command RepresentativeAction.) 

Nlist:= f unctiond) 

return List (1 ,x->Maximum( [-x,0] ) ) ; 

end; 

Plist:= function(l) 

return List(l,x->Maximum( [x,0] )) ; 

end; 

CosetRepresentation: = function(g,h) 
local gg,hg,og; 
gg: =GeneratorsOf Group (g) ; 
hg: =SortedList (RightCosets (g,h) ) ; 
og: =Length(hg) ; 

return List(gg,x->PermutationMat(Permutation(x,hg,OnRight) ,og)) ; 

end; 

StablyPermutationCheckH: = function(g,lili, cl ,c2) 
local gg,gl,g2,dx,m,i, j ,d; 
gg : =List (hh , x->CosetRepresentation(g , x) ) ; 
Add (gg.GeneratorsDf Group (g)) ; 

gi: = []; 

g2: = []; 

for i in [1 . .Length (gg[l] )] do 
m: = [] ; 

for j in [1 . .Length (gg)] do 

m: =Concatenat ion (m, List ([1. .cl[j]] ,x->gg [j] [i] ) ) ; 

od; 

AddCgl ,DirectSumMat (m) ) ; 
m: = [] ; 

for j in [1 . .Length (gg)] do 

m: =Concatenat ion (m, List ( [1 . . c2 [j] ] ,x->gg [j] [i] ) ) ; 

od; 

Add(g2,DirectSumMat(m)) ; 

od; 

d:=Length(gl[l]) ; 
if d<>Length(g2 [1] ) then 
return fail; 

else 

return RepresentativeAction(GL(d, Integers) ,Group(gl) ,Group(g2) ) ; 

fi; 

end; 

StablyPermutationMCheck: = f unctionCg, cl , c2) 
local h; 

h:=List(ConjugacyClassesSubgroups2(g) , Representative) ; 
return StablyPermutationCheckH(g,h, cl , c2) ; 

end; 
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StablyPermutationFCheck: = f unction (g, cl , c2) 

local tg,gg,d,th,mi,ms,o,h,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,ml,m2,v; 
tg:=TransposedMatrixGroup(g) ; 
gg: =GeneratorsOf Group (tg) ; 
d: =Length(Identity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
mi : =FindCof labbyResolut ionBase (tg , th) ; 
r : =Length(mi) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 

return true ; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml :=Concatenation(v,ms) ; 

m2 : =ml~-l ; 

gg2 : =List (ggl , x->ml*x*m2) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] >{ [d+1 . . r] » ; 

tg2:=Group(gg2) ; 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th2:=List(Filtered(th,x->IsSubgroup(x,ker)) ,x->Image(iso,x)) ; 

g2 : =TransposedMatrixGroup (tg2) ; 

h2 : =List (th2 , TransposedMatrixGroup) ; 

return StablyPermutationCheckH(g2 ,h2 , cl , c2) ; 

fi; 

end; 



Example 5.5 (Algorithm ED Method I (1)). Let G ^ Imf(4,3, 1) =i x C2 be the group of order 240 of 
the GAP code (4,31,7,1). By Algorithm Ell the rank of the flabby class of G is 6. By Algorithm |F5l the 
following possibility of the isomorphism exists: Z[G/if52]® Z[G/i/54] ~ S©F on which the matrix representation 
groups of the action of G both sides are Gi and G2 respectively where H^2 — S4 x C2 and Hr,4 ~ S5. We may 
confirm the isomorphism via StablyPermutationFCheck(G,Nlist(l) ,Plist(l)) which returns the matrix P 
with GiP = PG2. This implies [MgV = 0, and hence L{Mg)^ is stably fc-rational. 

Read ("cryst cat. gap") ; 
ReadC'FlabbyResolution.gap") ; 

gap> G:=lmfMatrixGroup(4,3,l) ; # G=C2xS5 
Imf Matr ixGroup (4,3,1) 
gap> CrystCatZClass(G) ; 
[ 4, 31, 7, 1 ] 

gap> Rank(FlabbyResolution(G) . actionF . 1) ; # F is of rank 6 
6 

gap> 11 : =PossibilityOf StablyPermutationF(G) ; ; 

gap> Length(ll) ; 

18 

gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, -1, -1 ] 
gap> Length(l) ; 
58 

gap> ss : =List (ConjugacyClassesSubgroups2(G) ,x->StructureDescript ion (Representative (x) ) ) ; 
[ "1", "C2", "C2", "C2", "C2", "C2", "C3", "C2 x C2", "C2 x C2", "C2 x C2", "C4", 
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"C2 X C2", "C2 X C2", "C4", "C2 x C2", "C2 x C2", "C5", "C6", "S3", "C6", "C6", 
"S3", "S3", "S3", "C2 X C2 X C2", "D8", "C4 x C2", "C2 x C2 x C2", "D8", "D8", "D8" , 
"DIO", "CIO", "DIO", "A4", "C6 x C2", "D12", "D12", "D12", "D12", "D12", "D12", 
"C2 X D8", "D20", "C5 : C4", "C5 : C4", "C2 x A4" , "S4", "S4", "C2 x C2 x S3", 
"C2 X (C5 : C4)", "C2 x S4", "A5", "S5", "C2 x A5", "S5", "C2 x S5" ] 

gap> Length(ss); 

57 

gap> Nlist(l) ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1 ] 
gap> Plist(l) ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, ] 
gap> [ss[52], ss[54], ss[57]]; 
[ "C2 x S4", "S5", "C2 X S5" ] 

gap> P:=StablyPermutationFCheck(G,Nlist(l) ,Plist(l)) ; 
[[1,1, 1, 1, 1, 2, 2 ] , 

[ 0, 0, 0, -1, 0, 0, -1 ] , 

[ 0, 0, 0, 0, -1, -1, ] , 

[ 0, 0, 0, 0, -1, 0, -1 ] , 

[ -1, 0, 0, 0, 0, 0, -1 ] , 

[0, -1, 0, 0, 0, -1, ] , 

[ 0, 0, -1, 0, 0, 0, -1 ] ] 

Example 5.6 (Algorithm IF5I Method I (2)). It may be needed to add some more G-lattices to make the both 
hand side of G-lattices isomorphic before applying StablePermutationFCheck as in Method I. The following 
example shows that F ® Z ~ ^[55 /Si] ® TL for the group G ~ S'5 of the CARAT code (5, 946, 2) and F is of rank 
5 which satisfies [F] = [MgY^ although F 9^ 7L[Sr-,/Si]. 

Read ("caratnumber .gap") ; 
Read("FlabbyResolution.gap") ; 

gap> G:=CaratMatGroupZClass(5,946,2) ; ; # G=S5 

gap> Rank(FlabbyResolution(G) . actionP . 1) ; # F is of rank 5 

5 

gap> CaratZClass (FlabbyResolution(G) .actionF) ; 
[ 5, 911, 4 ] 

gap> 11 : =PossibilityOf StablyPermutationF(G) ; 

[ [ 1, 0, 0, -1, 0, 0, -4, 0, -2, 1, 2, 0, -1, -1, 0, 4, 0, 1, -4, 4 ], 

[ 0, 1, 0, 0, 0, -1, -1, 0, -1, 0, 0, 0, 0, 0, 1, 1, 0, 0, -1, 1 ], 

[ 0, 0, 1, 0, 0, 0, -2, 0, -1, 0, 1, 0, -1, -1, 0, 2, 0, 1, -2, 2 ], 

[ 0, 0, 0, 0, 1, 2, -2, 0, -2, 1, 2, -2, -1, -2, -2, 2, 0, 1, -2, 4 ], 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, -1 ] ] 
gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, -1 ] 

gap> Length (1) ; 

20 

gap> ss : =List (ConjugacyClassesSubgroups2(G) ,x->StructureDescript ion (Representative (x) ) ) ; 
[ "1", "C2", "C2", "C3", "C2 X C2", "C2 x C2", "C4", "C5", "C6", 

"S3", "S3", "D8", "DIO", "A4", "D12", "C5 : C4", "S4", "A5", "S5" ] 
gap> ss [17] ; 
"S4" 

gap> StablyPermutationFCheck(G,Nlist(l) ,Plist(l)) ; 
fail 

gap> 12:=IdentityMat(Length(l)) [Length(l) -1] ; 
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[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, ] 
gap> StablyPermutationFCheck(G,Nlist(l)+12,Plist(l)+12) ; 



[ [ 


2, 2, 2, 2, 2, 3 ] 


9 




r 
L 


n n — 1 —1 —1 


1 


1 

J J 


[ 


-1, -1, -1, 0, 0, 


-1 


], 


r 
L 


— 1 n n — 1 —1 


1 


1 

J J 


[ 


0, -1, -1, 0, -1, 


-1 


], 


[ 


0, -1, 0, -1, -1, 


-1 


] ] 


5.6. 


Verification of [Mg 


\fl 


= 0: 



Let G be a finite subgroup of GL(n, Z) and M — Mg be the corresponding G-lattice of rank n as in Definition 
11.241 The function RepresentativeAction(GL(n, Integers) ,Gi,G2) in Algorithm IF5 1 may not work well when 
n is not small. We will provide another method in order to confirm the isomorphism (llOp . i.e. 



although it is needed by trial and error. 

Our aim is to find the matrix P which satisfies GiP = PG2 rapidly. If we can choose a matrix with determi- 
nant det P = ±1, Gi and G2 are GL(?i, Z)-conjugate, and hence the isomorphism (|10p established. This implies 
that the flabby class [MgY^ = 0. 

StablyPermutationFCheckP(G,Ll ,L2) returns a basis V = {Pi, . . . ,Pm} of the solution space of GiP = PG2 
where Gi (resp. G2) is the matrix representation group of the action of G on (©[^^ai S[G/i/i]) ffi biF (resp. 
(ffiLi^i '^[G/Hi]) ® b[F) with the isomorphism (dU]) for lists Li = [ai, . . . , a^, bi] and L2 = K, . . . , aj,, b[], if P 
exists. If such P does not exist, this returns [ ] . 

StablyPermutationMCheckP(G,Ll ,L2) returns the same as StablyPermutationFCheckP(G,Ll ,L2) but with re- 
spect to Mg instead of F. (We will use these in Section |6l) 

StablyPermutationFCheckMat(G,Ll,L2,P) returns true if GiP = PG2 and det P = ±1 where Gi (resp. G2) 
is the matrix representation group of the action of G on {®l^iai TL\GIH^ b\F (resp. (©[^^a^ TL\GlHi\) © b\F) 
with the isomorphism (|10|) for lists L\ = \a\, . . . , ar, bi] and L2 = [a'l, . ■ . , aj., b[]. If not, this returns false. 
StablyPermutationMCheckMat(G,Ll,L2,P) returns the same as StablyPermutationFCheckMat(G,Ll,L2,P) 
but with respect to Mg instead of F. (We will use these in Section [51) 

StablyPermutationFCheckGenCG.Ll ,L2) returns the list [Mi,A42] where Mi = [gi,...,gt] (resp. M2 = 
[g[, . . . , g'f]) is a list of the generators of Gi (resp. G2) which is the matrix representation group of the action of G 
on (® -^iCi 'E[G/Hi])®biF (resp. (©LiaJ W.[G/Hi])®b[F) with the isomorphism ^ for lists Li = [ai, . . . , a^, &i] 
and L2 = [a[, . . . , aj,, b[]. 

StablyPermutationMCheckGen(G,Ll ,L2) returns the same as StablyPermutationFCheckGen(G,Ll ,L2) but 
with respect to AIg instead of F. (We will use these in Section |6l) 

Algorithm F6 (Verification of [MgV^ = 0: Method II). 

Trajisf ormationMat : = f unctionCll , 12) 
local dl,d2,l,m,p,i, j ; 
dl:=Length(ll[l]); 
d2:=Length(12[l] ) ; 
l:=Length(ll) ; 
in: = []; 

for i in [1 . . dl] do 



(10) 




for j in [1 . .d2] do 

p:=NullMat(dl,d2) ; 
p[i] [j] :=1; 
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Add (m, Flat (List ([1. .1] ,x->ll[x] *p-p*12 [x] ) ) ) ; 

od; 

od; 

p : =NullspaceIntMat (m) ; 

return List(p,x->List( [1 . .dl] ,y->x{ [(y-l)*d2+l . .y*d2]») ; 

end; 

StablyPermutationCheckHP := f unction (g,hh, cl , c2) 
local gg,l,in,ml,in2,tin,dl,d2,sl,s2,i, j ,k; 
gg: =List (li]i,x->CosetRepresentation(g,x) ) ; 
Add (gg,GeneratorsDf Group (g)) ; 
l:=List([l. .Length (gg)] ,x->Length(gg[x] [1])); 
dl:=Suin([l. .Length(gg)] ,x->cl[x] *l[x]); 
d2 : =Suiii ( [ 1 . . Length (gg) ] , x->c2 [x] *1 [x] ) ; 
m: = []; 
sl:=0; 

for i in [1 . .Length (gg)] do 
if cl[i]>0 then 
ml: = [] ; 
s2:=0; 

for j in [1 . .Length (gg)] do 
if c2[j]>0 then 

tm:=Transf ormationMat(gg[i] ,gg[j] ) ; 
for k in [1. .c2[j]] do 

m2 : =List (tm , x->TransposedMat (Concatenation( 
[NullMat (s2 , 1 [i] ) , TransposedMat (x) , 
NullMat(d2-s2-l[j] ,l[i])]))) ; 
inl:=Concatenation(ml,m2) ; 
s2:=s2+l[j] ; 

od; 

fi; 

od; 

ml : =LatticeBasis(List (ml ,Flat) ) ; 

ml:=List(ml,x->List([l. .l[i]] ,y->x-C [(y-l)*s2+l . .y*s2]})) ; 
for k in [l..cl[i]] do 

m: =Concatenat ion (m, List (ml ,x->Concatenation( 
[NullMat (sl,d2) , x, NullMat (dl-sl-1 [i] ,d2)]))) ; 

sl:=sl+l[i] ; 

od; 

fi; 

od; 

return m; 

end; 

StablyPermutationMCheckP := f unction (g, cl , c2) 
local h; 

h:=List(ConjugacyClassesSubgroups2(g) .Representative) ; 
return StablyPermutationCheckHP(g,h,cl,c2) ; 

end; 

StablyPermutationFCheckP := f unction (g, cl , c2) 

local tg,gg,d,th,mi,ms,o,h,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,ml,m2, 
tg:=TransposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d:=Length(Identity(g)) ; 
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th:=List(ConjugacyClassesSubgroups2(tg) , Representative) ; 
mi :=FindCof labbyResolutionBase(tg,th) ; 
r : =Length(mi) ; 

ggl:=List(gg,x->PennutationMat(Pennutatioii(x,ini) ,r)) ; 
if r=d then 

return true; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml : =Concatenation(v,ms) ; 

m2:=ml~-l; 

gg2:=List(ggl,x->ml*x*m2) ; 
gg2:=List(gg2,x->x{ [d+1. .r]H[d+l. .r]}) ; 

tg2:=Group(gg2) ; 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker:=Kernel(iso) ; 

th2:=List(Filtered(th,x->IsSubgroup(x,ker)) ,x->Image(iso,x)) ; 

g2 : =TransposedMatrixGroup (tg2) ; 

h2 : =List (th2 , TransposedMatrixGroup) ; 

return StablyPermutationCheckHP(g2,h2,cl,c2) ; 

fi; 

end; 

StablyPermutat ionCheckHMat : = function (g,hh,cl,c2,p) 

local gg,gl,g2,dx,m,i, j ,d; 

gg : =List (hh, x->CosetRepresentation(g,x) ) ; 

Add (gg, Generator sOf Group (g) ) ; 

gi: = []; 

g2: = []; 

for i in [1 . .Length(gg [1] )] do 
m: = []; 

for j in [1 . .Length (gg)] do 

m:=Concatenation(m,List( [1 . .cl [j]] ,x->gg[j] [i] )) ; 

od; 

Add(gl,DirectSumMat(m)) ; 
m: = [] ; 

for j in [1 . .Length (gg)] do 

m:=Concatenation(m,List( [1. .c2[j]] ,x->gg[j] [i] )) ; 

od; 

Add(g2,DirectSumMat(m)) ; 

od; 

d:=Length(gl[l]); 

if d<>Length(g2[l] ) or d<>Length(p) or DeterminantMat (p) "2<>1 then 
return fail; 

else 

return List(gl,x->x"p)=g2; 

fi; 

end; 

StablyPermutat ionMCheckMat : = function (g,cl,c2,p) 

local h; 

h:=List(ConjugacyClassesSubgroups2(g) , Representative) ; 
return StablyPermutationCheckHMat (g,h, cl , c2 ,p) ; 

end; 
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StablyPermutationFCheckMat : = f unction (g, cl , c2,p) 

local tg,gg,d,th,ini,ms,o,h,r ,ggl ,gg2,g2,iso,ker,tg2,th2,h2,ml,in2,v; 
tg:=TransposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d:=Length(Identity(g)) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
mi : =FindCof labbyResolutionBase (tg , th) ; 
r :=Length(iiii) ; 

ggl:=List(gg,x->PermutationMat(Permutation(x,mi) ,r)) ; 
if r=d then 

return true; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml :=Concatenation(v,ms) ; 

m2:=ml"-l; 

gg2:=List(ggl,x->ml*x*m2) ; 

gg2 : =List (gg2 , x->xi [d+1 . . r] >-[ [d+1 . . r] }) ; 

tg2:=Group(gg2); 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th2 : =List (Filtered(th,x->IsSubgroup(x,ker) ) ,x->Image(iso,x) ) ; 

g2 : =TransposedMatrixGroup(tg2) ; 

h2 : =List (th2 , TransposedMatrixGroup) ; 

return StablyPermutationCheckHMat(g2,h2,cl,c2,p) ; 

fi; 

end; 

StablyPermutationCheckHGen : = f unction (g.lili, cl , c2) 
local gg,gl,g2,dx,m,i,j ,d; 
gg : =List (hh , x->CosetRepresentation (g , x) ) ; 
Add (gg.GeneratorsOf Group (g)) ; 

gi: = []; 

g2: = []; 

for i in [1 . .Length (gg[l] )] do 
m: = [] ; 

for j in [1 . .Length (gg)] do 

m:=Concatenation(m,List( [1. .cl [j]] ,x->gg[j] [i] )) ; 

od; 

Add (gl , DirectSumMat (m) ) ; 
m: = [] ; 

for j in [1 . .Length (gg)] do 

m:=Concatenation(m,List( [1 . .c2[j]] ,x->gg[j] [i] )) ; 

od; 

Add (g2, DirectSumMat (m) ) ; 

od; 

return [gl,g2] ; 
d:=Length(gl[l]); 

end; 

StablyPermutationMCheckGen: = f unction(g, cl , c2) 
local h; 

h:=List(ConjugacyClassesSubgroups2(g) .Representative) ; 
return StablyPermutationCheckHGen(g,h,cl,c2) ; 

end; 



58 



A. HOSHI AND A. YAMASAKI 



StablyPermutationFCheckGen: = f unction (g, cl , c2) 

local tg,gg,d,th,mi,ms,o,h,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,ml,m2,v; 
tg: =TransposedMatrixGroup(g) ; 
gg: =GeneratorsOf Group (tg) ; 
d: =Length(Identity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
mi : =FindCof labbyResolutionBase (tg,th) ; 
r : =Length(mi) ; 

ggl : =List (gg,x->PermutationMat (Permutation(x,mi) ,r) ) ; 
if r=d then 

return true ; 

else 

ms : =NullspacelntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml :=Concatenation(v,ms) ; 

m2:=ml~-l; 

gg2 : =List (ggl , x->ml*x*m2) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] }{ [d+1 . . r] }) ; 

tg2:=Group(gg2) ; 

iso : =GroupHomomorphismBy Images (tg,tg2 ,gg,gg2) ; 
ker : =Kernel (iso) ; 

th2:=List(Filtered(th,x->lsSubgroup(x,ker)) ,x->lmage(iso,x)) ; 

g2 : =TransposedMatrixGroup(tg2) ; 

h2 : =List (th2 , TransposedMatrixGroup) ; 

return StablyPermutationCheckHGen(g2 ,h2 , cl , c2) ; 

fi; 

end; 



Example 5.7 (Algorithm |F6] Method II). Let Mq be the G-lattice where G = Imf(4,2, 1) ~ x C2 is the 
group of order 288 of the GAP code (4, 30, 13, 1). We wiU show that [M]f^ = [F] = 0. Indeed, we can verify that 
F is of rank 8 and 

K[G/i/i96] ® Z[G/i72i2] ^F® 1L[G/H2i7] 

where Hiqq ~ Cl x Dq, H212 ~ 6*2 x 5*1 and H217 ~ (the rank of the both sides is 6 + 4 = 8 + 2 = 10). 
By comparing with Algorithm IF5I Method I, we may obtain the matrix representations of Gi and G2 which 
corresponds to the action of G on 1i[G / Hige] '^[G / H212] and F © S[G/i?2i7] respectively and the matrix P 
which satisfies ctiP = Po'2 for any di e Gi and (T2 G G2. 

gap> Read ("crystcat. gap" ) ; 

gap> ReadC'FlabbyResolution.gap") ; 

gap> G:=lmfMatrixGroup(4,2,l) ; 

Imf Matr ixGroup (4,2,1) 

gap> StructureDescription(G) ; 

"(C2 X C2 X S3 X S3) : C2" 

gap> CrystCatZClass(G) ; 

[ 4, 30, 13, 1 ] 

gap> GeneratorsOf Group(FlabbyResolution(G) .actionF) ; # F is of rank 8 

[ [ [ 0, 1, 0, 0, 0, 0, 0, ], [ 1, 0, 0, 0, 0, 0, 0, ], [ 0, 0, 1, 0, 0, 0, 0, ], 

[ 0, 0, 0, 0, 0, 1, 0, ], [ 0, 0, 0, 0, 1, 0, 0, ], [ 0, 0, 0, 1, 0, 0, 0, ], 
[ 0, 0, 0, 0, 0, 0, 1, ], [ 0, 0, 0, 0, 0, 0, 0, 1 ] ], 
[ [ 0, 0, 0, 0, 0, 1, 0, ], [ 1, 0, 0, 0, 0, 0, 0, ], [ 0, 0, 1, 0, 0, 0, 0, ], 

[ 0, 1, 0, 0, 0, 0, 0, ], [ 0, 0, 0, 0, 1, 0, 0, ], [ 0, 1, 0, 1, 0, -1, 0, ], 
[ 0, 0, 0, 0, 0, 0, 1, ], [ 0, 0, 0, 0, 0, 0, 0, 1 ] ], 
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[ [ 0, 0, 1, 0, 0, 0, 0, ], [ 0, 0, 0, 0, 1, 0, 0, ], [ 1, 0, 0, 0, 0, 0, 0, ], 
[ 0, 0, 0, 0, 0, 0, 1, ], [ 0, 1, 0, 0, 0, 0, 0, ], [ 0, 0, 0, 0, 0, 0, 0, 1 ], 
[ 0, 0, 0, 1, 0, 0, 0, ], [ 0, 0, 0, 0, 0, 1, 0, ] ] ] 

gap> ll:=PossibilityOfStablyPerinutationF(G) ; ; 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 1, 0, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, -1 ] 

gap> Length (1) ; 

225 

gap> [1 [196] , 1 [212] , 1 [217] , 1 [225] ] ; 
[ 1, 1, -1, -1 ] 

gap> ss:=List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; ; 
gap> [ss[196] ,ss[212] ,ss[217]] ; 

[ "C2 X C2 X C2 X S3", "(S3 x S3) : C2", "C2 x C2 x S3 x S3" ] 
gap> bp:=StablyPermutationFCheckP(G,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp) ; 
10 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 10 
10 

gap> cc:=Filtered(Tuples( [0,1] , 10) ,x->Determinant (x*bp) ~2=1) ; 
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=cc [1] *bp; 
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gap> Determinant (p) ; 
1 

gap> gg:=StablyPermutationFCheckGen(G,Nlist(l) ,Plist(l)) ; 

[ [ [ [ 1, 0, 0, 0, 0, 0, 0, 0, 0, ], [ 0, 1, 0, 0, 0, 0, 0, 0, 0, ], 

[ 0, 0, 0, 1, 0, 0, 0, 0, 0, ], [ 0, 0, 1, 0, 0, 0, 0, 0, 0, ], 
[ 0, 0, 0, 0, 1, 0, 0, 0, 0, ], [ 0, 0, 0, 0, 0, 0, 0, 1, 0, ], 
[ 0, 0, 0, 0, 0, 0, 1, 0, 0, ], [ 0, 0, 0, 0, 0, 1, 0, 0, 0, ], 
[ 0, 0, 0, 0, 0, 0, 0, 0, 1, ], [ 0, 0, 0, 0, 0, 0, 0, 0, 0, 1 ] ], 
[ [ 1, 0, 0, 0, 0, 0, 0, 0, 0, ], [ 0, 1, 0, 0, 0, 0, 0, 0, 0, ], 
[ 0, 0, 0, 0, 0, 0, 0, 1, 0, ], [ 0, 0, 1, 0, 0, 0, 0, 0, 0, ], 
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gap> List(gg[l] ,x->p"-l*x*p)=gg[2] 
true 

gap> StablyPermutationFCheckMat(G,Nlist(l) ,Plist(l) ,p) : 
true 



5.7. Verification of [MgY^ = 0: Method III. 

Let G be a finite subgroup of GL(n, Z) and M — Mq be the corresponding G-lattice of rank n as in Definition 
[r24l In order to confirm that [Af]/' = 0, Method I and Method II in the previous two section gave how to find 
the explicit isomorphism 

(10) a, nG/H,]^ ® biF ~ a[ S[G/i/,]^ ® b\F. 

However, if the rank of the G-lattices in the both sides of (|10l) is large, the algorithms in Method I and Method 

II does not work. In this case, we should try to reduce the rank of the G-lattices in ([TO)) . The following 

algorithm fAlgorithm lF7|) can search suitable base change of the permutation G-lattice P° in a coflabby resolution 
f 

^ Ker/ ^ P° M° ^ of M° as in ([3]) in order to reduce the rank of Ker /. Then we may get a "reduced" 
flabby resolution of Af: Q ^ M ^ P ^ (Kcr/)° 0. 

SearchCof labbyResolutionBase(G,b) returns a list C = {rni, . . . , mg} where the m^'s are all of the lists which 
satisfy that ■m,=r°,P° = %\P°\ and P° satisfies Q with #7^' < h. 

FlabbyResolutionFromBase(G,mi) , 
PossibilityOf StablyPermutationFFromBase (G,mi) , 
StablyPermutationFCheckFromBase (G , mi , LI , L2) , 
StablyPermutationFCheckPFromBase(G,mi ,L1 ,L2) , 
StablyPermutationFCheckMatFromBase (G ,mi , LI ,L2 ,P) 

return the same as 

FlabbyResolution(G) (in Algorithm IFT|) . 

PossibilityOf StablyPermutationF(G) (in Algorithm IF4|) . 
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StablyPermutatioiiFCheck(G,Ll,L2) (in Algorithm lF5l Method I), 
StablyPermutationFCheckP(G,Ll ,L2) fin Algorithm lF6l Method II), 
StablyPermutationFCheckMat(G,Ll,L2,P) (in Algorithm [F6l Method II) 

respectively but with respect to mi = V° instead of the original V° as in ([4]). 
Algorithm F7 (Base change of a flabby resolution of Ma- Method III). 

CheckCof labbyResolutionBaseH: = function(g,lili,mi) 
local zO; 

zO:=List(hh,Z01attice) ; 

return ForAll([l. .Length(hh)] , i->LatticeBasis (List (DrbitsDomain(hh [i] ,mi) ,Sum))=zO[i] ) ; 

end; 

CheckCof labbyResolutionBase : = f unction (g, mi) 
local hh,zO; 

hh:=List(ConjugacyClassesSubgroups2(g) , Representative) ; 
return CheckCof labbyResolutionBaseH(g,h±i, mi) ; 

end; 

SearchCof labbyResolutionBaseH: = function(g,lili,b) 
local zO , orbs , imgs , i , j ,mi , mis ; 
mis : = [] ; 

zO:=List(hh,Z01attice) ; 

orbs : =Set (Union(zO) ,x->Drbit (g,x) ) ; 

imgs : =List (orbs , x->List (hh , y->LatticeBasis (List (Orbit sDomain(y , x) , Sum) ) ) ) ; 
if b=0 then 

for i in [1 . .Length (orbs)] do 

for j in Combinations ( [1 . .Length(orbs)] , i) do 
if ForAll([l. . Length (hh)] ,x->LatticeBasis( 
Union(List ( j ,y->imgs [y] [x] )))=zO[x] ) then 
mi : =Union(List ( j ,x->orbs [x] ) ) ; 
if mis=[] or Length(mi)<Length(mis) then 
mis : =mi ; 

fi; 

fi; 

od; 

if mis<>[] then 
return mis; 

fi; 

od; 
else 

for i in [1 . .b] do 

for j in Combinations ( [1 . .Length(orbs)] , i) do 
if ForAll([l. . Length (hh)] ,x->LatticeBasis( 
Union (List (j ,y->imgs [y] [x] ) ) ) =zO [x] ) then 
mi : =Union(List ( j ,x->orbs [x] ) ) ; 
Add (mis , mi) ; 

fi; 

od; 

od; 

return Set (mis); 

fi; 

end; 
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SearchCof labbyResolutionBase : = f unction (g,b) 
local hh; 

hh:=List(ConjugacyClassesSubgroups2(g) .Representative) ; 
return SearchCof labbyResolutionBaseH(g,hh,b) ; 

end; 

FlabbyResolutionFromBase : = f unction (g, mi) 

local tg,gg,d,th,ms,o,r,ggl,gg2,vl,mg,img; 
tg:=TransposedMatrixGroup(g) ; 

gg: =GeneratorsOf Group (tg) ; 
d: =Length(Identity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) , Representative) ; 

r :=Length(mi) ; 

o : =IdentityMat (r) ; 

ggl:=List(gg,x->PermutationMat(Permutation(x,ini) ,r)) ; 
if r=d then 

return rec(injection:=TraiisposedMat(mi) , 

surjection:=NullMat(r,0) , 

action? : =TrcinsposedMatrixGroup (Group (ggl , o) ) 

); 

else 

ms : =NullspaceIntMat (mi) ; 

vl : =NullspaceIntMat (TrcLnsposedMat (ms) ) ; 

mg:=Concatenation(vl,ms) ; 

img:=mg~-l; 

gg2 : =List (ggl , x->mg*x*img) ; 

gg2:=List(gg2,x->x{ [d+1. .r]>{[d+l. .r]» ; 

return rec(injection:=TraiisposedMat(mi) , 
surjection:=TransposedMat(ms) , 
action? : =TransposedMatrixGroup (Group (ggl) ) , 
actionF : =TransposedMatrixGroup (Group (gg2) ) 

); 

fi; 

end; 

PossibilityDf StablyPermutationFFromBase : = f unction (g, mi) 

local tg,gg,d,th,ms,r ,ggl ,gg2,g2,iso,ker,tg2,th2,h2,ml,m2,v; 
tg:=TransposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d:=Length(Identity(g)) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
r :=Length(mi) ; 

ggl:=List(gg,x->PermutationMat(Permutation(x,mi) ,r)) ; 
if r=d then 

return [1,-1] ; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml :=Concatenation(v,ms) ; 

m2 : =ml"-l ; 

gg2 : =List (ggl , x->ml*x*m2) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] }{ [d+1 . . r] }) ; 

tg2:=Group(gg2); 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 
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th2 : =List (Filtered (th,x->IsSubgroup(x,ker) ) ,x->Image(iso,x) ) ; 

g2 : =TransposedMatrixGroup(tg2) ; 

h.2 : =List (th2 .TransposedMatrixGroup) ; 

return PossibilityOf StablyPermutationH(g2,h2) ; 

fi; 

end; 

StablyPermutationFCheckFromBase : = f iinction(g,mi , cl , c2) 

local tg,gg,d,th,ms,o,h,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,inl,m2,v; 

tg:=TraiisposedMatrixGroup(g) ; 
gg: =GeneratorsOf Group (tg) ; 
d :=Length (Identity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 

r : =Length(mi) ; 

ggl:=List(gg,x->PermutationMat(Permutation(x,ini) ,r)) ; 
if r=d then 

return true; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml :=Concatenation(v,ms) ; 

m2 : =ml~-l ; 

gg2:=List(ggl,x->ml*x*m2) ; 
gg2:=List(gg2,x->x{ [d+1. .r]K[d+l. .r]}) ; 
tg2:=Group(gg2) ; 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th2:=List(Filtered(th,x->IsSubgroup(x,ker)) ,x->Image(iso,x)) ; 

g2 : =TransposedMatrixGroup(tg2) ; 

h2 : =List (th2 , TreinsposedMatrixGroup) ; 

return StablyPermutationCheckH(g2,h2,cl,c2) ; 

fi; 

end; 

StablyPermutationFCheckPFromBase : = f unction(g,mi , cl , c2) 

local tg,gg,d,th,ms,o,li,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,ml,m2,v; 
tg: =TransposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d:=Length(Identity(g)) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
r :=Length(mi) ; 

ggl:=List(gg,x->PermutationMat(Permutation(x,mi) ,r)) ; 
if r=d then 

return true; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml : =Concatenation(v,ms) ; 

m2 : =ml~-l ; 

gg2 : =List (ggl ,x->ml*x*m2) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] }-[ [d+1 . . r] }) ; 

tg2:=Group(gg2); 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th2:=List(Filtered(th,x->IsSubgroup(x,ker)) ,x->Image(iso,x)) ; 
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g2 : =TransposedMatrixGroup(tg2) ; 

h2 : =List (th2 , TransposedMatrixGroup) ; 

return StablyPennutationCheckHP(g2,h2,cl,c2) ; 

fi; 

end; 

StablyPermutationFCheckMatFromBase : = f unction (g , mi , cl , c2 ,p) 

local tg,gg,d,th,ms,o,h,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,inl,m2,v; 
tg:=TransposedMatrixGroup(g) ; 
gg: =GeneratorsOf Group (tg) ; 
d: =Length(Identity (g) ) ; 

th:=List(ConjugacyClassesSubgroups2(tg) , Representative) ; 
r :=Length(mi) ; 

ggl:=List(gg,x->PermutationMat(Permutation(x,mi) ,r)) ; 
if r=d then 

return true; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml:=Concatenation(v,ms) ; 

m2:=ml"-l ; 

gg2 : =List (ggl , x->ml*x*m2) ; 
gg2:=List(gg2,x->x{ [d+1. .r]K[d+l. .r]}) ; 
tg2:=Group(gg2); 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg , gg2) ; 
ker : =Kernel (iso) ; 

th2 : =List (Filtered (th , x->I sSubgroup (x , ker) ) , x->Image ( iso , x) ) ; 

g2:=TransposedMatrixGroup(tg2) ; 

h2 : =List (th2 .TransposedMatrixGroup) ; 

return StablyPermutationCheckHMat(g2,h2,cl,c2,p) ; 

fi; 

end; 

StablyPermutationFCheckGenFromBase : = f unction(g,mi , cl , c2) 

local tg,gg,d,th,ms,o,li,r,ggl,gg2,g2,iso,ker,tg2,th2,h2,ml,m2,v; 
tg:=TrcinsposedMatrixGroup(g) ; 
gg:=GeneratorsOf Group (tg) ; 
d:=Length(Identity(g)) ; 

th:=List(ConjugacyClassesSubgroups2(tg) .Representative) ; 
r : =Length(mi) ; 

ggl :=List(gg.x->PermutationMat(Permutation(x.mi) .r)) ; 
if r=d then 

return true; 

else 

ms : =NullspaceIntMat (mi) ; 

V : =NullspaceIntMat (TransposedMat (ms) ) ; 

ml:=Concatenation(v,ms) ; 

m2:=ml~-l; 

gg2 : =List (ggl .x->ml*x*m2) ; 

gg2 : =List (gg2 , x->x{ [d+1 . . r] }{ [d+1 . . r] }) ; 

tg2:=Group(gg2) ; 

iso : =GroupHomomorphismBy Images (tg , tg2 , gg . gg2) ; 
ker : =Kernel (iso) ; 

th2:=List(Filtered(th.x->IsSubgroup(x,ker)) ,x->Image(iso,x)) ; 
g2:=TransposedMatrixGroup(tg2) ; 
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h2 : =List (th2 , TransposedMatrixGroup) ; 

return StablyPerniutationCheckHGen(g2,h2,cl,c2) ; 

fi; 

end; 

Example 5.8 f Algorithm IF7I Method III). Let Mq be the G-lattice where G ~ C2 x ^4 is the group of order 
48 of the CARAT code (5,533,8). By using FlabbyResolution(G) .actionF as in Algorithm [FT| we obtain a 
flabby resolution — > Mg -> P — > F — > of Mg- However, the flabby G-lattice F is of rank 44. 

By FlabbyResolutionFromBaseCG, mi) .actionF, we get a suitable flabby resolution of Mg'- — > Mg — > 
P' ^ F' ^ where the flabby G-lattice F' is of rank 10. 

By using PossibilityOf StablyPermutationF(G) , it may be possible that the isomorphism S[G/i?2o] © 
S[G/7J22] © S ~ %[G/H2^] © F' occurs where H20 ~ G|, H22 ^ D4 and H29 ~ G2 x D4. 

In order to confirm the isomorphism, we will use Mersenne Twister (cf. [MN98j ) to search an appropriate 
coefficients Ci to get a transformation matrix P — J^i (^iPi which satisfies GiP = PG2 as in ([TU| (one can use 
the classical global random generator via IsGlobalRandomSource which is given in |Knu98t Algorithm A in 3.2.2 
with lag 30]). We should choose suitable integers ni, 77.2, in 

rr:=List([l. .nl] ,x->List([l. .20] ,y->Random(rs , [n2 . .n3]))) 

to get the desired coefficients. 

Read ("caratnumber .gap") ; 
ReadC'FlabbyResolution.gap") ; 

gap> G:=CaratMatGroupZClass(5,533,8) ; ; # G=C2xS4 

gap> Raiik(FlabbyResolution(G) . actionF . 1) ; # F is of rank 44 

44 

gap> mis : =SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 

gap> List (mis, Length) ; 

[ 29, 29, 15, 15, 15, 15 ] 

gap> mi:=mis[3]; 

[ [ -1, -1, 0, -1, ], [ -1, -1, 0, 0, -1 ], [ 0, -1, 0, -1, ], 

[ 0, -1, 0, 0, -1 ], [ 0, -1, 1, -1, ], [0, -1, 1, 0, -1 ], 

[ 0, 0, 0, -1, ], [0, 0, 0, -1, 1 ], [0, 0, 0, 0, -1 ], 

[ 0, 0, 0, 1, -1 ], [ 0, 0, 1, -1, ], [0, 0, 1, 0, -1 ], 

[ 0, 1, -1, 1, 1 ], [ 1, 0, 1, -1, ], [1, 0, 1, 0, -1 ] ] 
gap> FF:=FlabbyResolutionFromBase(G,mi) .actionF; 
<matrix group with 2 generators> 
gap> Rank(FF.l); # FF is of rank 10 (=15-5) 
10 

gap> 11 : =PossibilityOf StablyPermutationFFromBase(G,mi) ; 

[[1,0, 0, 0, 0, -2, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2, 0, 0, 1, 0, 0, 
1, -1, 0, 0, 1, 1, -1, 1, -1, -1 ] , 
[ 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -2, 0, -1, 0, 0, 0, 1, 0, 0, 

0, 0, 0, 2, 1, 1, 0, 0, -1, -1 ] , 

[ 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 1, 0, 0, 0, 0, 0, 

1, -1, 0, 0, 0, 0, -1, 1, 0, ] , 

[ 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 

-1, -1, -1, 0, 1, 1, 1, 1, -1, -1 ] , 
[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 

0, 0, 0, 0, -1, 0, 0, 0, 1, -1 ] ] 
gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 

0, 1, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 1, -1 ] 
gap> Length(l) ; 
34 
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gap> [1 [20] , 1 [22] , 1 [33] , 1 [29] , 1 [34] ] ; 
[ 1, 1, 1, -1, -1 ] 

gap> ss : =List (ConjugacyClassesSubgroups2(G) ,x->StructureDescript ion (Representative (x) ) ) ; 

[ "1", "C2", "C2", "C2", "C2", "C2", "C3", "C2 x C2", "C2 x C2", "C2 x C2", "C2 x C2", 
"C2 X C2", "C4", "C4", "C2 x C2", "C2 x C2", "C6", "S3", "S3", "C2 x C2 x C2", "D8", 
"D8", "C2 X C2 X C2", "C4 x C2", "D8", "D8", "A4", "D12", "C2 x D8", "C2 x A4", 
"S4", "S4", "C2 X S4" ] 

gap> [ss [20] , ss [22] , ss [33] , ss [29] ] ; 

[ "C2 X C2 X C2", "D8", "C2 x S4", "C2 x D8" ] 

gap> bp:=StablyPermutationFCheckPFroiiiBase(G,mi,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

20 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 13 
13 

gap> rs:=RandomSource(IsMersenneTwister) ; 
<RandomSource in IsMersenneTwister> 

gap> rr :=List ( [1 . . 1000] ,x->List( [1 . .20] ,y->Random(rs , [0. . 1] ))) ; ; 
gap> Filtered(rr,x->Determinajit(x*bp)~2=l) ; # MT found 3 solutions 
[ [ 1, 1, 0, 1, 1, 1, 1, 1, 0, 1, 1, 1, 1, 1, 0, 1, 1, 0, 1, 1 ], 

[ 0, 1, 1, 0, 0, 1, 1, 0, 1, 0, 0, 1, 1, 1, 0, 1, 1, 0, 1, 1 ], 

[ 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 1, 0, 1, 1, 1, 1, 1, 1 ] ] 
gap> p:=last [1] *bp; 

[[1,1,1,1,0,0,1,1,1,1,1,1,1], 

[0, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1], 

[1,0,0,1,1,1,1,1,1,1,1,1,1], 

[1,1,0,1,1,1,1,1,1,0,1,1,1], 

[0, 1, 1, 1, 1, 1, 1, 1, 0, 1, 1, 1, 1], 

[1,1,1,1,0,1,1,1,1,1,1,0,1], 

[1,0,1,1,1,1,1,1,1,1,0,1,1], 

[1,1,1,0,1,1,1,0,1,1,1,1,1], 

[1,1,1,1,1,0,0,1,1,1,1,1,1], 

[1,1,1,0,1,1,0,1,1,1,1,1,1], 

[0, 0, 1, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1], 

[1,1,0,0,0,1,1,1,1,1,1,1,1], 

[ 1, 1, 1, 1, 0, 1, 1, 1, 1, 1, 0, 1, 1 ] ] 
gap> Determinant (p) ; 
1 

gap> StablyPermutationFCheckMatFromBase(G,nii,Nlist(l) ,Plist(l) ,p) ; 
true 

gap> rs:=RajidomSource(IsGlobalRandomSource) ; # alternatively 
<RandomSource in IsGlobalRandomSource> 

gap> rr :=List ( [1 . . 1000] ,x->List( [1 . .20] ,y->Random(rs , [0. . 1] ))) ; ; 

gap> Filtered(rr ,x->Determincint(x*bp) ~2=1) ; # found 1 solution 

[ [ 0, 1, 0, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 1 ] ] 



6. Flabby and coflabby (7-lattices 

In this section, we will determine all the flabby and coflabby G-latticcs M of rank M < 6 by using the 
algorithms IsFlabby and IsCof labby which are given in Section O 

First we make a list of all Z-class of GL(n, S) and we filter off the groups G such that H^^{G) 7^ or 
H^{G) 7^ form the list. Next we use the derived subgroup D{G) = [G,G], the center Z{G) and a 2-Sylow 
subgroup 5*2/2 (G) of G to filter the groups off. Finally we filter off the groups which are not flabby or not 
coflabby. Because IsFlabby(G) and IsCof labby (G) are much slower than Hminusl(G) and H1(G), we use 
Hininus(G) and H1(G) to the specified subgroups of G as above. The following algorithms are available from 
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http : //math . h . kyoto-u . ac . jp/~yamasaki/Algorithin/| as KS . gap. 

AllFlabbyCof labbyZClasses (n) returns the list of all the GAP codes of G such that Mg is a flabby and coflabby 
G-lattice of rank n when 2 < n < 4. 

AllFlabbyCof labbyZClasses (n: Carat) returns the same as AllFlabbyCof labbyZClasses (n) but using the 
CARAT code instead of the GAP code when 1 < n < 6. 

AllPermutationZClasses (n) returns the list of all the GAP codes of G such that Mg is a permutation G-lattice 
when 2 < n < 4. 

AllPermutationZClasses (n: Carat) returns the same as AllPermutation(n) but using the CARAT code in- 
stead of the GAP code when 1 < n < 6. 

Algorithm FC (Flabby and coflabby G-lattices). 

AllFlabbyCof labbyZClasses : = f unction (n) 
local glnz,listg; 

glnz : =Concatenat ion (List ( [1 . . Length (cryst [n] )] , 

x->List([l. . Length ( cryst [n] [x])] ,y-> [n,x,y] ) ) ) ; 
listg:=List(glnz,x->CaratMatGroupZClass(x[l] ,x [2] ,x [3] ) ) ; 
listg: =Filtered(listg, 

x->Product(Hminusl(x))=l and Product (HI (x) )=1) ; 
listg: =Filtered(listg, 

x->ForAll( [DerivedSubgroup(x) , Centre (x) ,SylowSubgroup(x,2)] , 

y->Product(Hminusl(y))=l and Product (HI (y) )=1) ) ; 
listg: =Filtered(listg, 

x->ForAll (List (ConjugacyClassesSubgroups2 (x) , Representative) , 

y->Product(Hminusl(y))=l and Product (HI (y) )=1) ) ; 
if ValueOption("carat")=true or ValueOption("Carat")=true then 
return Set (listg, CaratZClass) ; 

else 

return Set (listg, CrystCatZClass) ; 

fi; 

end; 

AllPermutationZClasses : = f unction(n) 
local Sn,Snsub; 

Sn : =Group (List (GeneratorsOf Group (SymmetricGroup (n) ) , 

x->PermutationMat (x ,n) ) ) ; 
Snsub : =List (ConjugacyClassesSubgroups2 (Sn) .Representative) ; 
if ValueDption("carat")=true or ValueDption("Carat")=true then 
return Set (Snsub , CaratZClass) ; 

else 

return Set (Snsub , CrystCatZClass) ; 

fi; 

end; 



Example 6.1 (All flabby and coflabby G-lattices of rank n < 6 which are not permutation). We may compute 
all the permutation G-lattices of rank n < 6 and all the flabby and coflabby G-lattices by using Algorithm [6l 

There exist 2 (resp. 4, 11, 19, 56) permutation G-lattices of rank 2 (rcsp. 3, 4, 5, 6). All the permutation 
G-lattices of rank 2 < n < 5 are given as follows: 



G : permutation 


{1} 


G2 


GAP code 


(2,1,1,1) 


(2,2,1,2) 
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G : permutation 


{1} 


C2 


C3 S3 




GAP code 


(3,1,1,1) 


(3,2,2,2) 


(3,5,1,1) (3,5,4,1) 




G : permutation 


{1} 




O2 O2 O2 


C3 


GAP code 


(4,1,1,1) 


(4,2,1,2) 


(4,3,1,3) (4,4,1,5) (4,5,1,1) 


(4,8,1,1) 


G : permutation 


^3 




D4 5*4 




GAP code 


(4,8,3,1) 


(4,12,1,1) 


(4,12,3,1) (4,24,1,1) (4,24,3, 


1) 


G : permutation 


{1} 


C2 C2 


r^2 r^2 


D4 


CARAT code 


(5,1,1) 


(5,4,2) (5,7,3) (5,9,6) (5,19,18) (5,58,8) 


(5,62,8) 


G : permutation 




^3 


-De 5*3 Ce 


A4 


CARAT code 


(5,181,2) 


(5,186,2) 


(5,192,6) (5,218,8) (5,220,4) 


(5,502,3) 


G : permutation 




D5 


S5 F20 


A5 


CARAT code 


(5,506,6) 


(5,901,3) 


(5,909,2) (5,911,3) (5,918,3) 


(5,931,3) 



Read ( " caratnumber . gap" ) ; 
Read ("KS. gap") ; 

gap> 12f :=AllFlabbyCoflabbyZClasses(2) ; 
[[2,1,1,1], [2,2,1,2]] 
gap> 12p : =AllPermutationZClasses (2) ; 
[ [ 2, 1, 1, 1 ] , [ 2, 2, 1, 2 ] ] 

gap> 13f : =AllFlabbyCof labbyZClasses (3) ; 

[ [ 3, 1, 1, 1 ], [ 3, 2, 2, 2 ], [ 3, 5, 1, 1 ], [ 3, 5, 4, 1 ] ] 
gap> 13p : =AllPennutationZClasses (3) ; 

[ [ 3, 1, 1, 1 ], [ 3, 2, 2, 2 ], [ 3, 5, 1, 1 ], [ 3, 5, 4, 1 ] ] 
gap> 14f :=AllFlabbyCof labbyZClasses (4) ; 

[ [ 4, 1, 1, 1 ], [ 4, 2, 1, 2 ], [ 4, 3, 1, 3 ], [ 4, 4, 1, 5 ], [ 4, 5, 1, 1 ], 
[ 4, 8, 1, 1 ], [ 4, 8, 3, 1 ], [ 4, 12, 1, 1 ], [ 4, 12, 3, 1 ], [ 4, 14, 2, 2 ], 
[ 4, 14, 3, 3 ], [ 4, 14, 3, 4 ], [ 4, 14, 8, 2 ] , [ 4, 24, 1, 1 ], [ 4, 24, 3, 1 ] ] 

gap> Length (14f) ; 

15 

gap> 14p : =AllPermutationZClasses (4) ; ; 

gap> Length (14p) ; 

11 

gap> Difference (14f,14p) ; 

[ [ 4, 14, 2, 2 ], [ 4, 14, 3, 3 ], [ 4, 14, 3, 4 ] , [ 4, 14, 8, 2 ] ] 
gap> 15f : =AllFlabbyCof labbyZClasses (5 : Carat) ; 

[ [ 5, 1, 1 ], [ 5, 4, 2 ], [ 5, 7, 3 ], [ 5, 9, 6 ], [ 5, 19, 18 ], [ 5, 58, 8 ], 

[ 5, 62, 8 ], [5, 181, 2 ], [5, 186, 2 ], [5, 192, 6 ], [5, 218, 4 ], [5, 218, 8 ], 

[ 5, 220, 4 ], [5, 502, 3 ], [5, 506, 6 ], [5, 901, 3 ], [5, 909, 2 ], 

[ 5, 911, 3 ], [5, 911, 4 ], [5, 918, 3 ], [5, 918, 4 ], [5, 931, 3 ], [5, 931, 4 ] ] 

gap> Length (15f) ; 

23 

gap> 15p:=AllPerinutationZClasses(5:Carat) ; ; 
gap> Length (15p) ; 

19 

gap> Dif f erence (15f , 15p) ; 

[ [ 5, 218, 4 ], [5, 911, 4 ], [5, 918, 4 ], [5, 931, 4 ] ] 
gap> 16f : =AllFlabbyCof labbyZClasses (6 : Carat) ; 

[ [ 6, 2, 2 ], [ 6, 4, 3 ], [ 6, 8, 6 ], [ 6, 11, 4 ], [ 6, 15, 12 ], [6, 159, 14 ], 
[ 6, 161, 14 ], [6, 161, 28 ], [6, 197, 14 ] , [6, 226, 14 ] , [6, 226, 40 ], 
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231, 39 ] , 
894, 6 ] , 



1090 
2010 
2051 
2079 
2156 
2709 
2969 
3068 
3073 
3091 
3302 
4618 
4722 
4807 
4915 
5262 
5421 



18 ] 
3 ], 
9 ], 
14 ] 

40 ] 

I ], 
8 ], 

7 ], 

8 ], 

II ] 

9 ], 
18 ] 
8 ], 

41 ] 
20 ] 
11 ] 
6 ], 



[ 6, 238, 27 ] , 
[ 6, 927, 9 ] , [ 
, [ 6, 1142, 8 ] , 
[ 6, 2026, 6 ] , 
[ 6, 2068, 6 ] , 
, [6, 2079, 28 ] 
, [ 6, 2156, 80 ] 
[ 6, 2958, 3 ] , 
[ 6, 2977, 6 ] , 
[ 6, 3068, 8 ] , 
[ 6, 3073, 15 ] , 
, [ 6, 3091, 12 ] 

[ 6, 3575, 8 ] , 
, [ 6, 4618, 19 ] 

[ 6, 4733, 8 ] , 
, [ 6, 4811, 41 ] 
, [ 6, 4919, 20 ] 
, [ 6, 5311, 16 ] 
[ 6, 5424, 16 ] , 



[ 6, 246, 21 ] , [ 
6, 984, 6 ] , [6, 

[ 6, 1199, 16 ] , 
[ 6, 2043, 4 ] , [ 
[ 6, 2069, 6 ] , [ 
, [ 6, 2088, 18 ] 
, [ 6, 2188, 39 ] 
[ 6, 2966, 2 ] , [ 
[ 6, 3046, 3 ] , [ 
[ 6, 3071, 7 ] , [ 

[ 6, 3073, 16 ] , 
, [ 6, 3276, 9 ] , 
[ 6, 3662, 8 ] , [ 
, [ 6, 4621, 18 ] 
[ 6, 4743, 13 ] , 
, [ 6, 4814, 82 ] 
, [ 6, 4929, 11 ] 
, [ 6, 5318, 8 ] , 

[ 6, 5475, 6 ] , 



6, 366, 27 ] , [ 6, 891, 7 ] , 
993, 16 ] , [6, 1087, 20 ] , 
[ 6, 1968, 3 ] , [6, 2007, 2 ] , 
6, 2043, 8 ] , [6, 2044, 4 ] , 
6, 2069, 12 ] , [6, 2070, 12 ] , 
, [ 6, 2105, 12 ] , [6, 2154, 26 ] , 
, [ 6, 2263, 6 ] , [6, 2278, 8 ] , 
6, 2968, 4 ] , [6, 2969, 4 ] , 
6, 3053, 5 ] , [ 6, 3066, 3 ] , 
6, 3071, 8 ] , [6, 3073, 7 ] , 
[ 6, 3076, 7 ] , [6, 3076, 8 ] , 
[ 6, 3297, 9 ] , [6, 3299, 9 ] , 
6, 3663, 12 ] , [6, 3749, 10 ] , 
, [6, 4630, 52 ] , [6, 4647, 101 ], 
[ 6, 4750, 13 ] , [6, 4762, 41 ] , 
, [ 6, 4898, 3 ] , [6, 4904, 3 ] , 
, [ 6, 5210, 8 ] , [6, 5210, 14 ] , 

[ 6, 5321, 6 ] , [6, 5321, 14 ] , 
[ 6, 5477, 11 ] , [6, 5487, 11 ] ] 



gap> 

106 

gap> 

gap> 

56 

gap> 

[ [ I 
[ ' 
[ ' 
[ ' 
[ ' 
[ ' 
[ ' 
[ ' 
[ ' 
[ ' 

gap> 

50 



Length (16f) ; 



16p : =AllPermutationZClasses (6 : Carat) ; 
Length (16p) ; 

Difference (16f , 16p) ; 

>, 159, 14 ] , [6, 161, 14 ] , [6, 161, 28 ] , [6, 197, 14 ] , [ 6, 226, 14 ] , 
>, 226, 40 ] , [6, 231, 39 ] , [6, 238, 27 ] , [6, 246, 21 ] , [6, 366, 27 ], 
>, 1087, 20 ] , [6, 1090, 18 ] , [6, 1142, 8 ], [6, 2043, 4 ], [6, 2051, 9 ], 
>, 2068, 6 ], [6, 2069, 6 ], [6, 2069, 12 ] , [6, 2070, 12 ] , [6, 2079, 14 ], 
>, 2079, 28 ] , [6, 2088, 18 ] , [6, 2105, 12 ] , [6, 2154, 26 ] , [6, 2156, 40 ], 
>, 2156, 80 ] , [6, 2188, 39 ] , [6, 2968, 4 ], [6, 2969, 4 ], [6, 2969, 8 ], 
>, 2977, 6 ], [6, 3068, 7 ], [6, 3068, 8 ], [6, 3071, 7 ], [6, 3071, 8 ], 
>, 3073, 7 ], [6, 3073, 8 ], [6, 3073, 15 ] , [6, 3073, 16 ] , [6, 3076, 7 ], 
>, 3076, 8 ], [6, 3091, 11 ] , [6, 3091, 12 ] , [6, 5210, 14 ] , [6, 5262, 11 ], 
>, 5321, 6 ], [6, 5421, 6 ], [6, 5475, 6 ], [6, 5477, 11 ] , [6, 5487, 11 ] ] 
Length(last) ; 



Theorem 6.2. Let G be a finite subgroup o/GL(n, Z) and Mq be the G-lattice as in Definition ] 1.24\ 

(i) When n < 3, Mq is flabby and cofiabby if and only if Mq is permutation. 

(ii) When n = A, Mq is flabby and cofiabby if and only if Mq is permutation or the GAP code of G is one of 
(4, 14, 2, 2), (4, 14, 3, 3), (4, 14, 3, 4), (4, 14, 8, 2). 

{There are 11 conjugacy classes of subgroups of and hence 15 flabby and cofiabby G-lattices of rank 4 in total.) 

(iii) When n — 5, Mq is flabby and cofiabby if and only if Mq is permutation or the CARAT code of G is one 
of (5, 218, 4), (5, 911, 4), (5, 918, 4), (5, 931, 4). 

(There are 19 conjugacy classes of subgroups 0/6*5 dnd hence 23 flabby and cofiabby G-lattices of rank 5 in total.) 

(iv) When n — 6, Mq is flabby and coflabby if and only if Mq is permutation or the CARAT code of G is one 
of the 50 triples 
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(6,159,14), 


(6,161,14), 


(6,161,28), 


(6,197, 14), 


(6,226,14), 


(6,226,40), 


(6,231,39), 


(6,238,27), 


(6,246,21), 


(6,366,27), 


(6,1087,20), 


(6,1090,18), 


(6,1142,8), 


(6,2043,4), 


(6,2051,9), 


(6,2068,6), 


(6,2069,6), 


(6,2069,12), 


(6,2070,12), 


(6,2079,14), 


(6,2079,28), 


(6,2088,18), 


(6,2105,12), 


(6,2154,26), 


(6,2156,40), 


(6,2156,80), 


(6,2188,39), 


(6,2968,4), 


(6,2969,4), 


(6,2969,8), 


(6,2977,6), 


(6,3068,7), 


(6,3068,8), 


(6,3071,7), 


(6,3071,8), 


(6,3073,7), 


(6, 3073, 8), 


(6, 3073, 15), 


(6, 3073, 16), 


(6,3076,7), 




(6,3091,11), 


(6,3091,12), 


(6,5210,14), 


f C^OflO 1 1 ^ 
1^0, OzDz, 11 j, 


(6,5321,6), 


(6,5421,6), 


(6,5475,6), 


(6,5477,11), 


(6,5487,11). 


{There are 56 conjugacy classes 


of subgroups of Sq and hence 106 flabby and coflabby G-lattices of rank 6 in 


total.) 










Bv Theorem 11. 181 when anv d-Sv1ow suberouD 


of G is cychc 


for odd p and c 


yehc or dihedral (inchiding Klein's 



four group) for p = 2, G-lattice M is flabby and coflabby if and only if M is invertible. Moreover, for rank M < 6, 
M is flabby and coflabby if and only if M is stably permutation. 

Theorem 6.3. Let G be a finite subgroup o/ GL(n, S) and Mq be the G-lattice as in Definition \1.24\ When 
n < 6, Mq is flabby and coflabby if and only if Mq is stably permutation. Indeed, flabby and coflabby G-lattices 
Mq which are not permutation as in Theorem \6.S\ are stably permutation as in Table 8. 
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Table 8: flabby and coflabby G-lattices M = Mq of rank < 6 which are not permutation 



GAP/CARAT code 


G M is 


stably permutation. Hi 


is 


the ith conjugacy class 


of subgroups of G 


(4,14,2,2) 


Cs 




M ®1 




Z[G/f/2] 


© 1[G/H:i\ 




(4,14,3,3) 


Sz 




M ®Z 




Z[G/i?2l 


© ZiC/Hz] 




(4,14,3,4) 


Sz 


Mi 






Z[G] © Z 






(4,14,8,2) 


De 




M ©Z 




Z[G/iJ6] 


© Z[G/i?9] 




(5,218,4) 


Sz 


Mf 


B Z[G/i^2] 




Z[G] © Z« 


B2 




(5,911,4) 






Mez 




Z[G/ii-i7] 


©z 




(5,918,4) 


F20 




M®Z 




Z[G/i/3] 


®z 




(5,931,4) 


A, 




Mez 




Z[G/H8] 


©z 




(6,159,14) 


C12 




M ©Z 




Z[G/ii'3] 


©Z[G/H4] 




(6,161,14) 


Q12 M 


® 'L[G/H4] i 


B Z[G/i?5] 




Z[G/H2] 


® AG /Hz] 9 


5Z 


(6,161,28) 


Q12 




M ©Z 




ZfG/TJa] 


© 1[G/H4] 




(6,197,14) 


D4 X Cz 




M ©Z 




Z[G/i/io] 


© Z[G/f/i2 




(6,226,14) 


CzXiDi Me 


nG/Hi2] € 


Z[G/ffi3] 




Z[G//f6] 


® Z[G/ffio] 


®Z 


(6,226,40) 


Cz X D4 




M ©Z 




Z[G//fio] 


© Z[G/ffi2 




(6,231,39) 


-D12 




M ©Z 




Z[G/i/io: 


© Z[G/f/i2 




(6,238,27) 


Cz X D4 




M®Z 




z[G//fii: 


® Z[G/ffi2 




(6,246,21) 


Sz X Ci 




M ©Z 




z[G//fii: 


© Z\C/Hu 




(6,366,27) 


D4 X 53 




M ©Z 




z[G///43: 


® Z[G/ff46 




(6,1087,20) 


SzxCz 


Mi 


5 Z[G/ff7] 




Z[G/i/4] 


® Z[G/ff6] 




(6,1090,18) 


Ci X C2 


Mi 


BZ[G/ff9] 




Z[G//f5] 


© Z[G/Hw] 




(6,1142,8) 


S3 X S3 


Ms. 


Z[G/JJi7] 




Z[G/Hio: 


© Z[G/ffi8 




(6,2043,4) 


S3 


Mi 


B Z[G/ff2] 




Z[G] ® 1} 


B3 




(6,2051,9) 


De 




M©Z 




Z[G/He\ 


©Z[G/iJ9]® 


2 


(6,2068,6) 


Ce 




M©Z 




Z[G/J72] 


©Z[G/i/3]® 


2 


(6,2069,6) 


S3 


Mi 


B Z[G/ff2] 




Z[G] ® IIG/Hz] ® Z 




(6,2069,12) 


S3 




M©Z 




Z[G//f2] 


©Z[G/_ff3]® 


2 


(6,2070,12) 


Ce X C2 




M ©Z 




Z[G///6] 


© Z[G/i^8] 9 


5 Z[G///9] 


(6,2079,14) 


De 


Mi 


B -Lie /He] 




Z[G/i/2] 


® Z[G/ff9] 9 


3Z 


(6,2079,28) 


De 




M ©Z 




Z[G//f6] 


© ■L[G/H7] g 


5 Z[G//f9] 


(6,2088,18) 


De 




M ©Z 




Z[G//f6] 


© Z[G/JJ8] 9 


5 Z[G/H9] 


(6,2105,12) 


De X C2 




M® Z 




Z[G//f24] 


® Z[G/ff29 


® Z[G/i?3i] 


(6,2154,26) 


C6XC2 




M©Z 




Z[G//f5] 


© ■Lie/ He] 




(6,2156,40) 


De M 


e Z[G/He] i 


B Z[G/ff9] 




Z[G/H2] 


© Z[G/i^5] 9 


?z 


(6,2156,80) 


De 




M® Z 




Z[G//fB] 


® Z[G/ff6] 




(6,2188,39) 


De X C2 




M ©Z 




Z[G/ffi9] 


ffiZ[G/ff24 




(6,2968,4) 


Cio 




M ©Z 




Z[G/H2] 


© Z[G/i^3l 




(6,2969,4) 


Ds 




M® Z 




Z[G/i/2] 


® T\G/Hz] 




(6,2969,8) 


Ds 


Mi 


B Z[G/ff2] 




Z[G] © Z 






(6,2977,6) 


Dio 




M ©Z 




Z[G/H5] 


© -LiC/Hs] 




(6,3068,7) 


A5 X C2 




M® Z 




Z[G/J72o] 


® Z[G/ff2i 




(6,3068,8) 


A5 X C2 




M©Z 




nG/H2Q 


® Z[G/H2i 




(6,3071,7) 


S5 




M ©Z 




z[G///i7: 


® Z[G/i/i8 




(6,3071,8) 


Sb 




M® Z 




Z[G/J7i7: 


® Z[G//fi8 




(6,3073,7) 


-F20 




M©Z 




Z[G/H3] 


© Z[G/ff5] 




(6,3073,8) 


-F20 




M ©Z 




Z[G/H3] 


© Z[G/JJs] 




(6,3073,15) 


-F20 


Mi 


B nC/Hz] 




Z[G/i?2] 


®Z 




(6,3073,16) 


-F20 


Mi 


B lAC/Hz] 




Z[G//f2] 


©Z 




(6,3076,7) 


Sb XC2 




M ©Z 




Z[G/i7B2] 


® Z[G/i/56 




(6,3076,8) 


Sb XC2 




M® Z 




1[G/H^2, 


® Z[G/ff56 




(6,3091,11) 


F20 X C2 




M©Z 




l\GIH<i\ 


©Z[G/i/i5] 




(6,3091,12) 


^20 X C2 




M ©Z 




AG/Hg] 


© Z[G/iJi5] 




(6,5210,14) 


A4 




M® Z 




nc/Hz] 


® Z[G/ff4] 




(6,5262,11) 


S4 XS3 




M ©Z 




1[G/He4\ 


ffiZ[G/ff65 




(6,5321,6) 


S4 




M ©Z 




■L[GIHs\ 


© Z[G/i?9] 




(6,5421,6) 


A4 X Cz 




M®Z 




AGIM 


® Z[G/ffi3] 




(6,5475,6) 


S4 X Cz 




M©Z 




l[G/H2o\ 


®Z[G/i/2i 




(6,5477,11) 


A4 X S3 




M ©Z 




Z[G/H22, 


® z[G/i?24: 




(6,5487,11) 


{A4 X A3) X C2 




M®Z 




■L[G/H24, 


® z[G/ff28: 
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Note that in Table 8, Hi is the i-th conjugacy class of subgroups of G which is determined by the function 
ConjugacyClassesSubgroups2 in GAP (see Section|4|). 

All cases can be done by using Method I in Section 15.51 and Method II in Section 15.61 We give the following 3 
typical examples instead of the full proof of Theorem 16.31 

Example 6.4 (Method I (1)). We use PossibilityOf StablyPermutationM as in Algorithm |F4] to get a 
possibility of the isomorphism. Then we use StablyPermutationMCheck as in Algorithm IF5I Method I to get 
the actual isomorphism. 

(010 1 \ 
1 ■ 
0-1 -1/ 

There exist 4 conjugacy classes of subgroups {!}, iJ2, i?3 and G of G which are isomorphic to cyclic groups of 
order 1,2,3 and 6. Corresponding G-lattices Mq are isomorphic to S[G], K[G/(cr'^)], K[G/(cr^)] and K of rank 
6, 3, 2 and 1 respectively. 

Let Gi (resp. G2) be the matrix representation group of the action of G on Z ® Mq (resp. 7L[G/{(t'^)] ® 
S[G/(o-^)]. StablyPermutaionMClieck(G,Nlist(l) ,Plist(l)) shows that GiP = PG2 with the isomorphism 

Z © Mg ~ 7L[G/{a^)] © Z[G/(ct2)] 

where 

(11111 
00-10-1 
00-1-10 
10-10 
0-11 

Similar examples for the groups 53, ^3 and of the CARAT codes (4,14,3,3), (4,14,3,4) and (4,14,8,2) 
are given below. 

ReadC'FlabbyResolution.gap") ; 

gap> G:=MatGroupZClass(4,14,2,2) ; ; # G=C6 

gap> ll:=PossibilityOfStablyPermutationM(G) ; 

[ [ 0, 1, 1, -1, -1 ] ] 

gap> 1:=11[1] ; 

[ 0, 1, 1, -1, -1 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 
[ "1", "C2", "C3", "C6" ] 

gap> StablyPermutationMCheck(G,Nlist(l) ,Plist(l)) ; 

[[1,1,1,1,1], 
[ 0, 0, -1, 0, -1 ] , 
[ 0, 0, -1, -1, ] , 
[ 1, 0, -1, 0,0], 
[ 0, -1, 1, 0, ] ] 

gap> G:=MatGroupZClass(4,14,3,3) ; ; # G=S3 

gap> ll:=PossibilityOfStablyPermutationM(G) ; 

[ [ 0, 1, 1, -1, -1 ] ] 

gap> 1:=11[1] ; 

[ 0, 1, 1, -1, -1 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 
[ "1", "C2", "C3", "S3" ] 

gap> StablyPeriiiutationMCheck(G,Nlist(l) ,Plist(l)) ; 

[[1,1,1,1,1], 
[ 0, 0, -1, 0, -1 ] , 
[ 0, 0, -1, -1, ] , 
[ 1, 0, -1, 0,0], 
[ 0, -1, 1, 0, ] ] 

gap> G :=MatGroupZClass (4, 14,3,4) ; ; # G=S3 
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gap> ll:=PossibilityOfStablyPermutationM(G) ; 

[ [ 1, -1, 0, 1, -1 ] ] 

gap> 1:=11[1] ; 

[ 1, -1, 0, 1, -1 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 
[ "1", "C2", "C3", "S3" ] 

gap> StablyPermutationMCheck(G,Nlist(l) ,Plist(l)) ; 
[ [ 0, 0, -1, 0, 0, -1, -1 ] , 

[ -1, 0, 0, 0, -1, 0, -1 ] , 

[ 0, -1, 0, -1, 0, 0, -1 ] , 

[ 0, 0, -1, -1, 0, -1, -1 ], 

[ 1, 1, 0, 0, 1, 0, 1 ], 

[ 1, 0, -1, -1, 1, 0, ], 

[ 0, -1, 1, 0, -1, 1, ] ] 

gap> G:=MatGroupZClass(4, 14,8,2) ; ; # G=D6 
gap> ll:=PossibilityOfStablyPermutatioiiM(G) ; 
[ [ 1, -1, -1, -1, -1, 0, 1, 1, -1, 0, 2 ] , 

[ 0, 0, 0, 0, 0, 1, 0, 0, 1, -1, -1 ] ] 
gap> 1: =11 [Length (11)] ; 
[ 0, 0, 0, 0, 0, 1, 0, 0, 1, -1, -1 ] 

gap> List (ConjugacyClassesSubgroups2 (G) ,x->StructureDescription(Representative(x))) ; 
[ "1", "C2", "C2", "C2", "C3", "C2 x C2", "C6", "S3", "S3", "D12" ] 
gap> StablyPeniiutationMCheck(G,Nlist(l) ,Plist(l)) ; 

[[1,1,1,1,1], 
[ 0, 0, -1, 0, -1 ] , 
[ 0, 0, -1, -1, ] , 
[ 1, 0, -1, 0, ] , 
[ 0, -1, 1, 0, ] ] 

Example 6.5 (Method I (2)). Before applying StablePermutationMCheck in Method I, in some cases, wc 
have to add some more G-lattices to make both hand side of G-lattices isomorphic. We will show that for the 
group G ~ 55 of the CARAT code (5, 911, 4), Mg 'S.lS^/Si] but Mg 8 Z ~ ^S^/S^] ® 1. 

gap> Read ( " caratnumber . gap" ) ; 
gap> Read("FlabbyResolution.gap") ; 

gap> G:=CaratMatGroupZClass(5,911,4) ; ; # G=S5 
gap> ll:=PossibilityOfStablyPerinutationM(G) ; 

[ [ 1, 0, 0, -1, 0, 0, -4, 0, -2, 1, 2, 0, -1, -1, 0, 4, 0, 1, -4, 4 ] , 
[ 0, 1, 0, 0, 0, -1, -1, 0, -1, 0, 0, 0, 0, 0, 1, 1, 0, 0, -1, 1 ], 

[ 0, 0, 1, 0, 0, 0, -2, 0, -1, 0, 1, 0, -1, -1, 0, 2, 0, 1, -2, 2 ], 
[ 0, 0, 0, 0, 1, 2, -2, 0, -2, 1, 2, -2, -1, -2, -2, 2, 0, 1, -2, 4 ], 
[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, -1 ] ] 

gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, -1 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 
[ "1", "C2", "C2", "C3", "C2 X C2", "C2 x C2", "C4", "C5", "S3", "S3", "C6", "D8", 

"DIO", "A4", "D12", "C5 : C4", "S4", "A5", "S5" ] 
gap> StablyPerinutationMCheck(G,Nlist(l) ,Plist(l)) ; 
fail 

gap> 12:=IdentityMat(Length(l)) [Length(l)-1] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, ] 

gap> StablyPermutationMCheck(G,Nlist(l)+12,Plist(l)+12) ; 

[ [ 2, 2, 2, 2, 2, 3 ] , 
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[ 0, -1, 0, -1, -1, -1 ], 

[ 0, 1, -1, 0, 0, ] , 

[ 1, 1, 0, 0, 1, 1 ] , 

[ 1, 0, 1, 1, 0, 1 ] , 

[ -1, -2, -1, -1, -1, -2 ] ] 

Example 6.6 (Method II). When StablyPermutationMCheck does not return any result in an appropriate 
time, we may use the command StablyPermutatinoCheakP. 

gap> Read ( " caratnumber . gap " ) ; 
gap> ReadC'FlabbyResolution.gap") ; 

gap> G:=CaratMatGroupZClass(6, 161, 14) ; ; # G=Q12 

gap> ll:=PossibilityOfStablyPennutationM(G) ; 

[ [ 0, 1, 1, -1, -1, 1, -1 ] ] 

gap> 1:=11[1] ; 

[ 0, 1, 1, -1, -1, 1, -1 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 

[ "1", "C2", "C3", "C4", "C6", "C3 : C4" ] 

gap> gg:=StablyPermutationMCheckGen(G,Nlist(l) ,Plist(l)) ; 



1, 


0, 


0, 


0, 


0, 


0, 


0, 


0,0,0,0], 


0, 


0, 


1, 


0, 


0, 


0, 


0, 


0,0,0,0], 


0, 


1, 


0, 


0, 


0, 


0, 


0, 


0,0,0,0], 


0, 


0, 


0, 


0, 


1, 


0, 


0, 


0,0,0,0], 


0, 


0, 


0, 


1, 


0, 


0, 


0, 


0,0,0,0], 


0, 


0, 


0, 


0, 


0, 


0, 


1, 


1, 1, 0, -1 ], 


0, 


0, 


0, 


0, 


0, 


-1 




, 1, 0, 0, ], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1, 0, 0, ], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


-1, 0, 1, ], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1, 1, 0, ] , 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1, 0, 0, -1 ] ] , 


0, 


0, 


1, 


0, 


0, 


0, 


0, 


0,0,0,0], 


1, 


0, 


0, 


0, 


0, 


0, 


0, 


0,0,0,0], 


0, 


1, 


0, 


0, 


0, 


0, 


0, 


0,0,0,0], 


0, 


0, 


0, 


1, 


0, 


0, 


0, 


0,0,0,0], 


0, 


0, 


0, 


0, 


1, 


0, 


0, 


0,0,0,0], 


0, 


0, 


0, 


0, 


0, 


1, 


0, 


-1, 0, 0, ], 


0, 


0, 


0, 


0, 


0, 


0, 


1, 


-1, 0, 0, ] , 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


-2, -1, 1, 1 ], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1, 1, 0, ], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


-1, 0, 1, ] , 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


-1, 0, 0, 1 ] ] ], 


0, 


0, 


0, 


0, 


1, 


0, 


0, 


0, 0, 0, ] , 


0, 


0, 


0, 


0, 


0, 


1, 


0, 


0, 0, 0, ] , 


0, 


0, 


0, 


1, 


0, 


0, 


0, 


0,0,0,0], 


0, 


0, 


1, 


0, 


0, 


0, 


0, 


0,0,0,0], 


1, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 0, 0, ] , 


0, 


1, 


0, 


0, 


0, 


0, 


0, 


0, 0, 0, ] , 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1,0,0,0], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0,0,1,0], 


0, 


0, 


0, 


0, 


0, 


0, 


1, 


0,0,0,0], 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 1, 0, ] , 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 0, 0, 1 ] ], 


0, 


0, 


1, 


0, 


0, 


0, 


0, 


0, 0, 0, ] , 


1, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 0, 0, ] , 
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0, 


■1 


A 

0, 
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0, 


0, 


0, 
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0, 


0, 
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0, 


1, 


0, 





], 


[ 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1, 





], 


[ 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, 


1 


] ] ] ] 



gap> bp:=StablyPermutationMCheckP(G,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

19 

gap> Length (bp [1] ) ; # rank of the both sides is 11 
11 

gap> rs : =RandomSource (IsMersenneTwister) ; 
<RcLndomSource in IsMersenneTwister> 

gap> rr :=List( [1 . . 1000] ,x->List( [1 . . 19] ,y->Random(rs , [0,1])));; 
gap> Filtered(rr,x->Determinaiit(x*bp)~2=l) ; 

[ [ 0, 1, 0, 0, 1, 1, 0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 0, 1 ], 

[ 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 1, 0, 1 ] ] 
gap> p : =last [1] *bp ; 

[[0,1, 0, 0, 0, 1, 0, 0, 0, 0, 1 ] , 

[ 0, 0, 1, 0, 1, 0, 0, 0,0,0,1], 

[ 1, 0, 0, 1, 0, 0, 0, 0,0,0,1], 

[ 1, 1, 1, 0, 0, 0, 1, 0,0, 1,0], 

[ 0, 0, 0, 1, 1, 1, 0, 1,1,0,0], 

[ 0, 1, 0, 1, 0, 1, 0, 0,1,0,1], 

[ -1, 0, -1, 0, -1, 0, 0, 0, 0, -1, -1 ] , 

[ -1, 1, 0, 0, -1, 1, 0, 0,0,0,0], 

[ 1, 0, 1, 1, 2, 1, 0, 1, 1, 0, 2 ] , 

[ 1, 2, 1, 1, 0, 1, 1, 0, 0, 1,2], 

[ -1, 0, -1, 1, 0, 1, -1, 1, 1, -1, ] ] 
gap> Determinant (p) ; 



gap> List(gg[l] ,x->p"-l*x*p)=gg[2] ; 
true 

gap> StablyPermutationMCheckMat(G,Nlist(l) ,Plist(l) ,p) ; 
true 

As an application of Example 16. 4[ we see that Krull-Sclimidt theorem fails for permutation ZJg-lattices by 
constructing explict isomorphism. Let Mg be the G-lattice where G ~ Dg < GL(4, S) is the group of the GAP 
code (4, 14, 8, 2). Example 16.41 confirms that the isomorphism 



holds. We also see by Example 16.41 that it is possible that 

(12) 2Mg ® K[G] e 'ZiG/Hj] e ^[G/i/s] ^ ^[G/iJa] © ^[G/iJg] © ^G/H^] ® ^[G/i/s] © ^G/Hg]. 

If the isomorphism ([T2|) holds, then it follows from (fTTj) and (fT2|) that KruU-Schmidt uniqueness fails for the 
permutation i^e-lattices (the rank of the both sides is 12 + 2x3 + 2 + 2 + 2 = 6 + 6 + 6 + 4 + 2x1 = 24): 

S[G] © 2'Z[G/He] © ^G/Hj] ® ^[G/Hg] ® ^[G/Hq] ~ S[G/i?2] © ^G/Hs] ® 'E[G/H4 ® ^[G/i/s] © 2Z. 

We may check that this isomorphism actually holds (see Example 16.81 below) , namely we have: 

Proposition 6.7 (KruU-Schmidt uniqueness fails for permutation Z3g-lattices). Let Dq be the dihedral group of 
order 12 and {1}, C^^\ \ \ C3, G|, Cq, S^^^\ and Dq be the conjugacy classes of subgroups of Dg . 



1 



(11) 
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Then the following isomorphism holds: 

Example 6.8 (KruU-Schmidt uniqueness fails for permutation Dg-lattices) . 
Read ("FlabbyResolution. gap") ; 

gap> G:=MatGroupZClass(4,14,8,2) ; ; # G=D6 
gap> 11 :=PossibilityOf StablyPerinutationM(G) ; 
[ [ 1, -1, -1, -1, -1, 0, 1, 1, -1, 0, 2 ], 

[ 0, 0, 0, 0, 0, 1, 0, 0, 1, -1, -1 ] ] 
gap> 1:=11[1]+2*11[2] ; 

[ 1, -1, -1, -1, -1, 2, 1, 1, 1, -2, ] 

gap> List (ConjugacyClassesSubgroups2(G) ,x->StructureDescription(Representative(x))) ; 
[ "1", "C2", "C2", "C2", "C3", "C2 x C2", "C6", "S3", "S3", "D12" ] 
gap> bp:=StablyPennutationMCheckP(G,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp) ; 

68 

gap> Length (bp [1] ) ; # rank of the both sides is 24 
24 



# after some efforts we may get 

gap> n:=[ 1, -1, -1, -1, -1, -1, -1, -1, 0, -1, 0, 1, 0, 1, 1, 0, 0, 0, -1, 1, 

> 1, -1, 1, 0, -1, 1, -1, 0, -1, 0, 1, 1, 0, 1, 0, 0, -1, 1, 1, -1, 

> -1, 0, -1, 0, -1, 1, 0, -1, -1, 1, 1, 0, 0, 1, 0, 1, 1, 0, 1, 0, 

> 1, 1, 1, 1, 0, -1, -1, ];; 
gap> p:=n*bp; 



[ [ 1, -1, -1, -1, -1, 
[ -1, 1, -1, -1, -1, 
[ -1, -1, 1, -1, -1, 
[ -1, -1, -1, 1, -1, 
[ -1, -1, -1, -1, 1, 
[ -1, -1, -1, -1, -1, 
[ 0, 0, -1, 1, 1, -1, 
[ 0, 0, 1, -1, -1, 1, 
[ -1, 1, 0, 0, -1, 1, 
[ 1, -1, 0, 0, 1, -1, 
[ 1, -1, -1, 1, 0, 0, 
[ -1. 1, 1, -1, 0, 0, 
[ 1, 1, 0, 0, 1, 1, 1 
[ 1, 1, 1, 1, 0, 0, 
[ 0, 0, 1, 1, 1, 1, 
[ 1, 0, 0, 0, 0, 1, 1 
[ 0, 1, 0, 1, 0, 0, 1 
[ 0, 0, 1, 0, 1, 0, 

[ -1, 1, 1, -1, -1, 1 

[ 1, -1, -1, 1, 1, -1 

[ 0, -1, -1, 0, 0, -1 
[ -1, 0, 0, -1, -1, 

[ 1, 1, 1, 1, 1, 1, 1 

[ 1, 1, 1, 1, 1, 1, 1 

gap> Determinant (p) ; 
1 



-1, 1, -1, -1, -1, -1, -1 
-1, -1, 1, -1, -1, -1, -1 
-1, -1, -1, 1, -1, -1, -1 
-1, -1, -1, -1, 1, -1, -1 
-1, -1, -1, -1, -1, 1, -1 
1, -1, -1, -1, -1, -1, 1 
-1, 1, 1, -1, 0, 0, 1, 
1, -1, 0, 0, 1, -1, 0, 1 
1, -1, -1, 1, 0, 0, 0, 
0, 0, 1, -1, -1, 1, 0, 1 
-1, 1, 0, 0, -1, 1, 0, 
0, 0, -1, 1. 1, -1, 1, 

0, 0, 0, 0, 1, -1, 1, 1 

1, 0, 1, 0, 0, 1, -1, 1 

0, 1, 0, 1, 0, 1, 1, -1 

1, 0, 0, 1, 1, -1, 1, 1 
1, 1, 1, 0, 0, 1, -1, 1 
0, 1, 1, 1, 1, 1, 1, -1 

0, -1, -1, 0, 0, -1, -1 
-1, 0, 0, -1, -1, 0, -1 

-1, 1, 1, -1, -1, 1, -1 

1, -1, -1, 1, 1, -1, -1 

1, 1, 1, 1, 1, 0, 0, 0, 

1, 1, 1, 1, 1, 1, 1, 1, 



-1, -1, 0, -1, 0, 1, 0, 1, 1, 1, 0, ] 
-1, -1, 0, 0, -1, 1, 1, 0, 1, 1, 0, ] 
0, -1, -1, 1, 0, -1, 1, 0, 1, 1, 0, ] 
0, -1, -1, 1, -1, 0, 0, 1, 1, 1, 0, ] 
-1, 0, -1, 0, 1, -1, 0, 1, 1, 1, 0, ] 
-1, 0, -1, -1, 1, 0, 1, 0, 1, 1, 0, ] 
0, -1, 1, 1, -1, -1, 0, -1, 0, ], 

0, 1, -1, 1, -1, -1, -1, 0, 0, ], 

1, 1, 1, -1, -1, -1, -1, 0, 0, ] , 

0, 1, -1, 1, -1, -1, 0, -1, 0, ], 

1, 1, 1, -1, -1, -1, 0, -1, 0, ], 

0, -1. 1, 1, -1, -1, -1, 0, 0, ], 

1, -1, -1, -1, -1, 0, 0, -1, ] 
-1, 1, -1, -1, -1, 0, 0, -1, ] 
-1, -1, 1, -1, -1, 0, 0, -1, ] 
1, -1, -1, -1, -1, 0, 0, 0, -1 ] 
-1, 1, -1, -1, -1, 0, 0, 0, -1 ] 
-1, -1, 1, -1, -1, 0, 0, 0, -1 ] 
-1, -1, 1, 1, 1, 1, 0, 0, 1, 0, 1 ], 
-1, -1, 1, 1, 1, 0, 1, 1, 0, 0, 1 ] , 
-1, -1, 1, 1, 1, 1, 0, 1, 0, 1, ] , 
-1, -1, 1, 1, 1, 0, 1, 0, 1, 1, ] , 

1, 1, 1, 0, 0, 1, 1, 1, 1 ], 
0, 0, 0, -1, -1, -1, -1, 0, ] ] 
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gap> StablyPermutationMCheckMat(G,Nlist(l) ,Plist(l) ,p) ; 
true 



7. Norm one tori 

Let K/k be a separable field extension of degree n and L/k be the Galois closure of K/k. Let G = 
Gal(L/fc) and H = Ga.\{L/K). The Galois group G may be regarded as a transitive subgroup of the sym- 
metric group Sn of degree n. Let i?^Jj^((G™) be the norm one torus of K/k, i.e. the kernel of the norm map 

RK/ki'Gm) Gm- The norm one torus ^^/j,(Gm) has the Chevalley module Jg/h as its character mod- 
ule and the field L{Jq/[j)'~^ as its function field (see Section [T|). The following algorithm is available from 
http : //math . h . kyoto-u . ac . jp/~yamasaI;i/Algorithm/ as FlabbyResolution.gap. 

NormlTorusJ(d,m) returns the Chevalley module Jg/h for the m-th transitive subgroup G = dTm < Sd of 
degree d where H is the stabilizer of one of the letters in G. 

Algorithm NIT (Construction of Chevalley module Jg/h for the transitive subgroups G = dTm < Sd)- 

NormlTorusJ : = f unction (d,m) 
local I,Ml,M2,M,f ,Sd,T; 
I : =IdentityMat (d-1) ; 
Sd:=SyinmetricGroup(d) ; 
T:=TransitiveGroup(d,m) ; 

Ml :=Concatenation(List( [2. .d-1] ,x->l [x] ) , [-List ( [1 . .d-1] ,Dne)] ) ; 
if d=2 then 
M: = [M1] ; 

else 

M2:=Concatenation( [1 [2] ,1 [1]] ,List( [3. .d-1] ,x->I [x] ) ) ; 
M:=[M1,M2] ; 

fi; 

f :=GroupHomomorphismByImages(Sd, Group (M) ,GeneratorsOf Group (Sd) ,M) ; 
return Image(f,T); 

end; 

Example 7.1 {[Jg/hV^ = for G = 5T4 ~ A5). By using Method II as in Algorithm IF61 we may verify that 
[Jg/hV^ = for G = 5T4 ~ and H = A4. 

gap> ReadC'crystcat .gap") ; 

gap> ReadC'FlabbyResolution.gap") ; 

gap> J54:=NormlTorusJ(5,4) ; 
<matrix group with 2 generators> 
gap> StructureDescription(J54) ; 
"A5" 

gap> CrystCatZClass(J54) ; 

[ 4, 31, 3, 2 ] 

gap> IsInvertibleF(J54) ; 

true 

gap> Rajik(FlabbyResolution( J54) . actionP . 1) ; # F is of rank 16 
16 

gap> mis:=SearchCoflabbyResolutionBase(TransposedMatrixGroup(J54) ,5) ; ; 
gap> Set (List (mis .Length) ) -4; # Method III could not apply 
[ 16, 21, 26, 31, 36, 41, 46, 51, 56, 61, 66, 71, 76, 81 ] 
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gap> 11 : =PossibilityOf StablyPermutationF( J54) ; 

[ [ 1, -2, -1, 0, 0, 1, 1, 1, -1, ], [0, 0, 0, 0, 1, 1, -1, 0, 0, -1 ] ] 

gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 1, 1, -1, 0, 0, -1 ] 

gap> bp:=StablyPermutationFCheckP(J54,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

11 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 22 
22 

gap> rs : =RaiidomSource (IsMersenneTwister) ; 
<RcLndomSource in IsMersenneTwister> 

gap> rr:=List([l. .10000] ,x->List([l. .11] ,y->Random(rs , [-1. .2]))) ; ; 
gap> Filtered(rr,x->Determinaiit(x*bp)~2=l) ; 
[ [ 2, 0, 0, -1, -1, 0, -1, 1, 0, 1, 1 ] ] 
gap> p : =last [1] *bp ; 
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gap> Determinant (p) ; 
-1 

gap> StablyPermutationFCheckMat(J54,Nlist(l) ,Plist(l) ,p) ; 
true 

Example 7.2 {[Jg/hV' = for G = 6T3 ~ Dq). By using Method II as in Algorithm lF6l we may verify that 
[Jg/hV^ = for G = era ~ Dq and H = C2. 

gap> Read ("caratnumber .gap") ; 
gap> ReadC'FlabbyResolution.gap") ; 

gap> J63 : =NormlTorus J (6 , 3) ; 
<matrix group with 2 generators> 
gap> StructureDescription(J63) ; 
"D12" 

gap> CaratZClass(J63) ; 

[ 5, 391, 4 ] 

gap> IsInvertibleF(J63) ; 
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true 

gap> Rank(FlabbyResolution( J63) . actionF . 1) ; # F is of rank 13 
13 

gap> mis : =SearchCof labbyResolutionBase(TransposedMatrixGroup(J63) ,3) ; ; # Method III 
gap> List (mis, Length) ; 

[ 24, 20, 24, 18, 24, 20, 24, 20, 18, 14, 21, 17, 21, 24, 20, 24, 24, 20, 

24, 18, 30, 26, 24, 20, 18, 20, 14, 24, 20, 18 ] 
gap> mi : =mis [Length(mis)-3] ; # (new) F is of rank 9 (=14-5) 

[ [ -1, 0, 0, 0, ], [ -1, 1, -1, 1, -1 ], [ -1, 1, 0, 0, ], [ 0, -1, 1, 0, ], 
[ 0, 0, -1, 1, ], [ 0, 0, 0, -1, 1 ], [0, 0, 0, 0, -1 ], [ 0, 0, 0, 0, 1 ], 
[ 0, 0, 0, 1, -1 ], [ 0, 0, 1, -1, ], [0, 1, -1, 0, ], [ 1, -1, 0, 0, ], 
[ 1, -1, 1, -1, 1 ] , [ 1, 0, 0, 0, ] ] 

gap> ll:=Possibility0fStablyPermutationFFromBase(J63,mi) ; 

[ [ 1, -1, 0, -1, 0, 2, 0, 1, 1, -1, -1 ], [ 0, 0, 1, 0, 1, 0, -1, 0, 0, 1, -1 ] ] 

gap> l:=ll[Length(ll)] ; 

[ 0, 0, 1, 0, 1, 0, -1, 0, 0, 1, -1 ] 

gap> bp:=StablyPermutationFCheckPFromBase(J63,mi,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

17 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 11 
11 

gap> rs : =RandomSource (IsMersenneTwister) ; 
<RandomSource in IsMersenneTwister> 

gap> rr:=List([l. .5000] ,x->List([l. .17] ,y->Random(rs , [-1. .1]))) ; ; 
gap> Filtered(rr ,x->Determinaiit(x*bp) ~2=1) ; 

[ [ 0, 1, -1, 0, -1, 1, -1, 0, 1, 1, 0, -1, 1, -1, 0, 0, 1 ] ] 
gap> p : =last [1] *bp ; 

[[0,1, 1, 0, 1, 0, -1, 0, 0, -1, -1 ] , 

[ 1, 0, 0, 1, 0, 1, 0, -1, -1, 0, -1 ] , 

[ 1, -1, 0, 1, -1, 1, 1, 0, -1, 1, -1 ] , 

[ 0, 0, 0, 0, 0, 0, 0, -1, 0, -1, 1 ] , 

[ 0, 1, 1, -1, 1, -1, -1, 1, 1, 0, -1 ] 

[ 1, 0, -1, 1, -1, 1, 1, -1, 0, 1, -1 ] 

[ -1, 1, 1, -1, 1, 0, -1, 1, 1, 0, -1 ] 

[ 1, -1, -1, 1, 0, 1, 1, -1, 0, 1, -1 ] 

[ -1, 1, 1, 0, 1, -1, -1, 1, 1, 0, -1 ] 

[ -1, 1, 1, 0, 1, -1, 0, 1, 1, -1, -1 ] 

[ 1, -1, -1, 1, 0, 1, 1, 0, -1, 1, -1 ] ] 
gap> Determinant (p) ; 
1 

gap> StablyPermutationFCheckMatFromBase(J63,mi,Nlist(l) ,Plist(l) ,p) ; 
true 



Example 7.3 (The flabby class [Jq^Y'' is not invertible but flabby and coflabby). Let Jq^ be the Chevalley 
module of the quaternion group Qg of order 8. The rank of Jq^ is 7. Let 8T5 be the 5th transitive subgroup of 
Ss- Then 8T5 ~ Qs- By Theorems O (i), HHS (ii) and fTTTl the flabby class [Jq^Y^ of Jq^ is not invertible but 
flabby and coflabby. Using FlabbyResolution as in Algorithm IF 11 we may obtain the flabby class [Jq^Y^ = [F] 
of where F is of rank 9 which satisfies — ^ Mq^ — > P — > F — > 0. 

gap> ReadC'FlabbyResolution.gap") ; 

gap> J85:=NormlTorusJ(8,5) ; 
<matrix group with 2 generators> 
gap> StructureDescription( J85) ; 
"q8" 



80 



A. HOSHI AND A. YAMASAKI 



gap> F : =FlabbyResolution( J85) .actionP; 
<matrix group with 2 geiierators> 
gap> Rank(F.l); # F is of rank 9 
9 

gap> mis : =SearchCof labbyResolutionBase(TransposedMatrixGroup(J85) ,5) ; ; 
gap> Set (List (mis, Length)) -7; # Method III could not apply 
[ 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 33 ] 

gap> IsFlabby(F) ; 
true 

gap> IsCof labby(F) ; 
true 

gap> IsInvertibleF(J85) ; 
false 



Example 7.4 (Norm one tori of dimensions 7 and 11). Note that by Theorems ll.3[ [T75l 11.61 and ll. 71 and Lemma 
12.171 'we may obtain a birational classification of the norm one tori of dimensions 7 and 11 as follows: 

(i) i?^^^((G„) is stably fc-rational for 7T1 ~ C7 and 1T2 ~ Dr, 

(ii) is not stably but retract fc-rational for 7T3 ~ F21, 7r4 ~ F42, 7r5 ~ PSL(2, 7), 7T6 ~ Aj and 
7r7 ~ St, 

(iii) i?^)j^((G™) is stably fc-rational for llTl ~ Cn and 11T2 ~ Dn; 

(iv) is not stably but retract fc-rational for 11T3 ~ F55, lir4~ Fno, IITS ~ PSL(2, 11), IITG ~ Mn, 
11T7 ~ All and 11T8 ~ Sn where Mn is the Mathieu group of degree 11. 



8. Tate cohomology: GAP computations 

In this section, we provide some algorithms of GAP for computing the Tate cohomology H^{G, Mq) by using 
the GAP package HAP f [HAPj ). We will use this for showing the main theorem (Theorem I1.25P in Section [S] 
The following algorithms are available from http : / /math . h . kyoto-u . ac . jp/~yamasaki/ Algorithm/| as Hn.gap. 



TateCohomology (G,n) returns the Tate cohomology group H"{G,Mc) for n E Wi. 



Algorithm TC (Tate cohomology). 
LoadPackageC'HAP") ; 

CochainComplexMatrixGroup : = f unction (M,n) 
local IA,G,A,R,TR; 

lA : =RegularActionHomomorphism(TransposedMatrixGroup(M) ) ; 
G:=Image(IA) ; 

A : =InverseGeneralMapping(IA) ; 
R:=ResolutionFiniteGroup(G,n) ; 
TR:=HomToIntegralModule(R,A) ; 
return TR; 

end; 

ChainComplexMatrixGroup : = f unction (M , n) 
local IA,G,A,R,TR; 

I A : =RegularActionHomomorphism(TransposedMatrixGroup(M) ) ; 
G:=Image(IA) ; 

A : =InverseGeneralMapping(IA) ; 
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R:=ResolutionFiniteGroup(G,ii) ; 

TR : =TeiisorWithIiitegralModule (R , A) ; 

return TR; 

end; 

CochainComplexRightCosets := function(g,h,n) 

local gg,hg,og,gp,A,R,TR; 
gg:=GeneratorsOf Group (g) ; 
hg : =SortedList (RightCosets (g ,h) ) ; 
og:=Length(hg) ; 

gp : =List (gg , x->Permutat ionMat (Permutat ion(x ,hg , OnRight) , og) ) ; 
A :=GroupHonioniorphisniBy Images (g, Group (gp) ,gg,gp) ; 
R:=ResolutionFiniteGroup(g,n) ; 
TR:=HoiiiToIntegralModule(R,A) ; 
return TR; 

end; 

ChainComplexRightCosets : = f unction(g,h,n) 
local gg,hg,og,gp,A,R,TR; 
gg:=GeneratorsOf Group (g) ; 
hg : =SortedList (RightCosets (g ,h) ) ; 
og:=Length(hg) ; 

gp : =List (gg , x->Permutat ionMat (Permutation(x ,hg , OnRight) , og) ) ; 

A : =GroupHomomorphismByImages (g , Group (gp) , gg , gp) ; 

R: =ResolutionFiniteGroup(g,n) ; 

TR : =TensorWithIntegralModule (R , A) ; 

return TR; 

end; 

TateCohomology:= f unction (g,n) 
local m,s,r,TR; 
if n=0 then 
m:=Sum(g) ; 

s : =SmithNormalForiiiIntegerMat (m) ; 
r:=Rank(s) ; 

return List( [1. .r] ,x->s[x] [x] ) ; 
elif n>0 then 

TR: =CochainComplexMatrixGroup(g,n+l) ; 
return Cohomology (TR,n) ; 

else 

TR : =ChainComplexMatrixGroup (g , -n) ; 
return Hoinology(TR,-n-l) ; 

fi; 

end; 



Example 8.1 (Tate Cohomology ^"(G, Mg) for the group C| of the GAP code (3, 3, 3, 3)). Let G ~ C| be the 
group of the GAP code (3, 3, 3, 3). We may obtain the Tate cohomologies H'^{G, Mq) for —7 < n < 7 as follows: 
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gap> ReadC'Hn.gap") ; 

gap> G : =MatGroupZClass (3,3,3,3);; 

gap> List( [-7. .7] ,i->TateCohomology(G,i)) ; 

[ [ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2, 2, 2, 2, 2 ], 
[ 2, 2, 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2 ], [ 2, 2, 2 ], [ 2 ], [ 2 ], [ ], 
[ 2, 2 ], [ 2, 2, 2 ], [ 2, 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2, 2, 2, 2 ], 
[ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ] , 
[ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ] , 
[ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ] ] 

gap> List (last, Length) ; 

[ 13, 9, 7, 4, 3, 1, 1, 0, 2, 3, 6, 8, 12, 15, 20 ] 

Example 8.2 (The group Indmf (6, 10, 1) is not a subgroup of the 17 irreducible maximal finite groups but 
is indecomposable). Let G = Indmf (6, 10, 1) be the indecomposable maximal finite group of the CARAT code 

(6.5517.4) . We will confirm that G is not a subgroup of all the 17 irreducible maximal finite groups Imf(6,«,j) 
of dimension 6 but is indecomposable by using the Tate cohomology H~-^{G), H^{G) and H'^{G) where W{G) = 
H^{G,Mg) and Mq is the corresponding G-lattice as in Definition 11.241 

Let Sy2(G) be a 2-Sylow subgroup of G. We have the normalizer A'GL(6,z)(Sy2(G)) of Sy2(G) in GL(6, Z) is 
Sy2(G). Suppose that there exists a group G' such that G < G' with even index. Then there exists a 2-Sylow 
subgroup Sy2(G') of G' such that Sy2(G) < Sy2(G'). But this is impossible because A^gl(6,z) (Sy2(G')) — Sy2(G). 
Hence such a group G < G' with even index does not exist. 

Only two groups G' = Imf(6, 3, 1) and G" = Imf (6, 3, 2) out of the 17 groups Imf(6, may have a subgroup 
G with odd index. However, these two does not occur because H^{Sy2{G)) = S/2S®Z/2Z, H^{Sy2{G')) = TLjTIL 
and i/i(Sy2(G")) = TLjTIL. This implies that G is not a sub group of all the 17 irreducible maximal finite groups 
Imf(6,i,j) of dimension 6. 

Next, we will show that G is indecomposable. Over the field (D of complex numbers, G splits into 2 irreducible 
direct summands of degree 3. Indeed, we also see that the 6 groups of the CARAT codes (6, 5517, 1), (6, 5517, 3), 

(6.5517.5) , (6,5517,6), (6,5517,8) and (6,5517,9) are in the same (Q-class of G but splits into 2 irreducible 
direct summands of degree 3 in GL(3, %). This implies that G splits into them in GL(3, (Q). 

We will confirm that G is indecomposable in GL(6, TL). Because of the order of G is 2304 — 48^, we see that G 
should be a direct product of 2 groups among 3 groups Gi = Imf(3, 1, 1), G2 = Imf(3, 1, 2) and G3 = Imf (3, 1, 3) 
which are isomorphic to the group G2 x S'4 of order 48. By computing the Tate cohomologies we have 



H-^(G) - 


= Z/2Z, 


H-'iGi X Gi) = 


= (Z/2Z)®2, 


H-\G2 X G2: 


) = (Z/2Z)®2, 


if-i(G3 X G3) = 


= 0, 






H'^iGi X G2) = 


= (Z/2Z)®2, 


H^\Gi X G3 


) = Z/2Z, 


H-\G2 X G3) = 


= Z/2Z, 


H^{G) = 


TLjTIL, 


H\Gi X Gi) = 


(Z/2Z)®2, 


H\G2 X G2) 


= 0, 


i/i(G3 X G3) = 


(Z/2Z)®2 






H'{Gi X G2) = 


Z/2Z, 


H\Gi X G3) 


= (Z/2Z)®^ 


H\G2 X G3) = 


Z/2Z, 


H^G) = 


{TLjTIL)®'^, 


H^{Gi X Gi) = 


(S/2S)®^ 


i?'(G2 X G2) 


= (S/2K)®2, 


i?'(G3 X G3) = 


(S/2S)®« 






i/2(Gi X G2) = 


(Z/2S)®^ 


H^{Gi X G3) 


^ (Z/2Z)®*, 


H\G2 X G3) - 


(Z/2S)®5 



Hence G is indecomposable in GL(6, Z). 



gap> Read ("caratnumber .gap") ; 
gap> ReadC'FlabbyResolution.gap") ; 
gap> ReadC'Hn.gap"); 
gap> Read ("KS. gap") ; 

gap> G:=CaratMatGroupZClass(6,5517,4) ; ; # G=Indmf (6 , 10 , 1) 

gap> Order(G); # #G=2304=48~2=2~8*3~2 

2304 

gap> imf 6 : =AllImf MatrixGroups (6) ; 

[ ImfMatrixGroup(6,l,l) , ImfMatrixGroup(6, 1,2) , Imf MatrixGroup(6 , 1 ,3) , 
ImfMatrixGroup(6,2, 1) , ImfMatrixGroup(6,3, 1) , ImfMatrixGroup(6,3,2) , 
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ImfMatrixGroup(6,4, 1) , IinfMatrixGroup(6,4,2) , IinfMatrixGroup(6,5,l) , 
InifMatrixGroup(6,6,l) , ImfMatrixGroup(6,6,2) , ImfMatrixGroup(6,6,3) , 
ImfMatrixGroup(6,7, 1) , ImfMatrixGroup(6,7,2) , ImfMatrixGroup(6,8, 1) , 
ImfMatrixGroup(6,9,l) , IinfMatrixGroup(6,9,2) ] 
gap> List(iinf6,x->0rder(x)/2304) ; 

[ 20, 20, 20, 9/2, 45, 45, 35/8, 35/8, 7/24, 5/48, 5/48, 5/48, 2, 2, 10, 1/8, 1/8 ] 

gap> G2:=SylowSubgroup(G,2) ; # G2 is a 2-sylow group of G 

<group of 6x6 matrices of size 256 in characteristic 0> 

gap> Normalizer(GL (6, Integers) ,G2) ; 

<matrix group with 14 generators> 

gap> Order (last) ; # (Normalizer of G2)=G2 

256 

gap> H1(G2); 

[ 1, 1, 1, 1, 2, 2 ] 

gap> Hl(SylowSubgroup(IiiifMatrixGroup(6,3,l) ,2)) ; 
[ 1, 1, 1, 1, 1, 2 ] 

gap> Hl(SylowSubgroup(IinfMatrixGroup(6,3,2) ,2)) ; 
[ 1, 1, 1, 1, 1, 2 ] 

gap> Set(AllDirectProductIndinfMatrixGroups([3,3]) ,CaratZClass) ; 
[ [ 6, 5517, 1 ], [6, 5517, 3 ], [6, 5517, 5 ], 
[ 6, 5517, 6 ], [6, 5517, 8 ], [6, 5517, 9 ] ] 

gap> ig:=IrreducibleRepresentations(G) ; ; 

gap> List(ig,x->Sum(G,y->Trace(y)*Trace(Image(x,y)))) ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 2304, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 2304, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, ] 
gap> Filtered([l. .Length(ig)] ,x->last [x] >0) ; 
[ 44, 65 ] 
gap> ig[44] ; 

CompositionMappingC [ (2,6) (5,8) (7, 11) , (5,8), (1 , 12) (2 , 6) (4,5,9,8) (7, 11) , (6,7), 

(1,2,6)(3,4,8)(5,10,9)(7,12,11), (1,2,6) (7,12,11) , (4,9)(5,8), (1,12)(6,7), (2,11)(6,7), 

(3,10) (4,9) ] -> 

[ [ [ -1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], [ [ -1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], 
[ [ 0, 1, ], [ -1, 0, ], [ 0, 0, 1 ] ], [ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], 
[ [ 0, 0, 1 ], [ 1, 0, ], [ 0, 1, ] ], [ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], 
[ [ -1, 0, ], [ 0, -1, ], [ 0, 0, 1 ] ], [ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], 
[ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], [ [ 1, 0, ], [ 0, -1, ], [ 0, 0, -1 ] ] ], 
<action isomorphism> ) 

gap> ig [65] ; 

CompositionMapping( [ (2,6) (5,8) (7, 11) , (5,8), (1 , 12) (2 , 6) (4, 5 , 9,8) (7, 11) , (6,7), 

(1,2,6)(3,4,8)(5,10,9)(7,12,11), (1,2,6) (7,12,11) , (4,9)(5,8), (1,12)(6,7), (2,11)(6,7), 
(3, 10) (4,9) ] -> 

[ [ [ 1, 0, ], [ 0, 0, 1 ], [ 0, 1, ] ], [ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], 
[ [ -1, 0, ], [ 0, 0, 1 ], [ 0, 1, ] ], [ [ 1, 0, ], [ 0, -1, ], [ 0, 0, 1 ] ], 
[ [ 0, 0, 1 ], [ 1, 0, ], [ 0, 1, ] ], [ [ 0, 0, 1 ], [ 1, 0, ], [ 0, 1, ] ], 
[ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ], [ [ -1, 0, ], [ 0, -1, ], [ 0, 0, 1 ] ], 
[ [ 1, 0, ], [0, -1, ], [ 0, 0, -1 ] ], [ [ 1, 0, ], [ 0, 1, ], [ 0, 0, 1 ] ] ], 
< act ion isoiiiorphism> ) 

gap> Iiiif3:=AllIiiifMatrixGroups(3) ; 

[ ImfMatrixGroup(3,l,l) , IinfMatrixGroup(3,l,2) , ImfMatrixGroup(3, 1 ,3) ] 
gap> List(Iiiif3,Size) ; 
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[48, 48, 48 ] 

gap> Gll:=DirectProductMatrixGroup([Imf3[l] ,Imf3[l]]) ; ; 
gap> G12:=DirectProductMatrixGroup([Imf3[l] ,Imf3[2]]) ; ; 
gap> G13:=DirectProductMatrixGroup([Imf3[l] ,Imf3[3]]) ; ; 
gap> G22 : =DirectProductMatrixGroup ( [Imf 3 [2] , Imf 3 [2] ] ) ; ; 
gap> G23 : =DirectProductMatrixGroup ( [Imf 3 [2] , Imf 3 [3] ] ) ; ; 
gap> G33 : =DirectProductMatrixGroup ( [Imf 3 [3] , Imf 3 [3] ] ) ; ; 
gap> List( [Gil ,G22,G33,G12,G13,G23] ,CaratZClass) ; 
[ [ 6, 5517, 1 ], [6, 5517, 9 ], [6, 5517, 6 ], 

[ 6, 5517, 5 ], [6, 5517, 3 ], [6, 5517, 8 ] ] 
gap> List ( [G, Gil ,G22,G33,G12,G13,G23] ,x->TateCohomology (x, -1) ) ; 
[ [ 2 ] , [ 2, 2 ] , [ 2, 2 ] , [ ] , [ 2, 2 ] , [ 2 ] , [ 2 ] ] 
gap> List ( [G, Gil ,G22,G33,G12,G13,G23] ,x->TateCohomology (x, 1) ) ; 
[ [ 2 ] , [ 2, 2 ] , [ ] , [ 2, 2 ] , [ 2 ] , [ 2, 2 ] , [ 2 ] ] 
gap> List( [G,G11 ,G22,G33,G12,G13,G23] ,x->TateCohomology (x, 2) ) ; 

[ [ 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2, 2, 2, 2 ], [ 2, 2 ], [ 2, 2, 2, 2, 2, 2, 2, 2 ], 

[ 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2, 2, 2, 2 ], [ 2, 2, 2, 2, 2 ] ] 
gap> List (last, Length) ; 
[ 4, 8, 2, 8, 5, 8, 5 ] 



9. Proof of Theorem 11.251 
Let G be a finite subgroup of GL(4, S) and AI — Mq be the corresponding G-lattice of rank 4 as in Definition 

[Eia 

Step 1. The case where Mg is decomposable. 

We assume that Mq ~ Mi ® M2 is decomposable with rank Mi > rank M2 > 1. Thus rank Mi < 3 and 
rank M2 < 2. By Theorem O we have [Mz]-^' = 0. It follows from Lemma [lH that [MgY^ = [Afi]-^'. By 
Theorem O and Lemma EH [Ml]-''' 7^ <^ [Afi]-''' is not invertible <^ G/Ni is conjugate to one of the 
15 groups as in Table 1 where Ni — {a £ G \ a{v) — v for any v S Mi}. There exist exactly 64 such G-lattices 
Mg — Ml ® M2 with [MgY'' 7^ (equivalently [MgY'' is not invertible in this case) whose GAP codes A/jji are 
computed in Example 14.121 (see also Table 3). 

Step 2. [MgY^ = for G = Imf (4, 2, 1), Imf (4, 3, 1) and Imf (4, 4, 1). 

We assume that Mg is indecomposable. There exist 295 indecomposable G-lattices AIg of rank 4 (see Example 
14. 9p . Let Imf (4, < GL(4, Z) be the j-th S-class of the z-th (Q-class of the irreducible maximal finite group 
of dimension 4 which corresponds to the GAP command ImfMatrixGroup(4,i, j). There exist exactly 6 such 
maximal groups Imf (4, 1, 1), Imf (4, 2, 1), Imf (4, 3, 1), Imf (4, 3, 2), Imf (4, 4, 1) and Imf (4, 5, 1) of order 1152, 288, 
240, 240, 384 and 144 respectively. They also form the maximal indecomposable finite groups of dimension 4 (see 
Subsection 1321) ■ 

By using f If 1 in Algorithm [F3l we get [MgY^ = for G = Imf(4,4, 1) (see Example [g?^ . 

We may also verify that [MgY' = for G = Imf(4, 2, 1) and Imf(4, 3, 1) by using StablyPermutationFCheckP 
in Algorithm IF6I Method II and StablyPermutationFCheck in Algorithm IF5I Method I (1) respectively (see Ex- 
ample [STT] and Example 15. 5|) . Hence, by Lemma [2.171 [MhY^ = for any subgroup H of Imf (4, 2, 1), Imf (4, 3, 1) 
and Imf (4, 4,1). 

Step 3. Determination of all G-lattices Mq whose flabby class [MgY'' is not invertible. 

Assume that Mg is indecomposable. By Step 2, [MhY'' is invertible for any subgroups H of Imf (4, 2,1), 
Imf(4, 3, 1) and Imf (4, 4, 1). We will check whether [MhY^ is invertible for subgroups H of Imf (4, 1, 1), Imf(4, 3, 2) 
and Imf (4, 5, 1). 

There exist 182, 36 and 50 indecomposable G-lattices Mg where G is (a conjugacy class of) a subgroup of 
Imf (4, 1,1) Imf (4, 3, 2) and Imf (4, 5,1) respectively. Some of them are also subgroups of Imf (4, 2,1), Imf (4, 3, 1) 
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or Inif(4,4, 1) as in Step 2. Then we should treat 166, 8 and 27 mdecomposablc G-lattices Mg where G is a 
subgroup of Imf (4, 1, 1) Imf (4, 3, 2) and Imf (4, 5, 1) respectively but not a subgroup of Imf (4, 2, 1), Imf (4, 3, 1) 
and Imf(4,4, 1). We denote the set of the corresponding GAP codes of Mq in each case by Um, U432 and ^^451, 
i.e. = 166, #^^432 = 8, #^^451 = 27, (see Example EH below) . 

By using IsInvertibleF in Algorithm IF2| we may determine all of the G-lattices Afc whose flabby class 
[MgY^ is not invertible. There exist 137, 0, 27 G-lattices AIq with [A/q]^' not invertiblc where the GAP code 
of G is Z S Z^4ii, Z^432, ^451 respectively. Note that [Mq]^' is invertible for G = Imf (4, 3,2). Because the 12 
G-lattices of them are overlapped, there exist 152 G-lattices Mq with [A/q]-'^' not invertiblc (see Example 19.11 
below and Table 4). 

Step 4. Determination whether [Afg]^' — 0. 

We should determine whether [AIgY'' = for the remaining cases U411 and ^^432 of Z^4ii and ^^432 as in Step 3. 
We see that ^HAm = 29, #^432 = 8 and Um and Z//432 are given by 

Z^4ii = {(4,5,1,7), (4,5,1,11),(4,5,1,13),(4,6,1,10),(4,6,1,12),(4,6,2,11),(4,12,1,6),(4,12,1,7), 

(4,12,3,10), (4,12,3,12), (4,12,3,13), (4,12,4,13), (4,13,1,6), (4,13,2,6), (4,13,3,6), (4,13,4,6), 
(4,13,6,6), (4,13,7,12),(4,24,1,4),(4,24,1,6),(4,24,3,4),(4,24,3,6),(4,24,4,6),(4,25,1,5), 
(4,25,3,5), (4,25,4,5),(4,25,7,5),(4,25,8,5),(4,33,2,1)}, 

Z^432 = {(4,31,1,3), (4,31,1,4),(4,31,2,2),(4,31,3,2),(4,31,4,2),(4,31,5,2),(4,31,6,2),(4,31,7,2)}. 

We will show that there exist exactly 7 groups G of the GAP codes (4,33,2,1) e Um and (4,31,1,3), 
(4,31,1,4), (4,31,2,2), (4,31,4,2), (4,31,5,2) and (4,31,7,2) e ^^432 such that [MgY^ 7^ 0. 

First we treat the case of U^n. Each group G of the GAP code I G ^^411 is contained in at least one of the 
groups of the 21st, 27th, 28th and 29th GAP codes, i.e. (4,24,3,4), (4,25,7,5), (4,25,8,5) and (4,33,2,1), in 
Uaii fsee Example 19.21 below). By using f If 1 in Algorithm |F3l (resp. StablyPermutationFCheckP in Algorithm 
lF6l Method II), we may confirm that [MgY^ = for the 21st and 27th (resp. 28th) groups G of the GAP 
code (4,24,3,4) and (4,25,7,5) (resp. (4,25,8,5)) (see Example [9?2l below). None of the groups G of the 
GAP code I £ Uaii is contained in the 29th group G other than itself. By Lemma [HTl [Afc]-^' = for all 
groups G of the GAP code I € Uah except for the 29th group G of the GAP code (4,33,2,1). By using 
PossibilityOf StablyPermutationF in Algorithm IF5| we may see that [MgY'' 7^ for the 29th group G (see 
Example 19.21 below) . 

Next we will consider the case of ZY432. By using PossibilityOf StablyPermutationF in Algorithm IF51 
we see that [MgY^ ^ for the 1st and the 2nd groups G of the GAP codes (4,31,1,3) and (4,31,1,4) 
(see Example 15.41 and Example 19.31 below). Because the 3rd, 5th, 6th and 8th groups G of the GAP codes 
(4,31,2,2), (4,31,4,2), (4,31,5,2) and (4,31,7,2) contain the 1st or 2nd ones, it follows from Lemma I^TTI that 
[MgY'' ^ 0. By using StablyPermutationFCheckP in Algorithm|F6l Method II, we may confirm that [MgY'' = 
for the 4th and 7th groups G of the GAP codes (4, 31, 3, 2) and (4, 31, 6, 2) (see Example 131 below) . 

Step 5. [MgY^ = if and only if [MgY^ is of finite order in C{G)/S{G). 

We should show that if [MgY^ + 0, then {MgY^ is of infinite order in C(G)IS{G). Note that {MgY^ is of 
finite order if and only if there exist permutation G-lattices P, P' such that [(Afc)®'']'''' (B P — P' for some r > 1. 
Thus if [Afc]'^' is not invertible, then [MqY^ is of infinite order. Hence it is enough to verify that [(A'/q)®'"]^' 7^ 
for the 7 cases as in Table 2, i.e. the 7 cases where [Afc]^' is not zero but invertible. By Step 4, we should show 
that [{Mg)®''Y' ^ for only the 3 groups G of the GAP codes (4,31,1,3), (4,31,1,4) and (4,33,2,1) because 
the remaining 4 groups contain the 1st or the 2nd one. 

By using PossibilityOf StablyPermutationF as in Algorithm IF41 for 2 groups G ~ F20 of the GAP codes 
(4, 31, 1, 3) and (4, 31, 1, 4), we get the fiabby class [F] = [MgY'' with rank 16 and see that only the possibility of 
the isomorphism ([T0|) is 

(13) Z[G] ® Z[G/G2] e ^[G/Gs] ~ ^[G/Ds] © 2F 

(the rank of the both sides is 20 + 10 + 4 = 2 + 2 x 16 = 34). By using the algorithm TateCohomology as 
in Section m however, for the group G of the GAP code (4,31,1,3), we see that the 2nd (Tate) cohomologies 
of the both sides are H'^{Gi,MgY) = S/2Z and H'^[G2,Mg^) = Z/IOZ where Gi (resp. G2) is the matrix 
representation group of the action of G on the left (resp. right) hand side of ([T^ . Thus the isomorphism is 
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impossible. Hence [F®^] ^ for any r > 1. Similarly, for the group G of the GAP code (4,31, 1,4), we see that 
H'^{Gi,Mg,) = Z/IOS and H^{G2,Mg^) = Z/IOS (see Example HH below). 

For the group G ~ C3 xi Cs of the GAP code (4, 33, 2, 1), by using PossibilityOf StablyPermutationF as in 
Algorithm IF4| only the possibility of (fTO|) is 

(14) Z[G] ® Z[G/C2] ® Z[G/G3] ~ Z[G/G6] ® 

where F is of rank 20 with [F] = [A/g]-'' (the rank of the both sides is 24 + 12 + 8 = 4 + 2 x 20 = 44). However, 
the Tate cohomologies of the both sides i?"(Gi, Mqi) — i?"(G2, Mga) coincide for —7 < n < 7 (see Example 19.41 
below). Thus we need another observation. 

Assume that the isomorphism (|T4| holds. Let Gi (resp. G2) be the matrix representation group of the ac- 
tion of G on the left (resp. right) hand side of (ITil) . By using StablyPermutationFCheckGen as in Algorithm 
IF6I Method H, we may obtain Gi and G2 of rank 44 (see Example 19.41 below). We choose the generators a,b 
of G such that G = (a, 6 | = 6* = l,b^^ab = a^^) ~ (a) x (fe). We take the reduction Gi = (07,61), 
G2 = (02,^2) < GL(44,F3) over the field F3 of 3 elements. Because the subgroup (a) ~ G3 is normal in G, 
Vi — {{tti — 744)^ I Qi € Gi} is Gi-invariant {i = 1,2). Consider the action of b on the Gj-invariant space Vi 
over the field Fg of 9 elements and compare the dimensions of each eigen spaces of the action matrix of b on Vi 
{i — 1,2) (we see dim(wi) = dim(t;2) — 12). Then we get the (multi-)set of such dimensions {2,2,2,2,2,0,2,0} 
and {2,2,1,2,1,1,2,1} for vi and V2 respectively (see Example 19.41 below) . This yields a contradiction. Hence 
the isomorphism is impossible. 

Step 6. [MgV^ = -[Js^JsA^^ for the group G ~ S'5 of the GAP code (4, 32, 5, 2). 

Let Gi, G2 ~ S'5 < GL(4, Z) be the groups of the GAP codes (4,31,4,2) and (4,31,5,2). Note that Mqi ^ 
Js^/Si- Let Mg ^ Mg, ® be the S'5-lattice of rank 8. By Step 4, [MgJ^' and [MgJ-^' is not zero but 
invertible, and we wiU show that [MgV^ [F] ^ 0. 

By using StablyPermutationFCheckGen as in Algorithm IF6I Method H, it is possible that 

(15) Z[G/i?4] © Z[G/i/i3] ® F ~ liG/Hs] ® 1[G/Hg] ® S[G/i7io] ® ^G/Hn] 

where H4 ~ G3, H13 ~ D^, iJg ^ G5, Hg ~ Ge, i?io ^ -ffii =i 5*3 (the rank of the both sides is 40 + 12 + 32 = 
24 + 20 + 20 + 20 = 84). However, we could not establish the isomorphism ([T5|) . 

As in Example 15.61 (Algorithm |F5I Method I (2)), after adding Z to the both sides of (|15l) . we may confirm 
that the isomorphism 

Z[G/C3] ® liG/D^] ® F ® S ~ Z[G/G5] ® ^[G/Ge] ® Z[G/4^^] ® ^G/S^^''] ® S 
holds (see Example 19.51 below) 

Step 7. [MgV^ = -['^F2o/C4]-''' for the group G ~ F20 of the GAP code (4, 31, 1, 4). 

Let G[, G'2 ~ F20 < GL(4, K) be the groups of the GAP codes (4,31,1,3) and (4,31,1,4). Note that 
Mg'^ ^ JF2o/Ci- Let Mg ^ Mg[ ® A/g^ be the i^20-lattice of rank 8. By Step 4, [Mg[V^ and [Mg^]^' is not zero 
but inver tible. We should show that [MgV^ = [F] = 0. Because G[ (resp. G^ is a subgroup of Gi (resp. G2) 
where Gi (resp. G2) is the group S5 as in Step 6, the assertion follows from Step 6 and Lemma 12.171 

We will give another (direct) proof below. By using StablyPermutationFCheckGen as in Algorithm IF6I 
Method H, it is possible that 

(16) Z[G] ® Z[G/G2] ® ^[G/Gs] ~ 'ZiG/D^] ® F 

(the rank of the both sides is 20 + 10 + 4 = 2 + 32 = 34). And, after some efforts, we may confirm that the 
isomorphism (|16l) actually holds (see Example 19.61 below) . □ 

Example 9.1 (Determination whether [Mg]-'^' is invertible). 

gap> ReadC'crystcat .gap") ; 

gap> Read ("caratnumber .gap") ; 

gap> Read("FlabbyResolution.gap") ; 

gap> Read ("KS. gap") ; 
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gap> imf 411sub : =Set (ConjugacyClassesSubgroups2(Iinf MatrixGroup(4, 1,1)) , 

> x->CrystCatZClass (Representative (x) ) ) ; ; 

gap> imf 421 sub : =Set (ConjugacyClassesSubgroups2(Iiiif MatrixGroup(4,2, 1) ) , 

> x->CrystCatZClass (Representative (x))) ; ; 

gap> imf 431sub : =Set (Conj ugacyClassesSubgroups2 (Imf MatrixGroup (4,3,1)), 

> x->CrystCatZClass (Representative (x) ) ) ; ; 

gap> imf 432sub : =Set (Conj ugacyClassesSubgroups2 (Imf MatrixGroup (4, 3, 2) ) , 

> x->CrystCatZClass (Representative (x) ) ) ; ; 

gap> imf 441sub:=Set(ConjugacyClassesSubgroups2 (Imf MatrixGroup (4, 4, 1)) , 

> x->CrystCatZClass (Representative (x) ) ) ; ; 

gap> imf 451 sub : =Set (Conj ugacyClassesSubgroups2 (Imf MatrixGroup (4, 5, 1) ) , 

> x->CrystCatZClass (Representative (x))) ; ; 

gap> ind4 : =LatticeDecompositions (4) [NrPartitions(4)] ; ; 

gap> imf 411ind:=Intersection(imf411sub, ind4) ; ; 

gap> imf421ind:=Intersection(imf421sub, ind4) ; ; 

gap> imf431ind:=Intersection(imf431sub,ind4) ; ; 

gap> imf432ind:=Intersection(imf432sub,ind4) ; ; 

gap> imf441ind:=Intersection(imf441sub,ind4) ; ; 

gap> imf451ind:=Intersection(imf451sub,ind4) ; ; 

gap> List ( [imf 411ind, imf 421ind, imf 431ind, imf 432ind, imf 441ind, imf 451ind] .Length) 
[ 182, 50, 36, 36, 45, 50 ] 

gap> U411t:=Difference(imf411ind,Union( [imf 421ind, imf 431ind, imf 441ind] ) ) ; ; 
gap> U432t:=Difference(imf432ind,Union( [imf 421ind, imf 431ind, imf 441ind] ) ) ; ; 
gap> U451t:=Difference(imf451ind,Union( [imf 421ind, imf 431ind, imf 441ind] ) ) ; ; 
gap> List( [U411t,U432t,U451t] .Length) ; 
[ 166, 8, 27 ] 

gap> imf411n:=Filtered(U411t,x->IsInvertibleF(MatGroupZClass(x[l] ,x[2] ,x[3] ,x [4] ) )=f alse) ; 
gap> imf432n:=Filtered(U432t.x->IsInvertibleF(MatGroupZClass(x[l] .x[2] .x[3] .x [4] ) )=f alse) ; 
gap> imf451n:=Filtered(U451t.x->IsInvertibleF(MatGroupZClass(x[l] .x[2] .x[3] .x [4] ) )=f alse) ; 
gap> List ( [imf 411n. imf 432n, imf 451n] .Length) ; 
[ 137, 0, 27 ] 

gap> N4:=Union(imf411n,imf451n) ; ; 

gap> Length (N4) ; 

152 

gap> Intersection(imf411n,imf 451n) ; 

[ [ 4. 22, 1, 1 ], [ 4, 22, 2. 1 ]. [ 4, 22. 3. 1 ]. [ 4. 22, 4, 1 ], 
[ 4, 22, 5, 1 ], [ 4, 22, 5, 2 ], [ 4, 22, 6, 1 ], [ 4, 22, 7, 1 ] , 
[ 4, 22, 8, 1 ], [ 4, 22, 9, 1 ], [ 4, 22, 10, 1 ], [4, 22, 11, 1 ] ] 

gap> Length(last) ; 

12 

gap> U411:=Difference(U411t,imf411n) ; 

[ [ 4, 5, 1, 7 ], [ 4, 5, 1, 11 ], [ 4, 5, 1, 13 ], [ 4, 6, 1, 10 ], [ 4, 6, 1, 12 ], 
[ 4, 6, 2, 11 ], [ 4, 12, 1, 6 ], [ 4, 12, 1, 7 ], [ 4, 12, 3, 10 ] , [4, 12, 3, 12 ] , 
[ 4, 12, 3, 13 ], [4, 12, 4, 13 ], [ 4, 13, 1, 6 ], [ 4, 13, 2, 6 ], [ 4, 13, 3, 6 ] , 
[ 4, 13, 4, 6 ], [ 4, 13, 6, 6 ], [ 4, 13, 7, 12 ] , [ 4, 24, 1, 4 ], [ 4, 24, 1, 6 ], 
[ 4, 24, 3, 4 ], [ 4, 24, 3, 6 ], [ 4, 24, 4, 6 ] , [ 4, 25, 1, 5 ], [ 4, 25, 3, 5 ] , 
[ 4, 25, 4, 5 ], [ 4, 25, 7, 5 ], [ 4, 25, 8, 5 ] , [ 4, 33, 2, 1 ] ] 

gap> U432:=Difference(U432t,imf432n) ; 

[ [ 4, 31, 1, 3 ], [ 4, 31. 1. 4 ]. [ 4, 31. 2. 2 ] . [ 4. 31, 3, 2 ], 
[ 4, 31, 4, 2 ], [ 4, 31, 5. 2 ]. [ 4, 31. 6. 2 ] . [ 4. 31, 7, 2 ] ] 
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gap> U451 : =Dif f erence (U451t , imf 451n) ; 
[ ] 

gap> List( [U411,U432,U451] .Length) ; 
[ 29, 8, ] 



Example 9.2 (Determination whether [Mg]-^' = for the GAP code I G Um). 

gap> U411g:=List(U411,x->MatGroupZClass(x[l] ,x [2] ,x [3] ,x [4] ) ) ; ; 
gap> U411sub:=List(U411g,x->Set(ConjugacyClassesSubgroups2(x) , 
> y->CrystCatZClass (Representative (y) ) ) ) ; ; 

gap> U411inc:=List(U411sub,x->Set(Intersection(x,U411) ,y->Position(U411 ,y) ) ) ; 

[ [ 1 ] , [ 2 ] , [ 3 ] , [ 2, 4 ] , [ 3, 5 ] , [ 2, 6 ] , [ 7 ] , [ 8 ] , [ 1, 7, 9 ] , 
[ 2, 8, 10 ], [ 3, 8, 11 ], [ 3, 8, 12 ], [ 8, 13 ] , [ 8, 14 ] , [ 2, 3, 15 ] , 
[ 2, 3, 16 ], [ 2, 3, 4, 5, 8, 10, 11, 13, 16, 17 ], 
[ 2, 3, 5, 6, 8, 10, 12, 14, 15, 18 ] , [ 1, 19 ] , [ 3, 20 ] , 
[ 1, 7, 9, 19, 21 ], [ 3, 8, 11, 20, 22 ] , [ 3, 8, 12, 20, 23 ], 
[ 3, 5, 20, 24 ], [ 2, 3, 16, 20, 25 ] , [ 2, 3, 15, 20, 26 ], 
[ 2, 3, 4, 5, 8, 10, 11, 13, 16, 17, 20, 22, 24, 25, 27 ], 
[ 2, 3, 5, 6, 8, 10, 12, 14, 15, 18, 20, 23, 24, 26, 28 ] , [ 29 ] ] 

gap> U411[21]; # checking [M] "{f 1}=0 

[ 4, 24, 3, 4 ] 

gap> G:=MatGroupZClass(4,24,3,4) ; ; # G=S4 
gap> flfl(G); 
[ ] 

gap> U411[27]; # checking [M] "{f 1}=0 
[ 4, 25, 7, 5 ] 

gap> G:=MatGroupZClass(4,25,7,5) ; ; # G=C2xS4 
gap> flfl(G); 
[ ] 

gap> U411[28]; # checking [M] "{f 1}=0 
[ 4, 25, 8, 5 ] 

gap> G:=MatGroupZClass(4,25,8,5) ; ; # G=C2xS4 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 10 

10 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,5) ; ; 

gap> Set (List (mis, Length)) -4; # Method III could not apply 

[ 10, 16, 18, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 50 ] 

gap> ll:=PossibilityOfStablyPermutationF(G) ; 

[ [ 1, 0, 0, 0, 0, -2, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 2, 0, 0, 1, 1, 0, -1, 0, 

0, 0, 0, 1, 1, -1, 1, -1, -1 ] , 
[ 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -2, -1, 0, 0, 0, 1, 0, 0, 0, 0, 

0, 0, 2, 1, 1, 0, 0, -1, -1 ] , 
[ 0, 0, 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, 0, 1, 0, -1, 0, 

0, 0, 0, 0, 0, -1, 1, 0, ] , 
[ 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, -1, 0, -1, 0, 

0, -1, 0, 1, 1, 1, 1, -1, -1 ], 
[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 

0, 0, 0, -1, 0, 0, 0, 1, -1 ] ] 
gap> l:=ll[Length(ll)] ; 
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[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 

1, 0, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, 1, -1 ] 
gap> bp:=StablyPermutatioiiFCheckP(G,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp) ; 
20 

gap> Length(bp[l] ) ; # rank of the both sides of (10) is 13 
13 

gap> rs:=RandoinSource(IsMersenneTwister) ; 
<RandomSource in IsMersenneTwister> 

gap> rr:=List( [1. .1000] ,x->List( [1. .20] ,y->Random(rs, [0,1]))) ; ; 
gap> Filtered(rr,x->Deteriiiinaiit(x*bp) ~2=1) ; 
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1, 1, 0, 0, 0, 1 ] ] 



gap> Determinant (p) ; 
1 



gap> StablyPermutationFCheckMat(G,Nlist(l) ,Plist(l) ,p) ; 
true 

gap> U411[29]; # checking [M]~{fl>: non-zero 
[ 4, 33, 2, 1 ] 

gap> G:=MatGroupZClass(4,33,2,l) ; ; # G=C3:C8 

gap> PossibilityOf StablyPermutationF(G) ; 
[ [ 1, 1, 1, 0, -1, 0, 0, 0, -2 ] ] 

gap> i411:=[U411[29]] ; 
[ [ 4, 33, 2, 1 ] ] 



Example 9.3 (Determination whether [MgY^ = for the GAP code / e ^/432). 

gap> U432g:=List(U432,x->MatGroupZClass(x[l] ,x[2] ,x[3] ,x[4]));; 
gap> U432sub:=List(U432g,x->Set(ConjugacyClassesSubgroups2(x) , 
> y->CrystCatZClass(Representative(y)))) ; ; 

gap> U432inc:=List(U432sub,x->Set(Intersection(x,U432) ,y->Position(U432,y))) ; 
[ [ 1 ] , [ 2 ] , [1,2,3], [ 4 ] , [ 1, 4, 5 ] , [ 2, 4, 6 ] , [ 4, 7 ] , 
[ 1, 2, 3, 4, 5, 6, 7, 8 ] ] 

gap> U432[l]; # checking [M]"{fl}: non-zero 

[ 4, 31, 1, 3 ] 

gap> G:=MatGroupZClass(4,31,l,3) ; ; # G=F20 
gap> PossibilityOf StablyPermutationF(G) ; 
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[ [ 1, 1, 0, 1, -1, 0, -2 ] ] 

gap> U432[2]; # checking [M]"{fl}: non-zero 
[ 4, 31, 1, 4 ] 

gap> G:=MatGroupZClass(4,31,l,4) ; ; # G=F20 
gap> PossibilityOf StablyPermutationF(G) ; 
[ [ 1, 1, 0, 1, -1, 0, -2 ] ] 

gap> U432[4]; # checking [M] "{f 1}=0 
[ 4, 31, 3, 2 ] 

gap> G:=MatGroupZClass(4,31,3,2) ; ; # G=A5 

gap> Raiik(FlabbyResolution(G) .actionF. 1) ; # F is of raink 16 
16 

gap> mis:=SearchCoflabbyResolutionBase(TraiisposedMatrixGroup(G) ,5) ; ; 
gap> Set (List (mis, Length)) -4; # Method III could not apply 
[ 16, 21, 26, 31, 36, 41, 46, 51, 56, 61, 66, 71, 76, 81 ] 



gap> ll:=PossibilityOfStablyPermutationF(G) ; 

[ [ 1, -2, -1, 0, 0, 1, 1, 1, -1, ], [0, 0, 0, 0, 1, 1, -1, 0, 0, -1 ] ] 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 1, 1, -1, 0, 0, -1 ] 

gap> bp:=StablyPeriiiutationFCheckP(G,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

11 

gap> Length(bp[l] ) ; # rank of the both sides of (10) is 22 
22 

gap> rs :=RandoinSource(IsMersenne Twister) ; 
<RaiidomSource in IsMersenneTwister> 

gap> rr:=List( [1. .100000] ,x->List( [1. .11] ,y->Randoin(rs , [-1. .2]))) ; ; 
gap> Filtered (rr,x->Detenninant(x*bp) "2=1) ; 
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gap> Determinant (p) ; 
1 

gap> StablyPermutationFCheckMat(G,Nlist(l) ,Plist(l) ,p) ; 
true 



gap> U432[7]; # checking [M] "{f 1}=0 
[ 4, 31, 6, 2 ] 

gap> G:=MatGroupZClass(4,31,6,2) ; ; # G=C2xA5 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 16 

16 



gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,5) ; ; 

gap> Set (List (mis, Length)) -4; # Method III could not apply 

[ 16, 26, 36, 46, 56, 66, 76, 86, 96, 106, 116, 126, 136, 146, 156, 166 ] 



gap> ll:=PossibilityOfStablyPermutationF(G) ; 

[ [ 1, 0, 0, -2, 0, 0, 0, 0, -1, 0, -1, 1, 0, 0, 1, 0, -1, -1, 1, 2, 1, -2, 1 ], 
[ 0, 1, 0, 0, 0, 0, 0, -2, 0, 0, -1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, -1, ], 
[ 0, 0, 1, -1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, -1, -1, 1, 1, 1, -1, ], 
[ 0, 0, 0, 0, 1, 0, 0, 0, -1, -1, -1, -1, 0, 0, 1, 1, 0, 1, -1, 0, 0, 0, 1 ], 
[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, -1, 0, 0, 0, -1 ] ] 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, -1, 0, 0, 0, -1 ] 
gap> bp:=StablyPermutationFCheckP(G,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp) ; 
11 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 22 
22 

gap> rs : =RandomSource (IsMersenneTwister) ; 
<RandomSource in IsMersenneTwister> 

gap> rr:=List( [1. .100000] ,x->List([l. .11] ,y->Random(rs , [-1. .2]))) ; ; 
gap> Filtered(rr,x->Determinant(x*bp) "2=1) ; 



[ [ 2, 1, 0, 1, 0, 0, -1, 0, 0, 0, -1 ] 
2, 0, 1, 0, 1, -1, 0, 1, 0, 1, 1 ] , 
2, 1, 2, -1, 0, 0, -1, 0, -1, 1, 2 

gap> p : =last [1] *bp ; 



, [2,0, 1, 0, 1, -1, 0, 1,0,1,1], 

[ 2, 0, 0, 1, 1, -1, -1, 0, 0, -1, -1 ], 
] , [ 2, 1, -1, 0, 0, 0, 0, -1, 0, 0, 1 ] ] 
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0, 


-1, 


0, 


0, 0, -1, 0, 0, 0, 0, -1, 


0, 


0, 


0, 


0, 


0, 


0, 


0, -1, 0, 0, 0, 0, -1, 0, 


-1, 


0, 


0, 


0, 


0, 


0, 


-1, -1, 0, 0, 0, 0, 0, 0, 


0, 


-1, 


0, 


0, 


0, 


0, 


0, -1, 0, 0, 0, 0, -1, 0, 


0, 


-1, 






0, 


0, 


-1, 0, 0, -1, 0, -1, 0, 0, 


0, 


0, 


0, 


0, 


0, 


0, 


-1, 0, 0, -1, -1, 0, 0, 0, 


0, 


0, 


0, 


0, 


0, 


-1, 


0, 0, 0, -1, -1, 0, 0, 0, 


0, 


0, 


0, 


0, 


0, 


0, 


0, -1, 0, 0, -1, 0, 0, 0, 


-1, 


0, 


0, 




0, 


0, 


0, 0, -1, 0, 0, 0, -1, 0, 


-1, 


0, 


0, 


0, 


-1, 


0, 


0, 0, 0, 0, 0, -1, 0, -1, 


0, 


0, 


0, 




0, 


-1, 


0, 0, -1, 0, 0, 0, 0, -1, 


0, 


0, 


0, 


0, 



1, 0, 

1, 1, 

0, 1, 

0, 0, 

1, 0, 
0, 1, 
0, 0, 
0, 0, 
0, 0, 
0, 0, 
0, 0, 

, 0, 
-1, 
0, 0, 
0, -1 

, 0, 
-1, 

, 0, 
0, 0, 



0, 0, 1, 
0, 1, 0, 

0, 1, 1, 

1, 1, 1, 

1, 0, 0, 
1, 0, 0, 
-1, 0, 
0, 0, 0, 
0, 0, 0, 
0, -1, 
0, 0, -1 
, 0, 0, 
, 0, 0, 
0, 0, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 
0, 0, -1 



1, 1 ] 

1, ] 
0, 1 ] 
0, ] 

0, 1 ] 

1, ] 
, 0, 0, 

0, 0, 
-1, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 
0, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 
, 0, 0, 



] 

-1 ] 

] 

] 

] 

] 

] 

-1 ] 

] 

] 

] 

] 

] 
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[ -1, 0, 0, 0, 0, 0, 0, -1, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, -1, ], 
[ 0, -1, 0, 0, 0, -1, 0, 0, 0, -1, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, ], 
[ 0, -1, 0, 0, 0, 0, -1, 0, 0, 0, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, ] ] 

gap> Determineint (p) ; 

-1 

gap> StablyPermutationFCheckMat(G,Nlist(l) ,Plist(l) ,p) ; 
true 

gap> i432:=Differeiice(U432, [U432[4] ,U432[7]]); 

[ [ 4, 31, 1, 3 ], [ 4, 31, 1, 4 ], [ 4, 31, 2, 2 ] , [ 4, 31, 4, 2 ], 
[ 4, 31, 5, 2 ] , [ 4, 31, 7, 2 ] ] 

gap> I4:=Union(i411,i432) ; 

[ [ 4, 31, 1, 3 ], [ 4, 31, 1, 4 ], [ 4, 31, 2, 2 ], [ 4, 31, 4, 2 ], 

[ 4, 31, 5, 2 ], [ 4, 31, 7, 2 ], [ 4, 33, 2, 1 ] ] 
gap> List(I4,x->StructureDescription(MatGroupZClass(x[l] ,x[2] ,x[3] ,x[4]))) ; 

[ "C5 : C4", "C5 : C4", "C2 x (C5 : C4) " , "S5", "S5", "C2 x S5", "C3 : C8" ] 
gap> Length(I4); 
7 



Example 9.4 {[MgY^ = if and only if [MgY^ is of finite order in C{G)/S{G) for the groups G of the GAP 
codes (4, 31, 1, 3), (4, 31, 1, 4) and (4, 33, 2, 1)). 

gap> ReadC'Hn.gap") ; 

gap> G:=MatGroupZClass(4,31,l,3) ; ; # G=F20 

gap> RcLak(FlabbyResolution(G) . actionF. 1) ; # F is of rank 16 
16 

gap> 11 : =PossibilityOf StablyPerinutationF(G) ; 

[ [ 1, 1, 0, 1, -1, 0, -2 ] ] 

gap> 1:=11[1]; 

[ 1, 1, 0, 1, -1, 0, -2 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 

[ "1", "C2", "C4", "C5", "DIO", "C5 : C4" ] 

gap> gg:=StablyPennutationFCheckGen(G,Nlist(l) ,Plist(l)) ; ; 

gap> Gl:=Group(gg[l]);; 

gap> G2:=Group(gg[2]); ; 

gap> [Length(Gl.l) ,Length(G2.1)] ; # rank of the both sides is 34 
34 

gap> TateCohomology (Gl , 2) ; 

[ 2 ] 

gap> TateCohomology (G2, 2) ; 
[ 10 ] 

gap> G:=MatGroupZClass(4,31,l,4) ; ; # G=F20 

gap> 11 : =PossibilityOf StablyPermutationF(G) ; # F is of rank 16 

[ [ 1, 1, 0, 1, -1, 0, -2 ] ] 

gap> 1:=11[1] ; 

[ 1, 1, 0, 1, -1, 0, -2 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 

[ "1", "C2", "C4", "C5", "DIO", "C5 : C4" ] 

gap> gg:=StablyPermutationFCheckGen(G,Nlist(l) ,Plist(l)) ; ; 

gap> Gl:=Group(gg[l]); ; 

gap> G2 : =Group (gg [2] ) ; ; 
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gap> [LengthCGl . 1) ,Length(G2. 1)] ; # rank of the both sides is 34 
34 

gap> TateCohomologyCGl ,2) ; 
[ 5, 10 ] 

gap> TateCohomology(G2,2) ; 
[ 10 ] 

gap> G:=MatGroupZClass(4,33,2,l) ; ; # G=C3:C8 

gap> Raiik(FlabbyResolution(G) .actionF. 1) ; # F is of rank 20 

20 

gap> 11 :=PossibilityOf StablyPermutationF(G) ; 
[ [ 1, 1, 1, 0, -1, 0, 0, 0, -2 ] ] 
gap> 1:=11[1] ; 

[ 1, 1, 1, 0, -1, 0, 0, 0, -2 ] 

gap> List (ConjugacyClassesSubgroups2 (G) ,x->StructureDescription (Representative (x))) ; 
[ "1", "C2", "C3", "C4", "C6", "C8", "C12", "C3 : C8" ] 
gap> gg:=StablyPennutationFCheckGen(G,Nlist(l) ,Plist(l)) ; ; 

gap> Gl:=Group(gg[l]); 

<matrix group with 2 generators> 

gap> G2:=Group(gg[2]) ; 

<matrix group with 2 generators> 

gap> [LengthCGl . 1) ,Length(G2. 1)] ; # rank of the both sides is 44 
[ 44, 44 ] 

gap> List ( [-7 . . 7] , i->TateCohomology (Gl , i) ) ; # Tate cohomologies are coincide 
[[ ], [6], [ ], [6], [ ], [6], [0,0,0], [1,1,6], 

[ ],[6],[ ],[6],[ ],[6],[ ]] 
gap> List ([-7. .7] ,i->TateCohoinology(G2,i)) ; 

[[ ], [6], [ ], [6], [ ], [6], [0,0,0], [1,1,6], 
[ ],[6],[ ],[6],[ ],[6],[ ]] 

gap> Length (GeneratorsOf Group (G) ) ; # number of generators of G is 2 
2 

gap> List( [G. 1,G.2] ,Order) ; # order of two generators are 8, 12 
[ 8, 12 ] 
gap> a:=G.2"4; 

[ [ -1, -1, -1, 1 ], [1, 0, 0, -1 ], [ 0, 0, -1, 1 ], [0, 0, -1, ] ] 
gap> b:=G.l; 

[ [ 0, 0, -1, ], [ -1, 0, 0, ], [ 1, 1, 1, -2 ], [ 0, 1, 0, -1 ] ] 

gap> List ( [a, b] .Order) ; 

[ 3, 8 ] 

gap> a"b=a"2; 

true 

gap> G=Group(a,b) ; 
true 

gap> Gl_3:=Group(gg[l]*Z(3)) ; ; 
gap> G2_3:=Group(gg[2]*Z(3)) ; ; 

gap> vl:=VectorSpace(GF(3"2) , (Gl_3 .2~4-IdentityMat (44) *Z(3) '0) '2) ; 
<vector space over GF(3"2), with 44 generators> 

gap> v2:=VectorSpace(GF(3"2) , (G2_3.2~4-IdentityMat(44)*Z(3)~0)~2) ; 
<vector space over GF(3~2), with 44 generators> 
gap> List ( [vl,v2] , Dimension) ; 
[ 12, 12 ] 
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gap> Eigenvalues (GF(3~ 2) ,G1_3. 1) ; 

[ Z(3), Z(3)"0, Z(3"2)"5, Z(3"2)"6, Z(3"2)-7, Z(3"2), Z(3"2)"2, Z(3"2)-3 ] 
gap> Eigenvalues (GF(3~ 2) ,G2_3. 1) ; 

[ Z(3), Z(3)-0, Z(3-2)-5, Z(3-2)-6, Z(3-2)-7, Z(3-2), Z(3-2)-2, Z(3-2)-3 ] 

gap> el:=Eigenspaces(GF(3"2) ,G1_3.1) ; 

[ <vector space over GF(3"2), with 7 generators>, 

<vector space over GF(3~2), with 7 generators>, 

<vector space over GF(3~2), with 4 generators>, 

<vector space over GF(3"2) , with 7 generators>, 

<vector space over GF(3~2), with 4 generators>, 

<vector space over GF(3~2), with 4 generators>, 

<vector space over GF(3~2), with 7 generators>, 

<vector space over GF(3"2) , with 4 generators> ] 
gap> e2:=Eigenspaces(GF(3"2) ,G2_3. 1) ; 
[ <vector space over GF(3~2), with 7 generators>, 

<vector space over GF(3~2) , with 7 generators>, 

<vector space over GF(3"2) , with 4 generators>, 

<vector space over GF(3~2), with 7 generators>, 

<vector space over GF(3~2) , with 4 generators>, 

<vector space over GF(3"2) , with 4 generators>, 

<vector space over GF(3~2), with 7 generators>, 

<vector space over GF(3~2), with 4 generators> ] 
gap> List (el ,x->Diiiiension(Intersection(x, vl) ) ) ; 
[ 2, 2, 2, 2, 2, 0, 2, ] 

gap> List(e2,x->Dimension(Intersection(x,v2))) ; 
[ 2, 2, 1, 2, 1, 1, 2, 1 ] 



Example 9.5 {[MgY^ + [Js^/s^V^ = for the group G S5 of the GAP code (4,31,5,2)). 

gap> ip:=lnverseProjection( [[4,31,4,2] , [4,31 ,5 ,2] ] ) ; 
[ <matrix group of size 120 with 3 generators>, 

<matrix group of size 14400 with 6 generators>, 

<matrix group of size 7200 with 5 generators> ] 
gap> G:=ip[l] ; # G=S5 

<inatrix group of size 120 with 3 generators> 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 32 

32 

gap> ll:=PossibilityOfStablyPermutationF(G) ; 

[ [ 1, 0, 0, 0, 0, -4, 0, -1, 1, 0, -3, 0, 0, -1, 0, 4, 4, 1, -4, 1 ], 
[ 0, 1, 0, 0, 0, -1, -1, 0, 0, 0, -1, 0, 0, 0, 1, 1, 1, 0, -1, ], 

[ 0, 0, 1, 0, 0, -2, 0, 0, 1, 0, -1, 0, -1, -1, 0, 2, 2, 1, -2, ], 
[ 0, 0, 0, 1, 0, 0, 0, -1, -1, -1, -1, 0, 1, 0, 0, 0, 0, 0, 0, 1 ], 
[ 0, 0, 0, 0, 1, -2, 2, 0, 2, 1, -2, -2, -1, -2, -2, 2, 4, 1, -2, ] ] 
gap> 1 : =11 [4] ; 

[ 0, 0, 0, 1, 0, 0, 0, -1, -1, -1, -1, 0, 1, 0, 0, 0, 0, 0, 0, 1 ] 

gap> Length (1) ; 

20 

gap> [1 [4] , 1 [13] , 1 [20] , 1 [8] , 1 [9] , 1 [10] , 1 [11] ] ; 
[ 1, 1, 1, -1, -1, -1, -1 ] 

gap> ss:=List(ConjugacyClassesSubgroups2(G) ,x->StructureDescription (Representative (x))) ; 
[ "1", "C2", "C2", "C3", "C2 X C2", "C2 x C2" , "C4", "C5", "C6", "S3", 

"S3", "D8", "DIO", "A4", "D12", "C5 : C4", "S4", "A5", "S5" ] 
gap> [ss[4] ,ss[13] ,ss[8] ,ss[9] ,ss[10] ,ss[ll]] ; 
[ "C3", "DIO", "C5", "C6", "S3", "S3" ] 
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gap> 12 :=IdentityMat (Length (1)) [Length(l) -1] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, ] 

gap> bp:=StablyPermutatioiiFCheckP(G,Nlist(l)+12,Plist(l)+12) ; ; 

gap> Length (bp) ; 

85 

gap> Length(bp[l] ) ; # rank of the both sides is 85 
85 

# after some efforts we may get 

gap> n:=[ -1, 1, 1, 1, -1, -1, -1, 0, 0, 1, 1, 1, 0, 0, -1, 0, 0, 0, -1, 0, 

> 0, -1, -1, -1, 0, 0, 0, 0, 0, -1, 0, 0, 0, 0, -1, 0, -1, 0, 1, 0, 

> -1, -1, 1, 0, 0, -1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 0, 

> 0, 0, 1, -1, -1, 0, -1, -1, -1, 1, 0, 1, -1, 1, -1, -1, 1, 1, 1, 1, 

> 5, 2, -3, 3, -2 ] 
gap> p : =n*bp ; ; 

gap> StablyPermutationFCheckMat(G,Nlist(l)+12,Plist(l)+12,p) ; 
true 



Example 9.6 {[MoY^ + [Jf^o/c^V^ = the group G ~ F20 of the GAP code (4, 31, 1, 4)). 

gap> ip:=InverseProjection( [[4,31,1,3] , [4,31,1,4]]) ; 
[ <matrix group of size 20 with 3 generators>, 

<matrix group of size 400 with 4 generators>, 

<matrix group of size 200 with 5 generators>, 

<matrix group of size 100 with 4 generators>, 

<matrix group of size 100 with 4 generators> ] 
gap> G:=ip[l];; # G=F20 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 32 

32 

gap> ll:=PossibilityOf StablyPermutationF(G) ; 

[ [ 1, 1, 0, 1, -1, 0, -1 ] ] 

gap> 1:=11[1] ; 

[ 1, 1, 0, 1, -1, 0, -1 ] 

gap> List(ConjugacyClassesSubgroups2(G) , x->StructureDescription (Representative (x) ) ) ; 

[ "1", "C2", "C4", "C5", "DIO", "C5 : C4" ] 

gap> bp:=StablyPermutationFCheckP(G,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

62 

gap> Length(bp[l] ) ; # rank of the both sides of (10) is 34 
34 

# after some efforts we may get 

gap> n:=[ 1, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 1, 1, -1, 0, 1, 0, -1, 1, 1, 

> 0, 0, -1, -1, 0, 1, 1, -1, 0, 1, -1, -1, 0, 0, 1, -1, 0, 1, 1, 0, 

> 0, 0, 0, 1, 1, -1, 0, -1, 1, -1, 1, 0, 1, 1, 0, -1, -1, 1, -1, -1, 

> 0, -1 ] ; 

gap> p : =n*bp ; ; 

gap> Determinant (p) ; 

1 

gap> StablyPermutationFCheckMat(G,Nlist(l) ,Plist(l) ,p) ; 
true 
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10. Proof of Theorem 11.261 
Let G be a finite subgroup of GL(5, %) and M — Mg be the corresponding G-lattice of rank 5 as in Definition 

[ESI 

Step 1. The case where Mq is decomposable. 

We assume that Mq ~ Afi Mi is decomposable with rank M\ > rank A/2 > 1. Hence rank Mi < 4 and 
rank M2 < 2. It follows from TheoremOand Lemma [2T4l that [MiY^ = and [A/g]-'' = [Mi^K 

There exist exactly 25 G-lattices Mq — Mi ® M2 with [MgY^ 7^ but invertible whose GAP codes I41 are 
computed in Example 14.121 fsee also Table 11). 

There exist exactly 245 (resp. 849, 768) G-lattices Mq ^ Mi ® M2 ® M3 with rank Mi = 3, rank A/2 = 1, 
rank M3 = 1 (resp. Mq ^ A/i ® A/2 with rank Mi = 3, rank M2 = 2, Mq ~ A/i © A/2 with rank Mi = 4, rank 
A/2 = 1) and [AIgV' 7^ whose GAP codes Afsu (resp. A/32, Af4i) are computed in Example 14. 121 (see also Tables 
12, 13 and 14). 

Step 2. Determination of all G-lattices Mq whose fiabby class [MgY^ is not invertible. 

We assume that Mq is indecomposable. There exist 1452 indecomposable G-lattices Mq of rank 5 (see Exam- 
ple |4]9]). By using IsInvertibleF as in Algorithm IF21 we see that there exist exactly 1141 G-lattices Mq with 
[AIgV" not invertible (see Example 110.11 below) . In the next step, we will show that all the remaining 311 cases 
satisfy [MgY' = 0. 

Step 3. Verification of [MgV^ = for all the remaining 311 cases. 

First, we see that for all the remaining 311 G-lattices Mg G is a subgroup of at least one of the 18 groups 
of the CARAT codes as in Table 9 (see Example 110.21 below). Hence by Lemma [2.171 it is enough to show that 
[MGy- = for the 18 groups G in Table 9. 





Table 9: 


the maximal 18 groups in 


the remaining 


311 cases 






CARAT code 


G 


#G 


Method 


CARAT code 


G 


#G 


Method 


(5,942,1) 


Imf(5,l,l) 


3840 


flfl 


(5,947,2) 


^5 


120 


Method HI +a 


(5,953,4) 


5*6 


720 


flfl 


(5,337,12) 


Di X ^3 


48 


Method HI 


(5,726,4) 




384 


flfl 


(5,341,6) 


Di X ^3 


48 


Method HI 


(5,919,4) 


G2 X ^5 


240 


Method HI 


(5,531,13) 


G2 X 5*4 


48 


Method HI 


(5,801,3) 


G2 X {Si X G2) 


144 


Method HI 


(5,533,8) 


G2 X Si 


48 


Method HI 


(5,655,4) 


Dl X G2 


128 


flfl 


(5,623,4) 


C2 X 5*4 


48 


Method HI 


(5,911,4) 


^5 


120 


Method I (1) 


(5,245,12) 


C| X ^3 


24 


Method HI 


(5,946,2) 


^5 


120 


Method I (2) 


(5,81,42) 


G2 X D4 


16 


flfl 


(5,946,4) 


^5 


120 


Method II +a 


(5,81,48) 


G2 X L>4 


16 


flfl 



Using flfl as in Algorithm IF3I once or twice, we see that [MgY^ = for the 6 groups G of the CARAT codes 
(5,942,1), (5,953,4), (5,726,4), (5,655,4), (5,81,42) and (5,81,48) (see Example [inj below). 

Using functions in Algorithm IF7I Method HI, we may confirm that [MgY^ = for the 8 groups G of the 
CARAT codes (5, 919, 4), (5, 801, 3), (5, 337, 12), (5, 341, 6), (5, 531, 13), (5, 533, 8), (5, 623, 4) and (5, 245, 12) (see 
Example 110.41 below) . Thus there are 4 remaining cases which are groups G ~ ^5 of order 120 of the CARAT 
codes (5,911,4), (5,946,2), (5,946,4), (5,947,2). 

For two group G of the CARAT codes (5, 911, 4) and (5, 946, 2), by Method I (1) and Method I (2) respectively, 
we have that [MgY'' — (see Example 110.51 below and Example 15. 6p . Indeed, for the group G of the CARAT 
code (5,911,4), we see that Mg is fiabby and coflabby and hence stably permutation by Theorem 16.21 This 
implies [MgY^ — 0. We also see that for the group G of the CARAT code (5, 946, 2), the carat code of F with 
[F] = [MGy- is (5,911,4). Hence we confirm that [MgY^ = 0. 

For the group G ~ of the CARAT code (5, 947, 2), using Algorithm [FTl Method HI, we may find the flabby 
class [MgY^ = [F] where F is of rank 21. However, the rank of the both sides of (|10p becomes 81. Thus we take 
another F of rank 25 (see Example 110.61 below). Then the rank of the both sides of ([TU| becomes 55. By using 
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PossibilityOf StablyPermutationFFromBase, it is possible that 

(17) ^[G/i/e] © K[G/i/ii] ® ^[G/H^-j] ~ Z[G/i?io] ® ^[G/i/is] ® F 

where iJg — G|, ffn ~ 5*3, Hn ~ ^4, -ffio — 5*3 and iJi5 ~ (the rank of the both sides is 30 + 20 + 5 = 
20 + 10 + 25 = 55). We could not establish the isomorphism ([T7|) . However, as in Example 15.61 (Algorithm IF5I 
Method I (2)), after adding Z to the both sides of (|17p. we may confirm that the isomorphism 

7L[G/H&] e 7L[G/Hii] ® 'L[G/Hn] ®7L~ 7L[G/Hw] ® ^[G/i/is] ®F®7L 

holds (see Example 110. 6|) . 

For the group G ~ S'5 of the CARAT code (5,946,4), Method III does not work well. We may obtain 
[Mcy- = \F\ with F rank 17 by FlabbyResolution(G) .actionF. Using PossibilityOf StablyPermutationF, 
it turns out that the isomorphism 

(18) Z[G/i/6] © ^[iJg] e TL\GlHxi\ ® ^[G/i/ie] © 2Z[G/7Ji7] © ^[G/i/is] 
~ TL{GlH-j\ ® Z[G/i7io] © S[G/i/i4] ®%®F 

may occur where ~ G|, i/g ~ iJn ~ 6*3, i/ie -F20, i/i7 ^ i/is ^ ^5, -H^7 - G4, H^a ~ Ge, i?i4 =i ^4 
and i/i5 ~ De (the rank of the both sides is 30 + 20 + 20 + 6 + 2 x 5 + 2 30 + 20 + 10 + 10 + 1 + 17 = 88). 
After some efforts, we see that the isomorphism actually holds (see Example 1 1 . 71 below*) . 

Step 4. [Mg]^' = if and only if [Mg]^' is of finite order in G{G)IS{G). 

We should show that if G is one of the 25 groups as in Table 11, i.e. the 25 cases where \Mg\^^ is not zero but 
invertible, then {(Mg)®'']^^ ^ for any r > 1 (see also Step 5 of Section E]). By Remark [TH [MgY^ = [Mi]-^' 
where Mq — Mi ® M2, Mi is a G/A^i-lattice of rank 4 which is one of the 7 cases as in Table 2. Note that 
[Ml]-''' = pg{Mi) = if and only if Pg/Ni{Mi) = by Lemma [2. 141 Hence the assertion follows from Step 5 of 
Section [S □ 

Example 10.1 (Determination of all the cases where [MgY^ is not invertible). 

gap> Read ("caratnumber .gap") ; 
gap> ReadC'FlabbyResolution.gap") ; 
gap> Read ("KS. gap") ; 

gap> ind5 : =LatticeDecompositions (5 : Carat) [NrPartitions (5)] ; ; 

gap> Length(ind5) ; 

1452 

gap> N5:=Filtered(ind5,x->IsInvertibleF(CaratMatGroupZClass(x[l] ,x[2] ,x[3] ))=false) ; ; 

gap> Length(N5); 

1141 



Example 10.2 (The maximal 18 groups in the remaining 311 cases ). 

gap> U5:=Difference(ind5,N5) ; ; 

gap> Length (U5) ; 

311 

gap> ggl8:=[[5, 942,1] , [5,953,4] , [5,726,4] , [5,919,4] , [5,801,3] , [5,655,4] , 

> [5,911,4] , [5,946,2] , [5,946,4] , [5,947,2] , [5,337,12] , [5,341,6] , 

> [5,531,13] , [5,533,8] , [5,623,4] , [5,245,12] , [5,81,42] , [5 ,81 ,48] ] ; ; 
gap> Length (ggl8) ; 

18 

gap> ggl8sub : =Union (Set (ggl8 , y->Set (ConjugacyClassesSubgroups2 (y) , 

> x->CaratZClass (Representative (x) ) ) ) ) ; 
gap> Dif f erence(e5a,ggl8sub) ; 

[ ] 
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Example 10.3 (Verification of [Mq]/' = for the 6 groups G of the CARAT code (5, 942, 1), (5, 953, 4), (5, 726, 4), 
(5,655,4), (5,81,42) and (5,81,48): Method flfl). 

gap> flfl(CaratMatGroupZClass(5,942,l)) ; # G=Imf(5,l,l) 
[ ] 

gap> flfl(CaratMatGroupZClass(5,953,4)) ; # G=S6 
[ ] 

gap> flfl(CaratMatGroupZClass(5,726,4)) ; # #G=384 
[ ] 

gap> flfl(flfl(CaratMatGroupZClass(5,655,4))) ; # G=(D4xD4):C2 

[ ] 

gap> flfl(flfl(CaratMatGroupZClass(5,81,42))) ; # G=C2xD4 
[ ] 

gap> flfl(flfl(CaratMatGroupZClass(5,81,48))); # G=C2xD4 
[ ] 



Example 10.4 (Verification of [MgY^ = for the 8 groups G of the CARAT codes (5,919,4), (5,801,3), 
(5,337,12), (5,341,6), (5,531,13), (5,533,8), (5,623,4) and (5,245,12): Method III). 

gap> G:=CaratMatGroupZClass(5,919,4) ; ; # G=C2xS5 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 27 

27 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 
gap> List (mis , Length) ; 

[ 42, 32, 42, 82, 72, 42, 32, 32, 42, 32, 12 ] 

gap> mi : =mis [Length (mis)] ; # (new) F is of rank 7 (=12-5) 

[ [ -1, 0, 0, 0, -1 ], [ -1, 0, 1, 1, -2 ], [ -1, 1, 1, 0, -1 ], [ 0, -1, 0, 1, ], 
[ 0, 0, -1, 0, 1 ], [ 0, 0, 0, -1, 1 ], [0, 0, 0, 1, -1 ], [ 0, 0, 1, 0, -1 ], 
[ 0, 1, 0, -1, ], [ 1, -1, -1, 0, 1 ], [ 1, 0, -1, -1, 2 ], [ 1, 0, 0, 0, 1 ] ] 

gap> 11 : =PossibilityOf StablyPennutationFFromBase(G,mi) ; ; 

gap> Length (11) ; 

18 

gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, -1 ] 
gap> StablyPermutationFCheckFromBase(G,mi,Nlist(l) ,Plist(l)) ; 
[[0,0, 0, -1, 0, 0, -1 ] , 

[ 1, 1, 1, 1, 1, 1, 3 ], 

[ -1, 0, 0, 0, 0, 0, -1 ] , 

[ 0, -1, 0, 0, 0, 0, -1 ] , 

[ 0, 0, -1, 0, 0, -1, ] , 

[ 0, 0, 0, 0, -1, -1, ] , 

[ 0, 0, 0, 0, -1, 0, -1 ] ] 

gap> G:=CaratMatGroupZClass(5,801,3) ; ; # #G=144 

gap> Rajik(FlabbyResolution(G) . actionF. 1) ; # F is of raink 25 

25 

gap> mis:=SearchCoflabbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 
gap> List (mis, Length) ; 

[ 48, 48, 32, 32, 66, 66, 50, 50, 48, 48, 32, 32, 32, 48, 42, 42, 30, 32, 48, 42, 

30, 32, 26, 26, 14, 32, 26, 14 ] 
gap> mi : =mis [Length (mis)] ; # (new) F is of rank 9 (=14-5) 

[ [ -1, -1, 0, 1, ], [ -1, -1, 1, 1, -1 ], [ -1, 0, 0, 0, ], [ 0, -1, 0, 0, ], 
[ 0, 0, -1, 0, ], [ 0, 0, 0, -1, ], [0, 0, 0, 0, -1 ], [ 0, 0, 0, 0, 1 ], 
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[ 0, 0, 0, 1, ], [ 0, 0, 1, 0, ], [ 0, 1, 0, 0, ], [ 1, 0, 0, 0, ], 

[ 1, 1, -1, -1,1], [1, 1, 0, -1,0]] 
gap> 11 : =PossibilityOf StablyPermutationFFromBaseCG.mi) ; ; 
gap> Length(ll) ; 
32 

gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -1, 0, 
0, 0, 0, 0, 1, -1 ] 

gap> bp:=StablyPermutationFCheckPFromBase(G,ini,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

16 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 11 
11 

gap> rr :=Filtered (Tuples ( [0,1] ,16) ,x->DeteniiinantMat (x*bp) ~2=1) ; ; 
gap> Length (rr); 

104 

gap> rr [1] ; 

[ 0, 1, 0, 1, 0, 0, 0, 1, 1, 0, 1, 0, 1, 0, 0, ] 
gap> p:=rr[l]*bp; 

[[0,0, 1, 1, 0, 1, 0, 1,1,0,0], 

[ 1, 1, 0, 0, 1, 0, 1, 0, 0, 1, ] , 

[ 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1 ] , 

[ 0, 1, 0, 0, 1, 0, 1, 0,0,0,0], 

[ 0, 0, 0, 1, 0, 1, 0, 1,0,0,0], 

[ 0, 0, 1, 0, 0, 1, 0, 1, 0, 0, ] , 

[ 1, 0, 0, 0, 1, 0, 1, 0, 0, 0, ] , 

[ 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, ] , 

[ 1, 1, 0, 0, 0, 0, 0, 0, 0, 1,0], 

[ 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, ] , 

[ 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, ] ] 
gap> StablyPermutationFCheckMatFroinBase(G,ini,Nlist(l) ,Plist(l) ,p) ; 
true 

gap> G:=CaratMatGroupZClass(5,337,12) ; ; # G=D4xS3 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 17 

17 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 
gap> List (mis, Length) ; 

[ 34, 34, 22, 22, 22, 22, 22, 22, 22, 22, 22, 14, 14, 22, 22, 22, 22, 22, 22, 14, 

14, 22, 22, 22, 22, 22, 22, 16, 16, 16, 16, 16, 16, 12, 10, 12, 10 ] 
gap> mi :=mis [Length (mis)] ; # (new) F is of rank 5 (=10-5) 

[ [ -1, 1, 1, 1, -1 ], [ -1, 1, 1, 2, -1 ], [ -1, 1, 2, 1, -1 ], [ 0, -1, -1, -1, 1 
[ 0, 0, -1, -1, 2 ], [0, 0, 1, 1, -2 ], [ 0, 0, 1, 1, -1 ], [ 1, -1, -2, -1, 1 ], 
[ 1, -1, -1, -2, 1 ] , [ 1, 0, -1, -1,1]] 

gap> ll:=PossibilityOfStablyPermutationFFromBase(G,mi) ; 

[ [ 1, -1, -1, -1, -1, 0, 1, -1, 1, -2, 2 ], [0, 0, 0, 0, 0, 1, 0, 1, 0, 0, -1 ] ] 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, -1 ] 

gap> StablyPermutationFCheckFromBase(G,mi,Nlist(l) ,Plist(l)) ; 
[ [ 1, 1, 1, 0, 2 ] , 

[ -1, 0, 0, 0, -1 ] , 

[ 0, -1, 0, 0, -1 ] , 

[ 0, 0, 0, 1, -1 ] , 
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[ 0, 0, -1, -1, ] ] 

gap> G:=CaratMatGroupZClass(5,341,6) ; ; # G=D4xS3 

gap> ReLak(FlabbyResolutioii(G) .actionF. 1) ; # F is of reink 14 

14 

gap> mis :=SearchCof labbyResolutionBaseCTransposedMatrixGroupCG) ,3) ; ; # Method III 

gap> List (mis, Length) ; 

[ 19, 19, 19, 19, 11, 19, 19, 11, 19, 19, 19, 19, 10, 10, 10, 11, 7, 8, 8 ] 
gap> mi :=mis [Length(mis)-2] ; # (new) F is of rank 2 (=7-5) 

[ [ -1, 0, 1, 1, -1 ], [ -1, 1, 1, 1, -1 ], [ -1, 1, 1, 1, ], [ 0, 0, 0, 1, -1 ], 

[ 0, 0, 1, 0, -1 ], [ 0, 0, 1, 1, -1 ], [ 0, 1, 1, 1, -1 ] ] 
gap> FlabbyResolutionFromBase (G, mi) . actionF; # (new) F is permutation 
Group([ [ [ 1, ], [ 0, 1 ] ], [ [ 1, ], [ 0, 1 ] ], [ [ 0, 1 ], [ 1, ] ] ]) 

gap> G:=CaratMatGroupZClass(5,531,13) ; ; # G=C2xS4 

gap> Rank (FlabbyResolution(G) .actionF. 1) ; # F is of rank 15 

15 

gap> mis:=SearchCoflabbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 
gap> List (mis , Length) ; 

[ 18, 18, 14, 14, 14, 14, 12, 12, 10, 12, 6, 7, 12, 6, 7 ] 

gap> mi :=mis [Length (mis) -1] ; # (new) F is trivial of rEink 1 (=6-5) 

[ [ 0, 0, 0, 1, ], [ 0, 0, 1, 1, 1 ], [ 0, 1, 0, 1, 1 ], 

[ 1, -1, -1, 0, -1 ], [ 1, 0, 0, 0, -1 ], [ 1, 0, 0, 0, ] ] 
gap> FlabbyResolutionFromBase(G, mi) .actionF; # (new) F is trivial of rank 1 
Group([ [ [ 1 ] ] , [ [ 1 ] ] ]) 

gap> G:=CaratMatGroupZClass(5,533,8) ; ; # G=C2xS4 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 44 

44 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 

gap> List (mis , Length) ; 

[ 29, 29, 15, 15, 15, 15 ] 

gap> mi : =mis [Length (mis)] ; # (new) F is of rank 10 (=15-5) 

[ [ -1, 0, -1, 0, 1 ], [ -1, 0, -1, 1, ], [ 0, 0, -1, 0, 1 ], [ 0, 0, -1, 1, ], 
[ 0, 0, 0, 0, 1 ], [ 0, 0, 0, 1, ], [ 0, 1, -1, 0, 1 ], [ 0, 1, -1, 0, 2 ], 

[ 0, 1, -1, 1, ], [ 0, 1, -1, 1, 1 ], [ 0, 1, -1, 2, ], [ 0, 1, 0, 0, 1 ], 

[ 0, 1, 0, 1, ], [ 1, 1, 0, 0, 1 ], [ 1, 1, 0, 1, ] ] 
gap> ll:=PossibilityOf StablyPermutationFFromBase(G,mi) ; ; 
gap> Length(ll) ; 

5 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 

0, -1, 0, 0, 0, 1, -1 ] 
gap> bp:=StablyPermutationFCheckPFromBase(G,mi,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp) ; 
20 

gap> Length(bp[l] ) ; # rank of the both sides of (10) is 13 
13 

gap> rr :=Filtered (Tuples ( [0,1] ,20) ,x->DeterminantMat (x*bp) '2=1) ; ; 

gap> Length (rr) ; 

2448 

gap> rr[l] ; 

[ 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1 ] 
gap> p:=rr[l]*bp; 

[ [ 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1 ] , 
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[ -2, -2, -2, -2, -2, -2, -1, -1, -1, -1, -1, -1, -2 ], 

[ 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, ] ] 
gap> StablyPermutationFCheckMatFroinBase(G,ini,Nlist(l) ,Plist(l) ,p) ; 
true 



gap> G:=CaratMatGroupZClass(5,623,4) ; ; # G=C2xS4 

gap> Raiik(FlabbyResolution(G) .actionF. 1) ; # F is of rank 13 

13 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 
gap> Li St (mis, Length) ; 

[ 42, 30, 24, 33, 21, 15, 36, 38, 42, 33, 42, 36, 30, 24, 18, 26, 20, 30, 24, 21, 

15, 24, 18, 12 ] 
gap> mi :=mis [Length (mis)] ; # (new) F is of rcmk 7 (=12-5) 

[ [ -1, -1, 1, 0, ], [ -1, 0, 1, 0, ], [ -1, 1, -1, 1, -1 ], [ -1, 1, 0, 1, -1 ], 
[ 0, -1, 1, -1, 1 ], [0, 0, 1, -1, 1 ], [0, 1, -1, 1, -1 ], [ 0, 1, 0, 1, -1 ], 
[ 1, -1, 0, -1, 1 ], [1, -1, 0, 0, 1 ], [ 1, 0, -1, -1, ], [1, 0, -1, 0, ] ] 

gap> ll:=PossibilityOfStablyPermutationFFromBase(G,mi) ; 

[ [ 0, 2, 1, -1, -1 ] ] 

gap> 1:=11[1] ; 

[ 0, 2, 1, -1, -1 ] 

gap> bp:=StablyPermutationFCheckPFromBase(G,mi,Nlist(l) ,Plist(l)) ; ; 

gap> Length (bp) ; 

14 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 8 
8 

gap> rr:=Filtered(Tuples( [0,1] ,14) ,x->DeterminantMat (x*bp) "2=1) ; ; 

gap> Length (rr) ; 

224 

gap> rr [1] ; 

[ 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1 ] 

gap> p:=rr[l]*bp; 

[ [ 0, 0, 0, 1, 1,1,1,1], 

[ 1, 0, 0, 0, 0, 0, 0, ] , 

[ 0, 0, 1, 0, 1,0,0,1], 

[ 0, 1, 0, 0, 0, 0, 0, ] , 

[ 0, 0, 1, 1, 0,0, 1,0], 

[ 0, 1, 0, 0, 0,1,1,0], 

[ 1, 0, 0, 0, 0,1,0,1], 

[ 0, 1, 0, 1, 0, 0, 0, 1 ] ] 
gap> StablyPermutationFCheckMatFromBase(G,mi,Nlist(l) ,Plist(l) ,p) ; 
true 



gap> G:=CaratMatGroupZClass(5,245,12) ; ; # G=C2"2xS3 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 16 

16 
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gap> iiiis:=SearchCoflabbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 
gap> Li St (mis, Length) ; 
[ 11 ] 

gap> mi:=mis[l]; # (new) F is of rank 6 (=11-5) 

[ [ -1, -1, 1, -2, ], [ -1, 0, 1, -2, -1 ], [ 0, 0, -1, 1, 1 ], [ 0, 0, 0, -1, -1 ], 
[ 0, 0, 0, 1, 1 ], [ 0, 0, 1, -2, -1 ], [ 0, 0, 1, -1, -1 ], [ 0, 1, -1, 2, 1 ], 
[ 0, 1, 0, 0, ], [ 1, 1, -1, 2, ], [ 1, 1, -1, 2, 1 ] ] 

gap> 11 :=PossibilityOf StablyPermutationFFromBase(G,ini) ; ; 

gap> Length (11) ; 

8 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 

1, 0, 0, 1, 0, 0, -1, -1 ] 
gap> StablyPermutationFCheckFroinBase(G,mi,Nlist(l) ,Plist(l)) ; 
[ [ -1, -1, -1, 0, 0, -1, -1 ], 

[ 1, 0, 1, 0,0,0, 1 ] , 

[ 1, 1, 1, 0, -1, 1, ], 

[ 0, 1, 1, 0,0,1,0], 

[ 1, 1, 0, 0, 0, 0, 1 ] , 

[ 1, 1, 0, 0, 0, 1, ] , 

[ 1, 1, 1, -1, 0, 1, ] ] 

Example 10.5 (Verification of [MgY^ = for two groups G ~ ^5 of the CARAT codes (5, 911, 4) and (5, 946, 2)). 

gap> G:=CaratMatGroupZClass(5,911,4) ; ; # G=S5 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 11 

11 

gap> mis : =SearchCof labbyResolutionBase(TrajisposedMatrixGroup(G) ,3) ; ; # Method III 
gap> List (mis, Length) ; 
[ 36, 16, 16, 16, 16, 6 ] 

gap> mi : =mis [Length (mis)] ; # (new) F is of rank 1 (=6-5) 

[ [ 0, 0, -1, 0, 1 ], [ 0, 0, 0, -1, 1 ], [0, 1, 0, -1, ], 

[ 1, -1, -1, 0, 1 ], [ 1, 0, -1, -1, 2 ], [ 1, 0, 0, 0, 1 ] ] 
gap> FlabbyResolutionFroinBase(G, mi) .actionF; # (new) F is trivial 
Group([ [ [ 1 ] ], [ [ 1 ] ] ]) 

gap> G:=CaratMatGroupZClass(5,946,2) ; ; # G=S5 
gap> CaratZClass(FlabbyResolution(G) .actionF); 
[ 5, 911, 4 ] 

Example 10.6 (Verification of [MgY'' = for the group G S5 of the CARAT code (5,947,2)). 

gap> G:=CaratMatGroupZClass(5,947,2) ; ; # G=S5 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 45 

45 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,3) ; ; # Method III 

gap> List (mis, Length) ; 

[ 51, 81, 51, 51, 41, 105, 75, 75, 65, 45, 96, 66, 66, 56, 36, 96, 96, 86, 66, 66, 

56, 36, 56, 36, 26, 120, 120, 110, 90, 90, 80, 60, 80, 60, 50, 30 ] 
gap> mi26:=mis[25] ; ; # (new) F is of rank 21 (=26-5) 
gap> ll:=Possibility0fStablyPermutationFFromBase(G,mi26) ; ; 
gap> Length (11) ; 
5 
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gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 1, -1, 0, 1, -1, 1, 0, 0, 0, -1, 1, 1, 0, 0, -1 ] 

gap> bp:=StablyPermutationFCheckPFromBase(G,ini26,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp [1] ) ; # but the rank of the both sides of (10) is 81 
81 

gap> mi : =mis [Length (mis)] ; # (new) F is of rank 25 (=30-5) 

[ [ -2, -1, -1, 0, 1 ], [ -2, 0, -1, 1, 1 ], [ -1, -2, 0, -1, 1 ], [ -1, -1, -1, -1, 1 ], 
[ -1, -1, -1, 0, ], [ -1, -1, 0, -1, ], [ -1, 0, 0, 1, 1 ], [ -1, 1, -1, 1, 1 ], 
[ -1, 1, -1, 2, ], [ -1, 1, 0, 1, ], [ 0, -2, 1, -1, 1 ], [0, -1, 1, 0, 1 ], 
[ 0, 0, -1, -1, 1 ], [0, 0, -1, 1, -1 ], [ 0, 0, 1, -1, -1 ], [ 0, 1, -1, 0, 1 ], 
[ 0, 1, -1, 2, -1 ], [ 0, 1, 1, 0, -1 ], [ 1, -1, 1, -1, 1 ], [1, -1, 1, 0, ], 
[ 1, -1, 2, -1, ], [1, 0, 0, -1, 1 ], [1, 0, 0, 1, -1 ], [ 1, 0, 2, -1, -1 ], 
[ 1, 1, -1, 0, ], [ 1, 1, -1, 1, -1 ], [ 1, 1, 0, -1, ], [1, 1, 0, 1, -2 ], 
[ 1, 1, 1, -1, -1 ] , [1,1, 1, 0, -2 ] ] 

gap> ll:=PossibilityOfStablyPermutationFFromBase(G,mi) ; 

[ [ 1, 0, 0, -1, 0, 0, -4, 0, 1, -2, 2, 0, -1, -1, 0, 4, 4, 1, -4, ], 
[ 0, 1, 0, 0, 0, 0, -1, 0, 0, -2, 1, 0, 0, 0, 0, 1, 2, 0, -1, -1 ], 
[ 0, 0, 1, 0, 0, 0, -2, 0, 0, -1, 1, 0, -1, -1, 0, 2, 2, 1, -2, ], 
[0, 0, 0, 0, 1, 0, -2, 0, 1, 0, 0, -2, -1, -2, 0, 2, 2, 1, -2, 2], 
[ 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, 1, 0, 0, 0, -1, 0, 1, 0, 0, -1 ] ] 

gap> 1: =11 [Length (11)] ; 

[ 0, 0, 0, 0, 0, 1, 0, 0, 0, -1, 1, 0, 0, 0, -1, 0, 1, 0, 0, -1 ] 

gap> Length (1) ; 

20 

gap> [1[6] ,1[11] ,1[17] ,1[10] ,1[15] ,1[20]] ; 
[ 1, 1, 1, -1, -1, -1 ] 

gap> ss:=List(ConjugacyClassesSubgroups2(G) ,x->StructureDescription (Representative (x))) ; 
[ "1", "C2", "C2", "C3", "C2 X C2", "C2 x C2", "C4", "C5", "C6", "S3", "S3", 

"D8", "DIO", "A4", "D12", "C5 : C4", "S4", "A5", "S5" ] 
gap> Length(ss); 
19 

gap> [ss[6] ,ss[ll] ,ss[17] ,ss[10] ,ss[15]] ; 
[ "C2 X C2", "S3", "S4", "S3", "D12" ] 

gap> bp:=StablyPermutationFCheckPFromBase(G,mi,Nlist(l) ,Plist(l)) ; ; 
gap> Length (bp) ; 

40 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 55 
55 

gap> 12:=IdentityMat(Length(l)) [Length(l) -1] ; 

[ 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, ] 

gap> bp:=StablyPermutationFCheckPFromBase(G,mi,Nlist(l)+12,Plist(l)+12) ; ; 

gap> Length (bp) ; 

47 

gap> Length (bp [1] ) ; # rank of the both sides of (10) is 56 
56 

# after some efforts we may get 

gap> n:=[ 1, 0, -1, 0, -1, -1, -1, 1, 0, 0, -1, 1, -1, 0, -1, 1, 1, 1, 1, 0, 

> 0, 1, 0, 1, 0, -1, -1, -1, 0, -1, 1, 2, 0, -1, 0, 0, 1, 1, 1, -1, 

> -1, 0, -1, 0, 1, 0, 1 ]; 
gap> p : =n*bp ; ; 

gap> Determinant (p) ; 
-1 
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gap> StablyPermutationFCheckMatFromBase (G ,mi , Nlist (1) +12 , Plist (1) +12 , p) ) ; 
true 



Example 10.7 (Verification of [MgY^ = for the group G S5 of the CARAT code (5,946,4)). 

gap> G:=CaratMatGroupZClass(5,946,4) ; ; # G=S5 

gap> Rank(FlabbyResolution(G) .actionF. 1) ; # F is of rank 17 

17 

gap> mis :=SearchCof labbyResolutionBase(TransposedMatrixGroup(G) ,5) ; ; 
gap> Set (List (mis, Length)) -5; # Method III could not apply 
[ 17, 32, 35, 47, 50, 62, 65, 77, 80, 92, 95 ] 

gap> ll:=PossibilityOf StablyPermutationF(G) ; 

[ [ 1, 0, 0, -1, 0, 0, -4, 0, 1, -2, 2, 0, -1, -1, 0, 4, 4, 1, -4, ], 

[ 0, 1, 0, 0, 0, 0, -2, 0, 1, -2, 1, 0, 0, -1, 0, 2, 3, 1, -2, -1 ], 
[ 0, 0, 1, 0, 0, 0, -2, 0, 0, -1, 1, 0, -1, -1, 0, 2, 2, 1, -2, ], 
[ 0, 0, 0, 0, 1, 0, 0, 0, -1, 0, 0, -2, -1, 0, 0, 0, 0, -1, 0, 2 ], 
[ 0, 0, 0, 0, 0, 1, -1, 0, 1, -1, 1, 0, 0, -1, -1, 1, 2, 1, -1, -1 ] ] 
gap> l:=ll[Length(ll)] ; 

[ 0, 0, 0, 0, 0, 1, -1, 0, 1, -1, 1, 0, 0, -1, -1, 1, 2, 1, -1, -1 ] 

gap> Length (1) ; 

20 

gap> [1 [6] , 1 [9] , 1 [1 1] , 1 [16] , 1 [17] , 1 [18] , 1 [7] , 1 [10] , 1 [14] , 1 [15] , 1 [19] , 1 [20] ] ; 
[ 1, 1, 1, 1, 2, 1, -1, -1, -1, -1, -1, -1 ] 

gap> ss:=List(ConjugacyClassesSubgroups2(G) ,x->StructureDescription (Representative (x))) ; 
[ "1", "C2", "C2", "C3", "C2 X C2", "C2 x C2", "C4", "C5", "S3", "C6", "S3", 

"D8", "DIG", "A4", "D12", "C5 : C4", "84", "A5", "85" ] 
gap> [ss[6] ,ss[9] ,ss[ll] ,ss[16] ,ss[17] ,ss[18] ,ss[7] ,ss[10] ,ss[14] ,ss[15] ,ss[19]] ; 
[ "C2 X C2", "S3", "S3", "C5 : C4" , "84", "A5", "C4", "C6", "A4" , "D12" , "85" ] 
gap> bp :=8tablyPermutationFCheckP(G, Nlist (1) , Plist (1)) ; ; 
gap> Length (bp) ; 
122 

gap> Length(bp[l] ) ; # rank of the both sides of (10) is 88 
88 

# after some efforts we may get 

gap> n:=[ -1, 1, 1, 0, 0, 1, 0, 1, 0, 0, 1, 1, 1, -1, 1, -1, 0, -1, 0, 0, 

> -1, 1, 0, -1, 1, 1, 1, 0, 0, 0, -1, -1, 0, -1, 1, 0, 1, 1, -1, 0, 

> 1, 1, 0, -1, 1, 0, 1, 1, -1, 0, 1, 1, -1, 0, -1, 1, -1, -1, 0, 1, 

> 1, 0, 1, -1, 1, -1, -1, 0, 1, -1, 0, 0, 0, -1, 1, 0, -1, -1, -1, -1, 

> 0, -1, -1, 1, 1, 1, 0, 2, -2, 4, 0, 1, 3, -1, -1, -1, -1, -1, 0, -1, 

> -1, -1, -1, 1, 0, 1, -1, 0, -1, 1, 0, -1, -1, 1, -1, 0, 0, -1, 1, 1, 

> -1, 1 ];; 

gap> p:=n*bp; ; 

gap> Determinant (p) ; 

-1 

gap> StablyPermutationFCheckMat(G, Nlist (1) ,Plist(l) ,p) ; 
true 
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11. Proof of Theorem 111.31 

Theorem 11.1 (Yamasaki |Yainl2| Lemma 4.3]). Let k be a field o/ char k ^ 2 and k{x,y,z) be the rational 
function field over k with variables x, y, z. Let a be a k-involution on k{x, y, z) defined by 



cr : x I— ^ —X, 



a 

y 



Z 



(a, &, c e k^). 



(i) k{x,y, z)^'^'^ — k{zo, zi, Z2, Z3) where 



4 



{zl-a){zl~b){zl-c). 

(ii) The fixed field k{x, y, z)^""^ is k-rational if and only if [fc(-\/a, ^/b, ^/c) : k] < 2 or [k(^/a, ^/b, ^/c) : k] — 4 with 
abc ^ k^^ . In particular, if k{x,y, z)^'^'^ is not k-rational, then k{x , y , z)^"'^ is not retract k-rational. 

Example 11.2 f Another proof of Thcorcm lll.il not retract /c-rational cases). Assume that [k{^/a,\/b, \/c) : k] = 
4 and abc G fc^^. We will show that k{x,y, z)^'^'^ is not retract /c-rational by using IsInvertibleF in Algorithm 
IF2I This also implies that k(x, y, z)^'^'^ is not retract fc-rational when [k{^/a, \fb, ^/c) : fc] = 8. 

We may assume that c = ab. Put a = ^/a, /3 = Vb and L = k{a, (3). Then L = k{-\/a, Vb, ^/c) and [L : k] = 4. 



Put y' := 



y+a 



Z 



z+l3x-\-aP ■ 



Then L{x, y, z) — L{x, y' , z') and a acts on L{x, y' , z') hy a : x t-^ —x, y' i— > —y' 



z' ^^ -z'. Put yi := a;2, := xy' , 7/3 := xz' . Then k{x,y,zY'^^ = (i(a;, y, z)<'^> )<''"•'"'> = 7/2, 1/3)^''°''"'^ is 

L-rational where 

, yi , yi(y3 + «) 

: a H> -a, yi H> yi, 2/2 H> — , 2/31-^ ■ , 

2/2 2/1 + ay3 



Pb- 13^ -f3, 2/1 yi, 2/2 2/2, 2/3 i-^- 



yi 
2/3' 



Let G Gal(_L/fc) = {pa,Pb) — C2 x C2. We consider the G-lattice M = (2/1,2/2,2/37^11^2,^3) of rank 6 where 
(^1,^2,^3) — (2/1 ^ fi, 2/1 +Q!2/3,2/3 + ct)- The action of G on L{M) is given by 



. 2/1 , 2/1*3 

Pa : a 1-^ -a, 2/i 2/i, 2/2 ^^ — , 2/3 -;— , 

2/2 ^2 



+ . + + . 2/1*1 , , 2/3*1 

*1 *1, *2 i-> — — , *3 -;— : 
12 t2 



00 2/1 , 2/1*3 , *2 
Pb'. -13, yi 2/1, y2 2/2, 2/3 — , *i 1-^ *1, *2 1-^ , *3 — • 



2/3 



2/3 



2/3 



The actions of pa and pti on M are represented as matrices 



/I 00 o\ 
1-100 
1 00-11 
000100 
1 01-10 

\o 11-10/ 



/lo ooo\ 

01 000 
10-1000 

00 100 
10-1001 

Voo-ioio/ 



By Algorithm IF2| we see that [M]-*' is not invertiblc. Hence L{M)^ is not retract fc-rational. It follows from 
|Yaml2| Theorem 2.10] that k{x, y, z)^'^'^ is not retract fc-rational (cf. |Yaml2| Case 3 in the proof of Lemma 4.3], 
in particular, we do not need to enlarge M in order to vanish H^). 



gap> ReadC'FlabbyResolution.gap") ; 

gap> vl : = [ [1,0,0,0,0, 0] , [1,-1,0,0,0,0] , [1,0,0,0,-1,1] , 

> [0,0,0,1,0,0] , [1,0,0,1,-1,0] , [0,0,1,1,-1,0]] ; ; 
gap> v2 : = [ [1,0,0,0,0, 0] , [0,1,0,0,0,0] , [1,0,-1,0,0,0] , 

> [0,0,0,1,0,0] , [1,0,-1,0,0,1] , [0,0,-1,0,1,0]] ; ; 
gap> IsInvertibleF(Group(vl ,v2) ) ; 

false 



We generalize Theorem 1 11. II as follows: 

Theorem 11.3. Let k be a field of char fc 7^ 2 and k{x, y, z) be the rational function field over k with variables 
x,y,z. Let aa,b,c,d be a k-involution on k(x,y,z) defined by 

—ax^ + b —cx^ + d , , , 

cra,b,c,d ■ X 1-^ -X, , z^ [a,b,c,dek ) 

y z 
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and m = [k{^/a, \/b, -y/c, : k] . 

(i) k{x,y, z)^'^''-''-''-'''^ = k(ti,t2,t3,t4) where ti,t2,^3,^4 satisfy the relation 
(19) {tl-a){tl~d)^itl~b){tl-c). 

(ii) y, z)^'^"'*'-'''''^ is k-isomorphic to fc(a;, y, z)^'^^<")'^('')'^('^)'^('')^ forr £ 1)4 where Dj^ — {{abdc),{ab){cd)) is the 
permutation group on the set {a, 6,c, d} which is isomorphic to the dihedral group of order 8. 

(iii) If one of the following conditions holds, then k{x, y, 2;)('^".fi.c,ti> is not retract k-rational: 
(C15) m ^ 4, (1) ah.acd € k""^ ; (2) hd^ahc G fc^^' (3) cd,abd e fc^^' (4) ac.hcA e k""^ ; 
(C16) m = 4, (1) ad, abc £ k""^; (2) 6c, abd e fc><2; 

(C18) m = 8, (1) a6 e k""^; (2) ac e fc^^ . (3) bd e . (4) cd e fc><2 . 
(C19) m = 8, (1) ad G k""^; (2) 6c e fc><2 . 

(C20) m = 8, (1) a6c e fc^^- (2) 6cd e fc^^ . (3) a6d G fc^^ . (4) acd e fc^^ . 
(C21) m = 8, abed G fc^^. 
(C22) m = 16. 



Proof of Theorem \11.3[ We prove the assertion (i) . Put 



--Tx['--J-)^'^ ■■=l['^'^y 
1 / -ca;2 + d\ If -cx^ 



2x \ z j 2 \ z 

Then we see that fc(ti, ^2, ^3, ^4) C k{x,y, 2)^'^" '■■'^•''^ It fohows from the equahties 

y ^ t2 + tiX, Z ^ t4 + <3X, ^^(^3 — c) — — d) = 

that [k{x, y, z) : k{ti,t2, t^, t^)] < 2. Hence we get k{x, y, zY'^'^-''-"-'^^ — k{ti,t2, t^jt^). The relation (i^ — a)(<4 — d) = 
(tj — 6)(t3 — c) may be obtained by the direct calculation. The assertion (ii) follows from (i). We will prove the 
assertion (iii). 

The case (C15): m = 4. By (ii), we should show only the case (1) ab,acd E k^"^ . Define Y := — Then 
k{x, y, z) = fc(x, Y, z) and aa,b.c,d acts on k{x, Y, z) by 

a —cx^ + d 

<ya,b.c.d ■ X t-^ -X, rH'— , z . 

Y z 

By Theorem lll.il fii). k{x,y, z)^"'"'''-"-'''^ is not retract fc-rational. 

The case (C16): m = 4. By (ii), we should treat only the case (1) ad, abc e fc^^. Let L ~ k{a, (3,'^, 6) where 
a2 =a, (3'^ = 6, 7^ c, 5^ ^ d. Then L = k{a, (3) and [L : k] ^ 4. Put y' := {ax + l3)/y, z' := (7a; + 5)/z. Then 
L{x,y,z) = L{x,y',z') and aaM,c,d acts on L{x,y',z') by 



We put 



„2 



, 1 , 1 

a-a,6,c,d ■■ X ^ X, y ^^ —, z ^ —. 

y z' 



1 — y' y — ax — /3 1 — z' z — jx — S 



yi ■=x , y2 := a; — — - = x — ■ — , j/s := x — — - = x 



1 + y' y + ax + /3 1 + z' ?/ + 7.T + (5 

By the assumptions ad, a6c e fc^^, there exist e, f & k^ such that 7 = a(3e and (5 = af. Then fc(a;, y, z)<°'»-''-^ d> = 
(L(x, J/, z)<"-''-^> )<"-'"'> =i(yi,2/2,y3)<''"''"'\ where 

, ayi + /5y2 ^ 2/1 

Pa-a^ -a, yi ^ yi, y2 ^ —5-, ys ^ —, 

ay2 + p y3 

a , a . yi{ay2 + l3) Peyi + fys 

Pb-- -p, yi ^ yi, y2 ^ —5 — , ys ^ -5 —p. 

ayi + P2/2 peys + / 

Let G = Gal{L/k) = {pa,Pb) ~ C2 x C2. We consider the G- lattice M = (yi, y2, 2/3, ^i, ^2, ^3, ^4, ui, U2) of rank 9 
where 

{ti,t2,t3,t4,ui,U2) = (ayi + Py2,ay2 + P.fieyi + fy3,Pey3 + /, ayi - 6, -6e^yi + /^). 
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The action of G on L{M) is given by 



Pa-a^ -a, y2 ^ ^ — , h i-^ — - — , t2 ^ - — , is ^ , ^4 ^ 

h 2/3 h h 



2/3 



2/3 
"2 



« . « . ^1^2 , ^3 , ^ 2/l"l , ^ "12/2 , ^ "22/3 , ^ 

Pb-- ~P, 2/2 1^ -— , 2/3 — , il — — , t2 ^^ — — , ^3 — — , i4 i"^ , 

i\ 64 Ci ti t4 64 

where yi, Wi, 1^2 are invariants under the action of G. The actions of and p^, on Af are represented as matrices 



1 























o\ 


1 


1 




















Q 














1 


-1 
















1 








-1 


1 











1 





-1 







































1 


-1 











1 








-1 








1 









1 








-1 











1 

















-1 








1 





1 







1 





-1 











1 





1 





-1 











1 


















1 











-1 





1 








-1 








1 

































-1 





1 























1 


V 




\ 























1 


\) 





















































By Algorithm IF2| we see that \M\^^ is not invertible (see Example 111.41 below) . Hence L{M)'^ is not retract 
fc-rational. It follows from jYaml2( Theorem 2.10] that ?/, z)^'^" ''''' ''^ is not retract fc-rational. 

The cases (C18), (C19) and (C20). By the resuh of (C15) and (C16), 2/, z)<'^°.''.<^ <*> is not retract rational 
over some quadratic extension of fc, hence not retract fc-rational. 



The case (C21): m = 8, ahcd € fc^^. Let L = k{^/a, Vb, ^/c, Vd). We assume [L : k] — 8 and abed G fc^^, and 
hence d = abce^ for some e € . We put a :— ^/a, jS :— \/b, 7 := ^/c. Then L = k{a,l3,^). We first see that 
L{x,y^zY'^'^-^-''''^^ is L-rational as follows. Put 



2 y — ax — P z ~ — aP^e 

2/1 := a; , 2/2 := x — ■ — , yz -.^ x ■ 



y + ax + P 



z + 7X + af3"fe 



Then L{x, y, z) = L{x, 2/2,2/3) and the action of aa,b,c,d on L{x, 2/2, 2/3) is given by aa,b,c,d ■ x ^ -x,y2 ^ y2,y3 ^ 
2/3. Hence the field L(a;, 2/, z)^'^" '"-'^''*^ = -^(2/1,2/2,2/3) is i-rational. Let G — {pa, Pb, Pcj — C2 x C2 x C2 be the 
Galois group Gal(L/fc) of L/k where 

Pa : a H> -a, f3 i-^ f3, 7 H> 7, 
Pb : at~^ a, (3 ^ -/3, 7^-7, 
Pc : a, (3 ^ (5, 7 n- -7. 

Then we get k{x, y, z)^'^"''"-"-'''^ = {L{x, y, 2;)<'^<'.i',c,d> )G _ L{yi, 2/2, 2/3)*^- The action of G on L(yi, j/2, 2/3) is given 
by 

ayi +^2/2 ^ 2/1(2/3 + a^e) 

Pa'-a^ -a, 2/1 1-^ 2/1, 2/2 1-^ —5-, 2/3 \ ^ > 

"2/2 + P 2/1 + apeya 

n ^ n , yi(.ay2 + l3) 2/1(2/3 + a/3e) 

Pb'- -p, 2/1 ^ 2/1, 2/2 ^ —3 , 2/3 1-^ : ^ , 

ayi + py2 yi + apeys 

2/1 

Pc : 7 '-^ -7, 2/1 '-^ 2/1, 2/2 ^ 2/2, 2/3 ^ —■ 

2/3 

We consider the G-latticc M = (2/1, 2/2, 2/3, ^1, ^2, ^3, ^4, "1, "2) of rank 9 where 

{ti,t2,t-i,ti,ui,U2) = {ayi + I3y2,ay2 + /3,2/3 + a/3e,yi +a/3ey3,b~~ ayi,yi - abe^). 

The action of G on L{M) is given by 

h yih , "12/2 , "1 , "22/3 , 2/i"2 

Pa : a i-^- -a, 2/2 ^-^ — , 2/3 -— , ^i ^ — — , ^2 1-^ — , ^31-^- — — , ^4 i-^- — — , 

12 14 t2 t2 t4 '4 

o , , 2/1^2 ^ 2/1*3 , ^ 2/l"2 , ^ "12/2 , ^ "22/3 , ^ 2/l"2 

Pb-P^ -P, 2/2 1^ -— , 2/3 ^ ——, tl ^ — , h ^ — , ^3 ^ — — , ti ^^ — — , 

ti t4 tl tl t4 t4 

2/1 ^4 2/1*3 

Pc ■ ^ ^ -7, 1/2 2/2, 2/3 — , il 1^ il, t2 t2, i3 i-> — , ^4 

2/3 2/3 2/3 

where 2/1, "1, "2 are invariants under the action of G. The actions of pa, Pb and pc on Af are represented as 
matrices 
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By Algorithm IF21 we obtain that [MY^ is not invertible (see Example 111.41 below) . Hence L{AI)'^ is not retract 
fc-rational. By jYaml21 Theorem 2.10], y, z)^'^" '' '^''*^ is not retract /c-rational. 

The case (C22): m = 16. By the result of (C21), k{x,y, z)^'^'^-''-''''^'^ is not retract rational over a quadratic 
extension of fc, hence not retract /c-rational. □ 



Example 11.4. The following GAP computation confirms that [Af]-^' is not invertible hence L{M)'~^ is not 
retract fc-rational as in the cases (C16) and (C21) of the proof of Theorem 1 11. 31 above. 

gap> ReadC'FlabbyResolution.gap") ; 

gap> vl : = [ [1,0,0,0,0,0, 0,0, 0] , [0,0,0,1,-1,0,0,0,0] , [1,0,-1,0,0,0,0,0,0] , 

> [0,1,0,0,-1,0,0,1,0] , [0,0,0,0,-1,0,0,1,0] , [1,0,-1,0,0,0,1,0,0] , 

> [0, 0,-1, 0,0, 1,0, 0,0], [0,0, 0,0, 0,0, 0,1,0], [0,0, 0,0, 0,0, 0,0,1]] ;; 

gap> v2 :=[ [1,0,0,0,0,0, 0,0, 0] , [1,0,0,-1,1,0,0,0,0] , [0,0,0,0,0,1,-1,0,0] , 

> [1,0,0,-1,0,0,0,1,0] , [0,1,0,-1,0,0,0,1,0] , [0,0,1,0,0,0,-1,0,1] , 

> [0,0, 0,0, 0,0,-1, 0,1], [0,0, 0,0, 0,0, 0,1,0], [0,0, 0,0, 0,0, 0,0,1]];; 
gap> IsInvertibleF(Group(vl ,v2) ) ; 

false 

gap> vl :=[ [1,0,0,0,0,0, 0,0, 0] , [0,0,0,1,-1,0,0,0,0] , [1,0,0,0,0,1,-1,0,0] , 

> [0,1,0,0,-1,0,0,1,0] , [0,0,0,0,-1,0,0,1,0] , [0,0,1,0,0,0,-1,0,1] , 

> [1,0, 0,0, 0,0,-1, 0,1], [0,0, 0,0, 0,0, 0,1,0], [0,0, 0,0, 0,0, 0,0,1]];; 

gap> v2 : = [ [1,0,0,0,0,0, 0,0, 0] , [1,0,0,-1,1,0,0,0,0] , [1,0,0,0,0,1,-1,0,0] , 

> [1,0,0,-1,0,0,0,1,0] , [0,1,0,-1,0,0,0,1,0] , [0,0,1,0,0,0,-1,0,1] , 

> [1,0, 0,0, 0,0,-1, 0,1], [0,0, 0,0, 0,0, 0,1,0], [0,0, 0,0, 0,0, 0,0,1]];; 

gap> v3:=[ [1,0, 0,0, 0,0, 0,0,0], [0,1, 0,0, 0,0, 0,0,0], [1,0, -1,0, 0,0, 0,0,0], 

> [0,0, 0,1, 0,0, 0,0,0], [0,0, 0,0, 1,0, 0,0,0], [0,0, -1,0, 0,0, 1,0,0], 

> [1,0, -1,0, 0,1, 0,0,0], [0,0, 0,0, 0,0, 0,1,0], [0,0, 0,0, 0,0, 0,0,1]];; 
gap> IsInvertibleF(Group(vl,v2,v3)) ; 

false 



Lemma 11.5. Let k be afield o/ char k ^2 and k{x,y,z) be the rational function field over k with variables 
x,y,z. Let aa,b,c,d be a k-involution on k{x,y,z) defined by 

-ax'^ + b -cx^ + d , , , 

cra,b.c,d ■ X 1-^ -X, y^ , z H> [a,b,c,dek ) 

y z 

and m = [fc(^/a, v^, Vcj V^) '■k\. If one of the following conditions holds, then k{x, y, z)^'^"-''''-'''^ is k-rational: 
(CI) TO = 1; 

(C2) TO ==2, (1) a,6,cG fc^2. (2) a,b,dek''^; (3) a,c,de fc^^. (4) b,c,de k""^; 
(C3) TO = 2, (1) a,b,cde fc^2. (2) b,d,ace k""^; (3) d,c,abe fc^^; (4) c,a,bde k^^ ; 
(C5) TO = 2, (1) a,bd,cde k""^ ; (2) b,cd,ace k""^ ; (3) d,ac,abe fc^^- (4) c,ab,bde k""^; 
(C6) TO = 2, ab, ac, ad e fc^^; 

(C7) TO = 4, (1) a, 6 e fc^2 . (2) &, d G fc^^ . (3) d,c€ fc^^; (4) c, a € fc>^2 . 
(CIO) m = 4, (1) a^bdek""^; (2) b,dc(Ek''^; (3) d,ace k""^ ; (4) c^abek""^; 

(5) a,cde fc^2. (6) 6,acG k"^^ ; (7) d,abc k""^ ; (8) c,bde k""^ ; 
(C12) m==4, (1) ab,cd£ k""^; (2) bd,ac£ k""^ ; 

(C13) m = 4, (1) ab^acek""^; (2) bd,ab(Ek''^; (3) cd^bdek""^; (4) ac,cdek''^. 
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Proof. The case (C7): m = 4. By Theorem II 1.31 fii). we should show only the case (1) a,b & k^^. Take a, P £ k 
with ~ a and — b. The equation ([T9l) becomes 

{ti+a){ti - a) _ tl~c 
(t2+/3)(i2-/3) ^ tl-d' 

Define Ti (ti +a)/(t2 +^), := (ii -a)/(i2-/3). Then fc(a;, z)<'^">''.<=-''> = k{tiMMM) = k{Ti,T2,h,U) = 
k{Ti,t^,t4) is fc-rational. 

The cases (CIO), (C12) and (C13): m ~ A. By Theorem 111.31 fii). we may assume that a6 e fc^^. Define 
y ax+[fab ' ^^'^'^ ^(-^i y' ~ '^(■^' <^a,b,c,d SiCts On A;(a;, y, z) by 

a — cx^ + d 

Y z 

By Theorcm lll.il fii). ?/, z)^'^" *"-'^ ''^ is fc-rational. 

The cases (CI), (C2), (C3), (C5) and (C6). By the results of (CIO), (C12) and (CIS), fc(x, y, z)^'"''.''-.'^^ is 
/c-rational. □ 

Remark 11.6. We do not know whether k{x, y, z)^"^ is fc-rational (resp. stably fc-rational, retract fc-rational) 
for the following cases: 

(C4) m = 2, (1) a, d, be e fc^^. (2) b, c, ad € k""^; 
(C8) m = 4, (1) a,dek''^; (2) b,c£k''^- 

(C9) m 4, (1) a, be e k""^; (2) b,adek''^; (3) d,bc(zk''^; (4) c, ad e fc^^. 
(Cll) m = 4, (1) a, feed e (2) 6, aed € k""^; (3) d, abe G fc^^. (4) ;.x2. 
(C14) m = 4, ad,6ce fc^^; 

(C17) m = 8, (1) a e fc''^. (2) b G fc^^. (3) ^ ^ fcx2. (4) ^ ^ ;.x2^ 

For example, for the case of (C4) m — 2, (1) a,d,bc £ fc^^, fc(x, y, z)^"'"-'' '^ ''^ may be obtained as follows. Let 
L = k{a, f3,'-f, 5) where = a, = b, 7^ = c, 5^ = d. Then i = fc(/3) and L{x,y,z) = L{x,y',z') where 
y' = {ax + l3)/y and z' = (7a; + (5)/z. We see that aa,b.c,d acts on L{x,y',z') by 

, 1 , 1 
cra,6,c,d ■■ X ^ X, y —, z ^ —. 

y z' 

Hence L(x, y', z')<'^"-''.'^ ''> = i(i/i, 2/2, J/s) where 



„2 



1 — y' y — ax — j3 1 — z' z — 70; — (5 



2/1 = a; , y2 = a; — — 1 a; — ■ — , yz ^ x — — - ^x 

1 + y y + ax + p 1 + z' y + 'jx + 

By the assumption 5c G /c ^ ^ , there exists e € k^ suchthat7 — f3e. Then fc(a;. y, z)^"'"-'''^-''^ ~ {L{x,y, z)^'^'^-''-''-'^'^)^'''''^ 
= L{yi,y2,yz)^P'''^ and 

a , o , yi(a2/2+/3) ^ /3eyi + Jys 

ctyi + py2 peys + 

Define 

zi [ ^ /^^'"^ - ys ) - 2(5, Z2 := e [ /^^^ + ya ) , Z3 := 45e^(ayi + /3y2). 



Then L(yi,y2,y3) =L(zi,Z2,Z3) and 

« . fl . . . /(^l'^2) 

Pb ■■ p >-> -p, Zi h-> Zi, Z2 Z2, Z3 

23 

where /(zi, Z2) = (z^ - 6z| - 4d)(a(z^ - 6z| - 4d) + Ab'^e'^). Define 



Then k{x,y, z)^'^'^'''-''-'''^ = fc(ti, t2, ^i, ^2) where 

tl - btl = /(zi, Z2) = (z^ - 6z| - 4d)(a(z^ - 6z| - 4d) + ib'^e^). 
However, we do not know whether A;(a;, y, z)^'^" '" '^-''^ is /c-rational (resp. stably fc-rational, retract fc-rational). 
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12. Application of Theorem 111.31 

Let G be a finite group acting on the rational function field k{xg | g G G) by fc-automorphisms h{xg) = Xhg 
for any g,h <E G. We denote the fixed field k{xg \ g G G)'^ by k{G). Noether's problem asks whether fc(G) is 
fc-rational (see a survey paper of Swan [Swa83] for Noether's problem for abelian groups). The unramified Brauer 
group Bry^k{L) of L over k is defined to be Br^^k{L) — r)RBr{R) where Br{R) is the image of the injective map 
Br{R) Br{L) of Brauer groups and R runs over all discrete valuation domain with k C R and the quotient 
field of i? is L (cf. jSal84bj ). 

Let F be an algebraically closed field with gcdjcharfc, |G|} = 1. By |Sal90| Theorem 12], |Bog90[ Theorem 
1.3'], Bry^F{F{G)) = nAKer(res : H'^{G,fj,) — >■ H'^{A,fj,)) where fx C denotes the subgroup of roots of unity, 
res is the restriction map of cohomology groups and A runs over abelian subgroups of G of rank 1 or 2. If G is a 
2-group, this is valid not only over an algebraically closed field but also over a quadratically closed field F (i.e. a 
field of charF ^ 2 satisfying e F for any a S F). We denote Bry^F{F{G)) by Bo{G) (cf. |BMP04] . |KunlOj . 
|CHKK10| ). By |Sal84b[ Proposition 3.2] and |Sal87[ Proposition 2.2], if L1/L2 (D k) is retract rational, then 
Brv^k{Li) — -B?'t),fe(i2) and hence if F{G) is retract F-rational, then Bq{G) = 0. 

Saltman |Sal84b| showed that for any prime p there exists a meta-abelian p-group G of order such that 
Bq{G) 7^ 0. In particular, F{G) is not retract F-rational. Moreover, Bogomolov |Bog88| obtained that when 
char F = Q there exists a p- group G of order p^ such that Bq(G) 7^ for any prime p. Recently, Moravec [Mo] 
proved that there exist exactly 3 groups of order 3^ such that Bq(G) 7^ by GAP computations. Hoshi, Kang 
and Kunyavskii |HKKu) showed that there exist exactly 1 + gcd{4, p — 1} + gcd{3, p — 1} groups of order p^ such 
that Bq[G) ^ for any prime p>b. 

In the case where p = 2, by Chu and Kang jCKOll and Chu, Hu, Kang and Prokhorov |CHKP08] . if G is a 
group of order < 32, then F{G) is F-rational. Moreover Chu, Hu, Kang and Kunyavskii |CHKK10] investigated 
the case where G is a group of order 64 as follows. There exist exactly 267 non-isomorphic groups of order 64. 

Let Gn be the cyclic group of order n, Z{G) be the center of the group G and [G, G] be the commutator 
subgroup of the group G. Let G(n, i) be the «-th group of order n in GAP jGAPj . 

Theorem 12.1 ( [CHKKlOj Theorem 1.8]). Let G he a group of order 64 and F he a quadratically closed field. 
Then the following conditions are equivalent: 

(i) Bo{G)^0; 

(ii) Z(G) ~ G|, [G, G] ~ G4 x G2,G/[G, G] ~ G|, G has no abelian suhgroup of index 1, and G has no faithful 
4- dimensional representation over (D; 

(iii) G is isomorphic to one of the nine groups G(64,i) where i — 149, 150, 151, 170, 171, 172, 177, 178, 182. 

Theorem 12.2 f [CHKKlOl Theorem 1.9]). Let G be a group of order 64 and F be a quadratically closed field. 
If Bq{G) = 0, then F{G) is F -rational except possibly for groups G which is isomorphic to one of the five groups 
G(64,i) where 241 < i < 245. 

Theorem 12.3 ( |GHKK101 Proposition 6.3]). Let G = G(64,j) where 241 < i < 245, F be a quadratically closed 
field and H = (/i,/2) ~ G2 x G2 act on the rational function field F(xi, X2, ^3, yi, 2/2, J/s) by F -automorphisms 
defined by 

I I xi yi I 

fi : xii-^ — , X2 , X3 H> — , yi ^ yi, 2/2 i-> — , 2/3 H> , 

xi xixz X2 2/2 2/12/3 

1 1 

f2-Xi^ , X2 ^ X3, X3 ^ X2, 2/1 ^ —, 2/2 1-^- 2/3, 2/3 ^ y2- 

x\ 2/1 

Let L = F(a;i, a;2, X3, 2/1, 2/2, 2/3)^- T/ien there is a F-injective homomorphism (p : L ^ PiG) so that F{G) is a 
rational extension over p{L). 

Let k{xi, . . . , Xn) be the rational function field over k with n variables xi, . . . , a;„. Let iJ be a finite subgroup 
of GL(ri, Z) acting on A;(xi, . . . , Xn) by fc-automorphisms 

n 

(20) a{xj) = Cj((t) JJa;""'', a = [aj,j]i<i,j<„ e H, Cj{(j) e k^ , for 1 < j < n, 

i=l 

where fc^ — k\ {0}. This action of H on fc(xi, . . . , Xn) is said to be monomial. If Cj{a) = 1 for any G G and any 
1 < J < the action said to be purely monomial. The rationality problem with respect to monomial action, i.e. 
whether k{xi, . . . , Xn)^ is fc-rational, is determined up to conjugacy in GL(n, 7L) and solved affirmatively by Hajja 
[Haj83| , |Haj87| when n — 2. For n = 3, the problem under purely monomial actions was solved affirmatively by 
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Hajja and Kang |HK92| . |HK94) and Hoshi and Rikuna |HR08j (see also |KP10j , |HK10) . |Yaml2) and |HKYllj 

for non-purely monomial case). 

It is remarked in [CHKKlOl page 2537] that although Lq := F{xi,X2,X3)^ = ^(^1,^2,^3) is F-rational, the 
field L as in Theorem 112.31 may be regarded as L = Lo{a, (3){yi,y2,y3)^ the function field of a 3-dimensional 
algebraic torus defined over Lq and split over biquadratic Galois extension F{xi,X2,X3) = Lo{a,f3) of Lq for 
some a, /3 with a^, G Lq. By Theorem II. 2[ the field L is not stably rational over Lo = ^(^1,^2,^3)- We restate 
Theorem 11.21 of Kunyavskii after adopting the definition of the action of G via ([20l) (we should take G instead of 

and hence the corresponding GAP codes may change, cf. Theorem 1 1.2p . 

Theorem 12.4 (Kunyavskii |Kun90j ). Let L/k be a Galois extension and G ~ Gal{L/k) be a finite subgroup of 
GL(3,Z) which acts on L{xi,X2,X3) via (|20p. Then L{xi,X2,X3)'-^ is not k-rational if and only if G is conjugate 
to one of the 15 groups which are given as in Table 10. Moreover, if L{xi, X2, xs)''^ is not k-rational, then it is 
not retract k-rational. 



Table 10: L{M)^ not retract /c-rational, rank M — 3, M: indecomposable (15 cases) 



G in IKunQOI 


GAP code 


G 


G in IKunQOI 


GAP code 


G 


G in IKunQOI 


GAP code 


G 


C/i 


(3,3,1,4) 






(3,4,7, 2) 


D4 X G2 


Uii 


(3,7,5,2) 


S4 X C2 


U2 


(3,3,3,4) 


cl 


U7 


(3,7,2,3) 


A4 X C2 


U12 


(3,7,5,3) 


S4 X C2 


U3 


(3,4,4,2) 


D4, 


Us 


(3,7,3,2) 


S4 


Wi 


(3,4,3,2) 


G4 X G2 


Ua 


(3,4,6,4) 


D4 


Ug 


(3,7,3,3) 


S4 


W2 


(3,3,3,3) 




Us 


(3,7,1,3) 


Ai 


Uio 


(3,7,4,3) 


S4 


W3 


(3,7,2,2) 


S4 X C2 



Let H = (/i,/2) ~ C2 X C2 act on k{xi,X2,X3,yi,y2,yz) by fc-automorphisms as the same in Theorem 112.31 
The purely monomial actions of H on k{xi, X2, x^) and on k{yi, j/2, 2/3) correspond to the same conjugacy class of 
the GAP code (3,3, 1,4). Indeed, if we define (Xi, X2, X3, Yi, F2, ^^3) {xilx2, l/{xiX3),X3,l/{yiy3),yi/y2,y3), 
then k{xi,X2,X3,yi,y2,y3) = ^(-'^i, -'^2, -^^3, ^1, ^2, ^Is) and the action of on fc(X, 1, X2, X3, Yi, 1^2, ^^3) is given 
by 

ai : X3, X2 ^ y y y , X3 ^ Xi, Y, ^ Y3, ¥2 ^ Y3 ^ Fi, 

A1A2A3 ^1^2^-3 

<72 : Xi X2, X2 ^ Xi, X3 1^ — ^— , Yi ^ Y2, Y2 ^ Yi, Y3 ^ ^ 



X 1X2X3 Y1Y2Y3 
We define 

I + X1X3 I + X2X3 ^ I + Y1Y3 I + Y2Y3 

s^ '■= , So '■= , S3 :— A3, sa := , S5 := , sk :— 13. 

I-X1X3 I-X2X3 l-yi>3 I-Y2Y3 

Then k(Xi, X2, X3, Yi,Y2, Y3) — k{si, . . . , sg) and the actions of ai and (72 on fc(si, . . . , sg) are given by 

si — 1 S4 — 1 

ai :si si, S2 "S2, S3 ^ — ; — rT> «4 ^^ S4, S5 ^ -S5, Sg ^ 



S3(S1 + 1)' ' " 55(54 + 1)' 

S3(S1 + 1)(S2 + 1) S6(S4 + 1)(S5 + 1) 

(72 :Si 1-^ -Si,S2 ^ -S2, S3 — — 7^, ^4 ^ -S4, S5 ^ -S5, Sq ^ — — — . 

(S1-1)(S2-1) (S4-1)(S5-1) 

We also define 

, _ , _ (S1S2 + 1)S3 , _ (S4S5 + 1)S6 , 2 , _ S2 

ti ■— S1S2, t2 7 "YT ttj 13 :— 7 tt: tt, '4 :— S2' '5 :— — , te :— — ■ 

(si-l)(S2-l) (S4-1)(S5-1) S4 S5 

Then we have k{si, . . . , sg) — fc(ti, ^2, ^3, S2, ^5, ie) and a2 ■ S2 — S2, ti i— > ti, 1 < i < 6. It follows that 
A:(a;i, a;2, X3, j/i, 2/2, 2/3)^°^^^ — k{ti, . . . , tg) and the action of cri on k{ti, . . . ,te) is given by 

(tf - 1)U t^{tltl - tl) 

t2{ii - t^){t, - 1) ' ' t3(ii - U){tl - t,tl) ■' 

Define 

h ti + l t^te + ti 

Ui := — , U2 ■■= — , U3 := , U4 t^, U5 := t^, ug ig. 

t4 12 13 

Then we get k(ti, . . . , tg) = fc(?ii, . . . , ug) and the action of (Ti on fc(ui, . . . , ug) is given by 

("4 - l)(u?'U4 - 1) (U4 - Ug)(UiU4 - M5) 

(21) ai : ui^ -ui, U2 ^ ~- U3 ^ '^^^ ^, 

U2 U3 
M4 I— >■ lt4, M5 I— >■ Its, Uq 1-^ Uq. 

As a consequence of Theorem II 1.31 we have: 



CTl : tl -tl, t2 ^ —2 —TT- -T, t3 ^ —2 ——2 — 2T, U ^ ti, t5 ^ t5, tg ^ tg. 
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Proposition 12.5. Let k be a field o/charfc ^ 2 and {<Jx,a2) ~ C2 x C2 act on X2, X3, Fi, I2, ^3) by 

k- automorphisms 

ai : ^ X3, X2 ^ Y i ^ , ^3 ^ Xi, Yi ^ Fa, tt^, >^3 ^i, 

A1A2A3 ^1121^ 

CT2 : Xi ^ ^2, X2 Xi, ^ i ^ , Yi ^ Fa, ^"2 ^ >"i, >3 ^ ^ 



X 1X2X3 F1F2F3 

There exist algebraically independent elements U4, U5, ug G fc(Xi, X2, X3, Fi, F2, Fs)^"'^''^^^ ower fc and algebraically 
dependent elements 21, Z2, 2:3, 2:4 G X2, X3, Fi, F2, F3)^'^i'°"^^ over fc(u4,U5,M6) which satisfy the following 

conditions: 

(i) fc(Xi,-'^2,-'^3,>"i,5^2,y3)^'''^'^'^ ^ k(zi, Z2, Z3, Z4,U4,U5,Uq) and 

izl-a)izl-d) = izl-b)izl-c) 

where a — ^4(1/4 — 1). 6 = U4 — 1, c = ^4(1*4 — d = 1*5(^4 — Uq); 

(ii) /c(2i, 22, 23, 24, it4, U5, ug) is ?iot retract rational over k(u4,U5,ue). 

Proof. If we take a field k{u4,u^,UQ) as the base field, the assertion (i) follows from (PT|) and Theorem 111.31 (i). 
For (ii), we see that abed G fc(u4, U5, ug)^^ and m = [k{u4,U5,UQ){y^, ^/c, \/d) : A:(w4, U5, ug)] = 8. Thus (ii) 
follows from Theorem [TT731 (iii). □ 



Furthermore, we define 



U2 {uf - 1)m3 U4 - 1 



1 — ufU4 1 — UJU4 1 — Uf M4 

Then fc(Xi,X2,X3,Fi,F2,F3)<"^> = fc(Mi, . . . , ug) = k{vi,...,ve) and 

U4 [vfvivl - i;^i;4 - -y^ + w|)(w^W4w| + w| - 174 - 1) 

CTi tWi i-^ -Wl,U2 1^ — ,W3 ^-> ,W4 W4,W5 i~> 1)5, Ug i-^ Wg. 

"2 W3 

We also put 

1 / i;4\ If vA 

wi := vi, W2 ■■= V3, W3 := - [v2-\ , W4 := -z— [ V2 , W5 := V5, Wg := Wg. 

2 V V2J 2vi \ V2J 

Then k{vi, . . . , ug) = fc(wi, . . . , wq) and 

(u;|(wg - l)wi + (.wi - wlwl + l)wl ~ wl) {wlwlwf - {wj + wfwDwf + wj - + l) 
CTi :wi H> — wi,u;2 I— > , 

W2 

W3 H- ii;3 , u>4 I— >■ W4 , U)5 i-> IWs, ?«g 1-^ Wg. 

Define t = wf. Then fc(Xi, X2, X3, Fi, F2, F3)<'^i^'"2> = k{u,v , W3, Wi, W5, We) with the relation 

2,2 / 2/ 2 -iN,2 I / 2 2 2 I 1 N , 2\ / 2 2.2 / 2 , 2 2\, I 2 2 I -i\ 

U — tv ~ — [W4[W^ — l)t + (W3 — W3W5 + l)t — W^) [W^W^t — (W4 + W^Wgjt + W3 — Wg + Ij 

(of. [HKKil Section 6]). 

We do not know whether fc(Xi, X2, X3, Fi, F2, Fs)^'^^'"'^^ is fc-rational (resp. stably fc-rational, retract k- 
rational). We may also obtain the following description of fc(Xi, X2, X3, Fi, F2, F3)^'^i''^^^ although the proof 
is omitted. 

Theorem 12.6. The field k{Xi, X2, X3,Yi,Y2,Y3Y''^^'^^-'^ = fc(mo, . . . , mg) where 

ml ~ (4m3 + TO3TO4 + 7724) (rn3 — rrig + l)(m^TO3 + Wg — l)(4m3 + mlmlm^ + m\m1). 
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13. Tables for a birational classification of the algebraic fc-TORi of dimension 5 

Table 11: i(M)^ not stably but retract fc-rational, M = Mi ® M2, 
rank Mi = 4, rank M2 = 1, M, :indecomposable (25 cases) 



CARAT G CARAT G CARAT G CARAT G CARAT G 



(5,692,1) 


C3 XI Cg 


(5,914,1) S5 


(5,918,5) 


F2a 


(5,924,1) 


C2 X S5 


(5,928,1) 


G2 X F20 


(5,693,1) 


C3 XI Cg 


(5,916,1) S5 


(5,919,1) 


C2 X S5 


(5,925,1) 


C2 X Ss 


(5,928,3) 


C2 X F20 


(5,736,1) 


C2 X (C3 XI Ca) (5,917,1) F20 


(5,921,1) 


C2 X S5 


(5,926,1) 


C2 X F20 


(5,929,1) 


C2 X F20 


(5,911,1) 


S5 


(5,917,5) F20 


(5,922,1) 


C2 X S5 


(5,926,3) 


C2 X F20 


(5,930,1) 


C| X S5 


(5,912,1) 


S5 


(5,918,1) F20 


(6,923,1) 


C2 X S5 


(5,927,1) 


C2 X F20 


(5,932,1) 


c| X F20 




Table 12: L{M)^ not retract k- 


rational, 


M = Mi 


eM2 e 


Ms, 






rf^nk A/ft 


= 3, rank M2 = rank M3 = 


1, Mi : 


indecomposable (245 cases) 




CARAT 


carat 


carat 


carat 


carat 


carat 


carat 


carat 


carat 


carat 


(5,11,4) 


(5,24.8) 


(5,32,8) 


(5,55,2) 


(5,72.2) 


(5,81,3) 


(5.94.14) 


(5,510,1) 


(5.524.1) 


(5,538,9) 


(5,12,4) 


(5,24,10) 


(5,32,10) 


(5,55,3) 


(5,72,21) 


(5,81,6) 


(5.95.2) 


(5,510,4) 


(5.524,9) 


(5,539,1) 


(5,12,5) 


(5,24,20) 


(5,32,26) 


(5,56,2) 


(5,72,22) 


(5,81,29) 


(5.96.2) 


(5,511,1) 


(5,525,1) 


(5,539,8) 


(5,14,4) 


(5,25,3) 


(5,40,2) 


(5,56,3) 


(5,73,2) 


(5,82,3) 


(5,97,2) 


(5,511,4) 


(5,526,1) 


(5,540,1) 


(5,16,4) 


(5,25,5) 


(5,44,2) 


(5,59,3) 


(5,73,21) 


(5,82,6) 


(5,98,6) 


(5,512,1) 


(5,526,8) 


(5,540,9) 


(5,16,5) 


(5,25,9) 


(5,45,2) 


(5,60,2) 


(5,73,22) 


(5,83,2) 


(5,99,2) 


(5,512,4) 


(5,527,1) 


(5,541,1) 


(5,17,4) 


(5,25,10) 


(5,46,2) 


(5,60,10) 


(5,74,2) 


(5,83,3) 


(6,99,3) 


(5,513,1) 


(5,627,9) 


(5,541,9) 


(5,17,5) 


(5,26,3) 


(5,47,2) 


(5,61,2) 


(5,75,2) 


(5,84,3) 


(6,99,32) 


(5,514,1) 


(6,628,1) 


(5,542,1) 


(5,17,7) 


(5,26,5) 


(5,47,3) 


(5,62,10) 


(5,75,21) 


(5,85,3) 


(5,100,2) 


(5,514,4) 


(6,528,9) 


(5,542,9) 


(5,17,12) 


(5,26,8) 


(5,48,2) 


(5,63,2) 


(5,76,2) 


(5,86,2) 


(5,100,3) 


(5,515,1) 


(6,629,1) 


(5,543,1) 


(5,18,7) 


(5,26,12) 


(5,48,3) 


(5,63,9) 


(5,76,6) 


(5,87,2) 


(5,101,2) 


(5,515,4) 


(6,529,9) 


(5,544,1) 


(5,19,5) 


(5,26,22) 


(5,48,9) 


(5,63,10) 


(5,76,28) 


(5,88,2) 


(6,102,2) 


(5,516,1) 


(5,630,1) 


(5,544,8) 


(5,20,4) 


(5,27,3) 


(5,48,10) 


(5.64.3) 


(5,76,29) 


(5,88,3) 


(6,103,6) 


(5,516,4) 


(5,530,9) 


(5,545,1) 


(5,20,5) 


(5,27,6) 


(5,49,2) 


(5,65,3) 


(5.76.32) 


(5,88,21) 


(5.502.6) 


(5,517,1) 


(5.531.1) 


(5,545,8) 


(5,20,7) 


(5,28,3) 


(5,49,3) 


(5,65,9) 


(5.77.2) 


(5,88,22) 


(5.503.1) 


(5,517,4) 


(5.532.1) 


(5,546,1) 


(5,20,12) 


(5,28,9) 


(5,49,10) 


(5,65,10) 


(5,77,6) 


(5,89,2) 


(5,503,4) 


(5,518,1) 


(5,533,1) 


(5,546,8) 


(5,21,4) 


(5,29,3) 


(5,50,2) 


(5,66,2) 


(5,78,2) 


(5,89,3) 


(5,504,1) 


(5,518,8) 


(5,533,9) 


(5,547,1) 


(5,21,5) 


(5,29,6) 


(5,50,3) 


(5,66,3) 


(5,78,3) 


(5,90,2) 


(6,504,4) 


(5,519,1) 


(5,634,1) 


(5,547,8) 


(5,21,7) 


(5,30,5) 


(5,61,3) 


(5,67,2) 


(6,78,22) 


(5,90,21) 


(6,606,1) 


(5,519,16) 


(6,634,8) 


(5,548,1) 


(5,22,5) 


(5,30,10) 


(5,52,2) 


(5,68,2) 


(6,79,2) 


(5,90,24) 


(6,606,1) 


(5,520,16) 


(6,636,1) 


(5,548,9) 


(5,22,12) 


(5,31,4) 


(5,52,3) 


(5,69,3) 


(5,79,3) 


(5,91,2) 


(5,507.1) 


(5,521,16) 


(5,536,1) 




(5,23,7) 


(5,31,6) 


(5,52,9) 


(5,70,3) 


(5,79,21) 


(5,91,3) 


(5,507,4) 


(5,522,1) 


(5,536,9) 




(5,23,15) 


(5,31,7) 


(5,53,2) 


(5,71,2) 


(5,79,22) 


(5,92,2) 


(5,508,1) 


(5,522,16) 


(5,537,1) 




(5,24,5) 


(5,31,12) 


(5,53,3) 


(5,71,3) 


(5,80,2) 


(5,93,2) 


(5,508,4) 


(5,523,1) 


(5,537,9) 




(5,24,7) 


(5,31,19) 


(5,54,2) 


(5,71,6) 


(5,80,3) 


(5,94,2) 


(5,509,1) 


(5,523,9) 


(5,638,1) 
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Table 13: L{M)^ not retract A:-rational, M = Mi ® M2, 
rank M\ = 3, rank M2 = 2, Mj : indecomposable (849 cases) 



CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


(5,14,8) 


(5,73,35) 


(5,95,10) 


(5,140,16) 


(5,240,6) 


(5,299,4) 


(5,349,2) 


(5,528,12) 


(5,569,8) 


(5,603,3) 


(6,16,8) 


(5,74,12) 


(5,96,5) 


(5,140,20) 


(5,240,14) 


(6,302,2) 


(5,349,4) 


(5,529,2) 


(5,669,9) 


(5,603,4) 


(5,16,9) 


(5,75,12) 


(5,96,8) 


(5,140,22) 


(6,240,16) 


(6,302,10) 


(5,350,2) 


(5,529,12) 


(6,670,6) 


(5,603,6) 


(5,17,11) 


(5,75,31) 


(5,96,10) 


(5,141,4) 


(5,241,4) 


(5,303,2) 


(5,350,4) 


(5,530,2) 


(5,570,6) 


(5,604,1) 


(5,17,16) 


(5,76,11) 


(5,97,5) 


(5,141,10) 


(5,241,5) 


(5,303,6) 


(5,350,6) 


(5,530,12) 


(5,570,8) 


(5,604,5) 


(5,18,19) 


(5,76,15) 


(5,97,8) 


(5,141,14) 


(5,241,9) 


(5,304,2) 


(5,350,8) 


(5,531,2) 


(5,570,9) 


(5,605,1) 


(5,20,11) 


(5,76,20) 


(5,97,10) 


(5,141,16) 


(5,241,11) 


(5,304,10) 


(5,351,2) 


(5,532,2) 


(5,571,5) 


(5,606,1) 


(5,20,16) 


(5,76,21) 


(5,98,20) 


(5,141,20) 


(5,242,4) 


(5,305,2) 


(5,351,4) 


(5,533,2) 


(5,571,8) 


(5,606,5) 


(5,21,11) 


(5,76,37) 


(5,99,15) 


(5,141,22) 


(6,242,14) 


(6,306,6) 


(5,352,2) 


(5,533,12) 


(6,672,3) 


(5,607,1) 


(5,21,16) 


(5,76,41) 


(5,99,18) 


(5,142,2) 


(6,244,4) 


(6,306,10) 


(5,353,2) 


(5,534,2) 


(6,673,3) 


(5,607,5) 


(5,23,14) 


(5,76,44) 


(5,99,47) 


(5,142,4) 


(5,244,6) 


(5,305,12) 


(5,353,4) 


(5,534,10) 


(5,573,4) 


(5,608,1) 


(5,23,26) 


(5,76,46) 


(5,100,11) 


(5,142,11) 


(5,244,14) 


(5,306,4) 


(5,354,2) 


(5,535,2) 


(5,574,5) 


(5,608,5) 


(5,24,16) 


(5,76,47) 


(5,100,15) 


(5,142,13) 


(5,244,15) 


(5,306,10) 


(5,355,2) 


(5,536,2) 


(5,574,6) 


(5,608,7) 


(5,24,19) 


(5,77,11) 


(5,100,18) 


(5,142,17) 


(5,246,5) 


(5,309,2) 


(5,357,4) 


(5,536,12) 


(5,574,8) 


(5,608,10) 


(5,24,25) 


(5,77,15) 


(5,101,12) 


(5,142,19) 


(5,246,7) 


(5,309,4) 


(5,359,2) 


(5,537,2) 


(5,574,9) 


(5,609,1) 




(5,77,20) 


(5,102,8) 


(5,142,23) 


(5,246,17) 


(5,309,6) 


(5.359,6) 


(5.537,12) 


(5,575,3) 


(5,609,3) 


(5,25,18) 


(5,77,21) 


(5,102,12) 


(5,142,25) 


(5,246,18) 


(5,309,8) 


(5,360,2) 


(5,538,2) 


(5,575,4) 


(5,610,1) 


(5,25,24) 


(5,78,8) 


(5,103,20) 


(5,143,2) 


(5,247,3) 


(5,310,2) 


(5,360,4) 


(5,538,12) 


(5,576,3) 


(5,610,3) 


(5,25,26) 


(5,78,11) 


(5,104,2) 


(5,143,4) 


(5,247,7) 


(5,310,6) 


(5,360,6) 


(5,539,2) 


(5,577,3) 


(5,611,1) 


(5,26,17) 


(5,78,14) 


(5,105,2) 


(5,143,8) 


(5,248,3) 


(5,311,2) 


(5,360,8) 


(5,539,10) 


(5,577,4) 


(5,611,3) 


(5,26,20) 


(5,78,27) 


(5,105,4) 


(5,143,10) 


(5,248,4) 


(5,311,4) 


(5,361,2) 


(5,540,2) 


(5,578,3) 


(5,612,1) 


(5,26,25) 


(5,78,33) 


(5,105,8) 


(5,143,14) 


(5,248,7) 


(5,312,2) 


(5,361,4) 


(5,540,12) 


(5,578,4) 


(5,612,3) 


(5,26,35) 


(5,79,8) 


(5,107,4) 


(5,143,16) 


(5,248,8) 


(5,312,6) 


(5,361,6) 


(5,541,2) 


(5,579,3) 


(5,612,4) 


(5,26,37) 


(5,79,11) 


(5,109,2) 


(5,143,20) 


(6,249,4) 


(6,315,4) 


(5,361,8) 


(5,541,12) 


(6,679,4) 


(5,612,6) 


(5,27,9) 


(5,79,14) 


(5,109,4) 


(5,143,22) 


(5,249,5) 


(5,315,8) 


(5,362,2) 


(5,542,2) 


(5,580,1) 


(5,613,1) 


(5,27,13) 


(5,79,16) 


(5,109,8) 


(5,144,4) 


(5,249,9) 


(5,316,2) 


(5,362,4) 


(5,542,12) 


(5,581,1) 


(5,613,3) 


(5,28,18) 


(5,79,27) 


(5,109,10) 


(5,144,8) 


(5,249,10) 


(5,317,2) 


(5,363,2) 


(5,543,2) 


(5,581,3) 


(5,613,4) 


(5,28,24) 


(5,79,30) 


(5,110,4) 


(5,144,10) 


(6,251,4) 


(6,317,4) 


(5,363,4) 


(5,544,2) 


(6,582,1) 


(5,613,6) 


(5,29,9) 


(5,79,33) 


(5,111,2) 


(5,145,2) 


(6,261,6) 


(6,318,2) 


(5,364,2) 


(5,544,10) 


(6,682,3) 


(5,614,1) 


(5,29,13) 


(5,79,35) 


(5,111,8) 


(5.145,4) 


(5,251,9) 


(5,319,2) 


(5,364,4) 


(5,545,2) 


(5,583,1) 


(5,614,3) 


(5,30,18) 


(5,80,8) 


(5,111,10) 


(5,145,8) 


(5,251,10) 


(5,320,2) 


(5,364,6) 


(5,545,10) 


(5,583,3) 


(5,615,1) 


(5,30,26) 


(5,80,11) 


(5,112,2) 


(5,145,10) 


(5,253,4) 


(5,322,2) 


(5,364,8) 


(5,546,2) 


(5,584,1) 


(5,616,1) 


(5,31,17) 


(5,80,14) 


(5,113,2) 


(5,146,4) 


(5,254,5) 


(5,323,2) 


(5,365,2) 


(5,546,10) 


(5,584,3) 


(5,616,3) 


(5,31,23) 


(5,81,18) 


(5,115,2) 


(5,146,8) 


(5,254,6) 


(5,323,4) 


(5,365,6) 


(5,547,2) 


(6,585,1) 


(5,617,1) 


(5,31,30) 


(6,81,20) 


(5,116,2) 


(5,146,10) 


(6,256,3) 


(6,324,2) 


(5,368,2) 


(5,547,10) 


(6,685,3) 


(5,617,3) 


(5,31,38) 


(6,81,44) 


(5,116,4) 


(5,147,2) 


(6,266,4) 


(6,326,2) 


(5,368,4) 


(5,548,2) 


(6,686,1) 


(5,617,4) 


(5,31,42) 


(5,82,18) 


(5,116,11) 


(5,148,2) 


(5,257,4) 


(5,326,2) 


(5,369,2) 


(5,548,12) 


(5,587,1) 


(5,617,6) 


(5,32,17) 


(5,82,20) 


(5,116,17) 


(5,148,7) 


(5,257,5) 


(5,326,4) 


(5,369,4) 


(5,549,3) 


(5,587,3) 


(5,618,1) 


(5,32,24) 


(5,83,8) 


(5,116,19) 


(5,149,2) 


(5,257,9) 


(5,327,2) 


(5,369,6) 


(5,549,4) 


(5,588,1) 


(5,618,3) 


(5,32,50) 


(5,83,12) 


(5,116,23) 


(5,149,10) 


(5,257,11) 


(5,328,2) 


(5,369,8) 


(5,550,5) 


(5,588,3) 


(5,618,4) 


(5,35,2) 


(5,83,14) 


(5,118,12) 


(5,149,12) 


(5,258,3) 


(5,328,4) 


(5,370,2) 


(5,550,6) 


(5,589,1) 


(5,618,6) 


(5,36,2) 


(6,83,16) 


(5,118,16) 


(5,149,16) 


(6,268,4) 


(6,331,2) 


(5,371,2) 


(5,550,8) 


(6,689,3) 


(5,619,1) 


(5,36,5) 


(6,84,14) 


(5,119,2) 


(5,150,2) 


(6,268,7) 


(6,332,2) 


(5,372,2) 


(5,550,9) 


(6,689,4) 


(5,619,3) 


(5,38,5) 


(5,85,8) 


(5,119,7) 


(5,150,4) 


(5,258,8) 


(5,333,2) 


(5,372,4) 


(5,551,5) 


(5,589,6) 


(5,620,1) 


(5,38,8) 


(5,85,14) 


(5,120,2) 


(5,151,2) 


(5,259,3) 


(5,333,4) 


(5,373,2) 


(5,551,6) 


(5,590,1) 


(5,621,1) 


(5,39,2) 


(5,85,16) 


(5,120,10) 


(5,151,7) 


(5,260,3) 


(5,334,2) 


(5,373,4) 


(5,551,8) 


(5,591,1) 


(5,621,5) 


(5,39,4) 


(5,86,5) 


(5,122,2) 


(5,151,9) 


(5,260,4) 


(5,334,4) 


(5,373,6) 


(5,551,9) 


(5,591,3) 


(5,622,1) 


(5,47,7) 


(6,86,8) 


(5,122,13) 


(5,151,13) 


(5,261,3) 


(5,335,2) 


(5,373,8) 


(5,552,5) 


(5,591,4) 


(5,622,5) 


(5,48,7) 


(6,87,5) 


(5,123,2) 


(5,152,2) 


(6,261,4) 


(6,336,4) 


(5,374,2) 


(5,552,6) 


(6,691,6) 


(5,623,1) 


(5,48,14) 


(6,87,8) 


(5,123,4) 


(5,153,2) 


(6,261,7) 


(6,336,2) 


(5,374,4) 


(5,552,8) 


(6,692,1) 


(5,623,5) 


(5,49,7) 


(5,87,10) 


(5,123,11) 


(5,153,4) 


(5,261,8) 


(5,336,4) 


(5,376,4) 


(5,552,9) 


(5,592,3) 


(5,623,7) 


(5,49,14) 


(5,88,8) 


(5,123,13) 


(5,153,8) 


(5,262,4) 


(5,336,6) 


(5,377,2) 


(5,553,3) 


(5,592,4) 


(5,623,10) 


(5,50,7) 


(5,88,12) 


(5,124,2) 


(5,153,10) 


(5,262,5) 


(5,336,10) 


(5,377,4) 




(5,592,6) 


(5,624,1) 


(5,51,7) 


(5,88,14) 


(5,124,4) 


(5,154,2) 


(5,264,4) 


(5,337,2) 


(5,378,2) 




(5,593,1) 


(5,624,5) 


(5,52,7) 


(5,88,16) 


(5,125,2) 


(5,154,7) 


(5,264,5) 


(5,337,6) 


(5,378,4) 


(5,554,4) 


(5,593,3) 


(5,624,7) 


(5,53,7) 


(6,88,27) 


(5,125,4) 


(5,154,9) 


(6,265,4) 


(6,338,2) 


(5,379,2) 


(5,555,3) 


(6,693,4) 


(5,624,10) 


(5,55,7) 


(6,88,31) 


(5,127,2) 


(5,154,13) 


(6,266,6) 


(6,338,4) 


(5,380,2) 


(5,556,3) 


(6,693,6) 


(5,625,1) 


(5,56,7) 


(5,88,33) 


(5,127,4) 


(5,155,2) 


(5,265,9) 


(5,339,2) 


(5,380,4) 


(5,556,4) 


(5,594,1) 


(5,626,1) 


(5,59,7) 


(5,88,35) 


(5,127,8) 


(5,157,2) 


(5,265,10) 


(5,339,4) 


(5,380,6) 


(5,557,3) 


(5,594,3) 


(5,626,3) 


(5,60,14) 


(5,89,8) 


(5,127,10) 


(5,157,4) 


(5,266,3) 


(5,340,2) 


(5,380,8) 


(5,557,4) 


(5,594,4) 


(5,627,1) 


(5,63,14) 


(5,89,12) 


(5,128,2) 


(5,157,8) 


(5,266,4) 


(5,340,4) 


(5,381,2) 


(5,558,3) 


(5,594,6) 


(5,627,3) 


(5,64,7) 


(5,89,14) 


(5,128,8) 


(5,158,2) 


(5,273,2) 


(5,340,6) 


(5,381,4) 


(5,558,4) 


(5,595,1) 


(5,628,1) 


(5,65,7) 


(6,89,16) 


(5,128,10) 


(5,158,4) 


(6,274,2) 


(6,340,10) 


(5,382,2) 


(5,559,3) 


(6,696,3) 


(5,628,3) 


(5,65,14) 


(6,90,8) 


(5,129,4) 


(5,158,8) 


(6,276,2) 


(6,342,2) 


(5,383,2) 


(5,559,4) 


(6,696,4) 


(5,629,1) 


(5,66,7) 


(5,90,12) 


(5,130,2) 


(5,158,10) 


(5,276,2) 


(5,342,6) 


(5,384,2) 


(5,560,3) 


(5,595,6) 


(5,630,1) 


(5,69,7) 


(5,90,15) 


(5,130,4) 


(5,159,2) 


(5,278,2) 


(5,343,2) 


(5,384,4) 


(5,561,3) 


(5,596,1) 


(5,630,3) 


(5,70,7) 


(5,90,27) 


(5,131,2) 


(5,159,4) 


(5,279,2) 


(5,343,4) 


(5,385,2) 


(5,561,4) 


(5,596,3) 


(5,631,1) 


(5,71,11) 


(5,90,31) 


(5,131,7) 


(5,160,2) 


(5,280,2) 


(5,343,6) 


(5,518,2) 


(5,562,3) 


(5,597,1) 


(5,631,3) 


(5,71,15) 


(5,90,33) 


(5,132,2) 


(5,224,4) 


(5,280,4) 


(5,343,8) 


(5,518,10) 


(5,562,4) 


(5,597,3) 


(5,632,1) 


(5,71,18) 


(5,90,34) 


(5,132,7) 


(5,227,5) 


(6,281,2) 


(6,344,2) 


(5,519,4) 


(5,563,3) 


(6,697,4) 


(5,633,1) 


(5,71,20) 


(5,91,8) 


(5,132,9) 


(5,228,3) 


(6,282,2) 


(6,344,6) 


(5,519,17) 


(5,564,3) 


(6,597,6) 


(5,634,1) 


(5,71,21) 


(5,91,11) 


(5,132,13) 


(5,232,4) 


(5,285,2) 


(5,345,2) 


(5,520,17) 


(5,564,4) 


(5,598,1) 


(5,634,3) 


(5,72,8) 


(5,91,14) 


(5,134,2) 


(5,232,9) 


(5,288,2) 


(5,345,4) 


(5,521,17) 


(5,565,5) 


(5,598,3) 


(5,635,1) 


(5,72,12) 


(5,91,16) 


(5,134,7) 


(5,233,4) 


(5,289,2) 


(5,346,2) 


(5,522,4) 


(5,565,6) 


(5,599,1) 


(5,635,3) 


(5,72,16) 


(5,92,12) 


(5,135,2) 


(5,233,6) 


(5,290,2) 


(5,346,4) 


(5,522,17) 


(5,565,8) 


(5,599,3) 


(5,635,4) 


(5,72,27) 


(5,93,5) 


(5,136,2) 


(5,234,5) 


(5,290,4) 


(5,346,6) 


(5,523,2) 


(5,565,9) 


(5,599,4) 


(5,635,6) 


(5.72.31) 


(5,93,8) 


(5,136,10) 


(5,234,7) 


(5,291,2) 


(5,346,8) 


(5,523,12) 


(5,566,3) 


(5,599,6) 


(5,636,1) 


(5,72,33) 


(5,94,5) 


(5,136,12) 


(5,235,3) 


(5,291,4) 


(5,347,2) 


(5,524,2) 


(5,567,3) 


(5,600,1) 


(5,636,3) 


(5,72,35) 


(5,94,8) 


(5,136,16) 


(5,235,4) 


(5,294,2) 


(5,347,4) 


(5,524,12) 


(5,567,4) 


(5,600,3) 


(5,636,4) 


(5,73,8) 


(5,94,10) 


(5,139,2) 


(5,236,3) 


(5,294,4) 


(5,347,6) 


(5,525,2) 


(5,568,5) 


(5,600,4) 


(5,636,6) 


(5,73,12) 


(5,94,17) 


(5,139,8) 


(5,236,4) 


(5,295,2) 


(5,347,8) 


(5,526,2) 


(5,568,6) 


(5,600,6) 


(5,637,1) 


(5,73,16) 


(5,94,20) 


(5,139,10) 


(5,237,3) 


(5,295,4) 


(5,348,2) 


(5,526,10) 


(5,568,8) 


(5,601,1) 


(5,637,3) 


(5,73,27) 


(6,94,22) 


(5,140,4) 


(5,239,4) 


(5,296,2) 


(5,348,4) 


(5,527,2) 


(5,568,9) 


(5,602,1) 


(5,638,1) 


(5,73,31) 


(6,96,5) 


(5,140,10) 


(5,239,5) 


(6,296,4) 


(6,348,6) 


(5,527,12) 


(5,569,5) 


(5,602,3) 


(5,638,5) 


(5,73,33) 


(6,96,8) 


(5,140,14) 


(5,240,4) 


(6,299,2) 


(6,348,8) 


(5,528,2) 


(5,569,6) 


(6,603,1) 
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Table 14: L{M)'~^ not retract fc-rational, 
M = Ml ® M2, rank Mi = 4, rank M2 = 1, Mj : indecomposable (768 cases) 



CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


(5,17,6) 


(5,49,13) 


(5,78,10) 


(5,97,4) 


(5,133,17) 


(5,430,2) 


(5,528,4) 


(5,662,1) 


(5,726,5) 


(5,785,1) 


(6,17,10) 


(5,50,5) 


(6,78,13) 


(5,97,7) 


(6,134,3) 


(6,431,2) 


(5,528,10) 


(5,663,1) 


(6,727,1) 


(5,785,2) 


(5,17,13) 


(5,50,6) 


(6,78,26) 


(5,98,14) 


(6,134,8) 


(6,432,2) 


(5,528,11) 


(5,664,1) 


(6,727,6) 


(5,786,1) 


(5,17,15) 


(5,51,6) 


(5,78,29) 


(5,98,17) 


(5,135,3) 


(5,433,2) 


(5,529,4) 


(5,665,3) 


(5,728,1) 


(5,786,2) 


(5,18,18) 


(5,52,5) 


(5,78,32) 


(5,99,5) 


(5,136,3) 


(5,434,3) 


(5,529,10) 


(5,666,3) 


(5,728,2) 


(5,797,3) 


(5,18,21) 


(5,52,6) 


(5,79,5) 


(5,99,13) 


(5,136,11) 


(5,435,3) 


(5,529,11) 


(5,667,3) 


(5,729,1) 


(5,798,2) 


(5,19,10) 


(5,52,13) 


(5,79,7) 


(5,99,14) 


(5,136,17) 


(5,436,3) 


(5,530,5) 


(5,668,1) 


(5,729,2) 


(5,801,4) 


(5,20,6) 


(5,53,5) 


(5,79,10) 


(5,99,17) 


(5,137,3) 


(5,444,6) 


(5,530,10) 


(5,669,1) 


(5,730,1) 


(5,801,5) 


(6,20,10) 


(5,53,6) 


(5,79,13) 


(5,99,42) 


(5,138,3) 


(5,445,6) 


(5,530,11) 


(5,670,1) 


(5,731,1) 


(5,805,3) 


(6,20,13) 


(5,54,6) 


(5,79,24) 


(5,99,46) 


(5,138,9) 


(5,446,6) 


(5,531,5) 


(5,671,1) 


(5,732,1) 


(5,806,3) 


(5,20,15) 


(5,55,5) 


(5,79,26) 


(5,100,5) 


(5,139,3) 


(5,447,6) 


(5,531,11) 


(5,672,1) 


(5,733,1) 


(5,808,2) 


(5,21,6) 


(5,55,6) 


(5,79,29) 


(5,100,13) 


(5,139,9) 


(5,448,2) 


(5,532,4) 


(5,673,1) 


(5,734,1) 


(5,809,2) 


(5,21,10) 


(5,56,5) 


(5,79,32) 


(5,100,14) 


(5,140,3) 


(5,449,2) 


(5,532,9) 


(5,674,1) 


(5,735,1) 


(5,810,3) 


(5,21,15) 


(5,56,6) 


(5,80,5) 


(5,100,17) 


(5,140,9) 


(5,450,2) 


(5,533,10) 


(5,675,1) 


(5,737,1) 


(5,810,4) 


(5,22,10) 


(5,59,6) 


(5,80,7) 


(5,101,4) 


(5,140,15) 


(5,450,5) 


(5,533,11) 


(5,676,1) 


(5,738,1) 


(5,811,2) 


(6,22,15) 


(5,60,6) 


(5,80,10) 


(5,101,10) 


(5.140,21) 


(5,457,2) 


(5,534,4) 


(5,677,1) 


(5.739.1) 


(5,811,3) 


(6,23,13) 


(5,60,13) 


(5,80,13) 


(5,101,11) 


(5,141,3) 


(5,458,2) 


(5,534,9) 


(5,678,1) 


(5,740,1) 


(5,812,3) 


(5,23,21) 


(5,61,6) 


(5,81,10) 


(5,102,4) 


(5,141,9) 


(5,459,2) 


(5,535,4) 


(5,679,1) 


(5,741,1) 


(5,812,4) 


(5,23.24) 


(5,62,14) 


(5,81,13) 


(5,102,10) 


(5,141,15) 


(5,464,2) 


(5,535,10) 


(5,680,1) 


(5,741,5) 


(5,822,3) 


(5,24,9) 


(5,63,6) 


(5,81,14) 


(5,102,11) 


(5,141,21) 


(5,465,5) 


(5,535,1 1) 


(5,681,1) 


(5,742,1) 


(5,822,4) 


(5,24,18) 


(5,63,12) 


(5,81,17) 


(5,103,14) 


(5,142,3) 


(5,468,7) 


(5,536,4) 


(5,682,1) 


(5,742,5) 


(5,823,3) 


(5,24,21) 


(5,63,13) 


(5,81,39) 


(5,103,17) 


(5,142,12) 


(5,469,2) 


(5,536,10) 


(5,683,1) 


(5,743,1) 


(5,823,5) 


(5,24,24) 


(5,64,6) 


(5,81,43) 


(5,104,3) 


(5,142,18) 


(5,484,2) 


(5,536,11) 


(5,683,5) 


(5,743,5) 


(5,836,2) 


(5,25,6) 


(5,65,6) 


(5,82,10) 


(5,105,3) 


(5,142,24) 


(5,485,2) 


(5,537,4) 


(5,684,1) 


(5,744,1) 


(5,846,3) 


(5,25,7) 


(5,65,12) 


(5,82,13) 


(5,105,9) 


(5,143,3) 


(5,486,2) 


(5,537,10) 


(5,684,2) 


(5,745,1) 


(5,846,4) 


(5,25,12) 


(5,65,13) 


(5,82,14) 


(5,106,3) 


(5,143,9) 


(5,487,2) 


(5,537,11) 


(5,685,1) 


(5,745,2) 


(5,847,2) 


(5,25,14) 


(5,66,5) 


(5,82,17) 


(5,107,3) 


(5,143,15) 


(5,488,2) 


(5,538,5) 


(5,685,2) 


(5,746,1) 


(5,848,2) 


(6,26,17) 


(5,66,6) 


(6,83,6) 


(5,108,3) 


(6,143,21) 


(6,489,2) 


(6,638,10) 


(5,686,1) 


(6,746,2) 


(5,851,2) 


(6,25,22) 


(5,67,6) 


(5,83,7) 


(5,108,9) 


(6,144,3) 


(6,490,2) 


(5,538,11) 


(5,686,2) 


(6,747,1) 


(5,851,3) 


(5,25,23) 


(5,68,6) 


(5,83,10) 


(5,109,3) 


(5,144,9) 


(5,501,3) 


(5,539,4) 


(5,687,1) 


(5,748,1) 


(5,852,4) 


(5,26,6) 


(5,09,6) 


(5,83,11) 


(5,109,9) 


(5,145,3) 


(5,503,3) 


(5,539,9) 


(5,687,2) 


(5,749,1) 


(5,852,5) 


(5,26,9) 


(5,70,6) 


(5,84,7) 


(5,110,3) 


(5,145,9) 


(5,503,5) 


(5,540,4) 


(5,688,1) 


(5,750,1) 


(5,853,4) 


(5,26,16) 


(5,71,5) 


(5,84,10) 


(5,110,9) 


(5,146,3) 


(5,504,5) 


(5,540,5) 


(5,688,5) 


(5,750,5) 


(5,853,6) 


(5,26,19) 


(5,71,8) 


(5,84,13) 


(5,111,3) 


(5,146,9) 


(5,505,3) 


(5,540,10) 


(5,689,1) 


(5,751,1) 


(5,854,2) 


(6,26,24) 


(5,71,10) 


(6,86,7) 


(6,111,9) 


(6,147,3) 


(6,606,6) 


(5,540,11) 


(5,689,5) 


(6,761,6) 


(6,854,5) 


(6,26,27) 


(5,71,13) 


(6,86,10) 


(5,112,3) 


(6,148,3) 


(6,607,6) 


(5,541,5) 


(5,690,1) 


(6,752,1) 


(5,854,6) 


(6,26,31) 


(5,71,14) 


(5,85,13) 


(5,113,3) 


(5,148,8) 


(5,508,5) 


(5,541,10) 


(5,691,1) 


(5,752,5) 


(5,855,2) 


(6,26,34) 


(5,71,17) 


(5,86,4) 


(5,114,3) 


(5,149,3) 


(5,509,5) 


(5,541,11) 


(5,694,1) 


(5,753,1) 


(5,855,5) 


(5,27,4) 


(5,72,7) 


(5,86,7) 


(5,115,3) 


(5,149,11) 


(5,510,3) 


(5,542,4) 


(5,695,1) 


(5,754,1) 


(5,855,7) 


(5,27,8) 


(5,72,10) 


(5,87,4) 


(5,116,3) 


(5,149,17) 


(5,510,5) 


(5,542,5) 


(5,696,1) 


(5,754,5) 


(5,856,3) 


(5,27,12) 


(5,72,11) 


(5,87,7) 


(5,116,12) 


(5,150,3) 


(5,511,3) 


(5,542,10) 


(5,696,2) 


(5,755,1) 


(5,856,5) 


(6,28,4) 


(5,72,24) 


(6,88,6) 


(6,116,18) 


(6,161,3) 


(6,611,6) 


(5,542,11) 


(5,697,1) 


(6,766,6) 


(6,856,7) 


(6,28,11) 


(5,72,26) 


(6,88,7) 


(5,116,24) 


(6,161,8) 


(6,612,6) 


(5,543,4) 


(5,698,1) 


(6,766,1) 


(5,856,8) 


(5,28,17) 


(5,72,29) 


(5,88,10) 


(5,117,3) 


(5,151,14) 


(5,513,3) 


(5,543,9) 


(5,699,1) 


(5,757,1) 


(5,867,2) 


(5,28,22) 


(5,72,30) 


(5,88,11) 


(5,117,11) 


(5,152,3) 


(5,513,5) 


(5,544,4) 


(5,700,1) 


(5,758,1) 


(5,869,2) 


(5,28,23) 


(5,73,7) 


(5,88,24) 


(5,117,17) 


(5,153,3) 


(5,514,3) 


(5,544,9) 


(5,701,1) 


(5,759,1) 


(5,869,5) 


(5,29,4) 


(5,73,10) 


(5,88,26) 


(5,118,3) 


(5,153,9) 


(5,514,5) 


(5,545,4) 


(5,702,1) 


(5,760,1) 


(5,869,6) 


(5,29,8) 


(5,73,11) 


(5,88,29) 


(5,118,11) 


(5,154,3) 


(5,515,3) 


(5,545,9) 


(5,703,1) 


(5,760,5) 


(5,870,4) 


(6,29,12) 


(5,73,24) 


(6,88,30) 


(5,118,17) 


(6,164,8) 


(6,616,6) 


(5,546,4) 


(5,704,1) 


(6,761,1) 


(6,870,5) 


(6,30,7) 


(5,73,26) 


(6,89,6) 


(5,119,3) 


(6,164,14) 


(6,616,6) 


(5,546,9) 


(5,704,8) 


(6,761,6) 


(5,876,3) 


(5,30,14) 


(5,73,29) 


(5,89,7) 


(5,119,8) 


(5,155,3) 


(5,517,3) 


(5,547,4) 


(5,705,1) 


(5,762,1) 


(5,877,3) 


(5,30,17) 


(5,73,30) 


(5,89,10) 


(5,120,3) 


(5,156,3) 


(5,517,5) 


(5,547,9) 


(5,705,5) 


(5,763,1) 


(5,878,2) 


(5,30,22) 


(5,74,7) 


(5,89,11) 


(5,120,11) 


(5,157,3) 


(5,518,4) 


(5,548,4) 


(5,706,1) 


(5,763,8) 


(5,879,2) 


(5,30,25) 


(5,74,10) 


(5,90,4) 


(5,120,17) 


(5,157,9) 


(5,518,9) 


(5,548,10) 


(5,706,5) 


(5,764,1) 


(5,882,2) 


(5,31,8) 


(5,74,11) 


(5,90,10) 


(5,121,3) 


(5,158,3) 


(5,519,2) 


(5,548,11) 


(5,707,1) 


(5,764,8) 


(5,887,2) 


(6,31,9) 


(5,76,7) 


(6,90,11) 


(5,121,11) 


(6,168,9) 


(6,619,3) 


(5,646,1) 


(5,708,1) 


(6,766,1) 


(5,887,3) 


(6,31,16) 


(5,75,10) 


(6,90,23) 


(5,122,3) 


(6,169,3) 


(6,619,11) 


(5,646,2) 


(5,709,1) 


(6,766,1) 


(5,887,5) 


(5,31,22) 


(5,75,11) 


(5,90,26) 


(5,122,14) 


(5,160,3) 


(5,520,3) 


(5,647,1) 


(5,710,1) 


(5,767,1) 


(5,888,3) 


(5,31,25) 


(5,75,26) 


(5,90,29) 


(5,123,3) 


(5,161,3) 


(5,520,12) 


(5,647,2) 


(5,711,1) 


(5,768,1) 


(5,888,4) 


(5,31,29) 


(5,75,29) 


(5,90,30) 


(5,123,12) 


(5,162,3) 


(5,521,3) 


(5,648,1) 


(5,712,1) 


(5,768,8) 


(5,889,4) 


(5,31,34) 


(5,75,30) 


(5,91,5) 


(5,124,3) 


(5,395,2) 


(5,522,2) 


(5,649,1) 


(5,713,1) 


(5,769,1) 


(5,889,5) 


(5,31,37) 


(5,76,8) 


(5,91,7) 


(5,125,3) 


(5,404,3) 


(5,522,3) 


(5,650,1) 


(5,714,1) 


(5,770,1) 


(5,890,4) 


(6,32,12) 


(5,76,13) 


(6,91,10) 


(5,126,3) 


(6,407,4) 


(6,623,4) 


(5,651,1) 


(5,715,1) 


(6,771,1) 


(5,890,5) 


(6,32,16) 


(5,76,14) 


(6,91,13) 


(5,127,3) 


(6,408,4) 


(6,623,6) 


(5,651,5) 


(5,716,1) 


(6,772,1) 


(5,891,3) 


(5,32,21) 


(5,76,17) 


(5,92,4) 


(5,127,9) 


(5,409,3) 


(5,523,10) 


(5,652,1) 


(5,717,1) 


(5,772,2) 


(5,891,5) 


(5,32,23) 


(5,76,31) 


(5,92,10) 


(5,128,3) 


(5,409,9) 


(5,523,11) 


(5,653,1) 


(5,718,1) 


(5,773,3) 


(5,892,3) 


(5,32,30) 


(5,76,34) 


(5,92,11) 


(5,128,9) 


(5,410,5) 


(5,524,4) 


(5,653,5) 


(5,719,1) 


(5,774,3) 


(5,892,5) 


(5,32,42) 


(5,76,36) 


(5,93,4) 


(5,129,3) 


(5,410,9) 


(5,524,10) 


(5,654,1) 


(5,720,1) 


(5,775,1) 


(5,893,3) 


(5,32,53) 


(5,76,39) 


(5,93,7) 


(5,130,3) 


(5,411,2) 


(5,524,11) 


(5,655,1) 


(5,721,1) 


(5,776,1) 


(5,893,4) 


(5,47,5) 


(5,76,40) 


(5,94,4) 


(5,131,3) 


(5,412,2) 


(5,525,4) 


(5,656,1) 


(5,722,1) 


(5,777,1) 


(5,894,3) 


(5,47,6) 


(5,76,43) 


(5,94,7) 


(5,131,8) 


(5,413,3) 


(5,525,9) 


(5,657,1) 


(5,723,1) 


(5,778,1) 


(5,894,4) 


(5,48,5) 


(5,77,8) 


(5,94,16) 


(5,131,14) 


(5,414,5) 


(5,526,4) 


(5,657,5) 


(5,723,5) 


(5,779,1) 


(5,895,2) 


(5,48,6) 


(5,77,13) 


(5,94,19) 


(5,132,3) 


(5,423,4) 


(5,526,9) 


(5,658,1) 


(5,724,1) 


(5,780,1) 


(5,895,3) 


(5,48,12) 


(5,77,14) 


(5,95,4) 


(5,132,8) 


(5,424,5) 


(5,527,4) 


(5,659,1) 


(5,724,2) 


(5,781,1) 


(5,896,2) 


(5,48,13) 


(5,77,17) 


(5,95,7) 


(5,132,14) 


(5,424,9) 


(5,527,5) 


(5,659,5) 


(5,725,1) 


(5,782,1) 


(5,896,3) 


(5,49,5) 


(5,78,5) 


(5,96,4) 


(5,133,3) 


(5,425,2) 


(5,527,10) 


(5,660,1) 


(5,725,2) 


(5,783,1) 




(6,49,6) 


(5,78,7) 


(6,96,7) 


(5,133,11) 


(5,426,3) 


(6,627,11) 


(5,661,1) 


(5,726,1) 


(5,784,1) 
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Table 15: L{M)'^ not retract fc-rational, rank M = 5, M : indecomposable (1141 cases) 



CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


(5,17,14) 


(5,30,24) 


(5,73,9) 


(5,78,36) 


(5,87,6) 


(5 


95,11) 


(5 


109,12) 


(5,122,5) 


(5 


136,19) 


(8 


148,9) 


(5,17,17) 


(5,30,27) 


(5,73,13) 


(5,78,38) 


(5,87,9) 


(5 


95,12) 


(5 


109,14) 


(5,122,8) 


(5 


137,5) 


(5 


148,10) 


(5,18,23) 


(5,30,28) 


(5,73,15) 


(5,78,40) 


(5,87,11) 


(5 


96,6) 


(5 


109,15) 


(5,122,9) 


(5 


138,6) 


(8 


148,12) 


(5,19,17) 


(5,30,30) 


(5,73,17) 


(5,79,9) 


(5,87,12) 


(5 


96,9) 


(5 


110,5) 


(5,122,10) 


(5 


138,12) 


(8 


148,13) 


(5,20,14) 


(5,30,32) 


(5,73,18) 


(5,79,12) 


(5,88,9) 




96,11) 


(5 


110,6) 


(5,122,15) 




139,5) 




149,4) 


(5,20,17) 


(6,31,10) 


(5,73,19) 


(5,79,15) 


(5,88,13) 


(5 


96,12) 


(5 


110,12) 


(5,122,16) 


(5 


139.6) 


(8 


149.5) 


(5,21,14) 


(5,31,18) 


(5,73,28) 


(5,79,17) 


(5,88,15) 


(5 


97,6) 


(5 


110,14) 


(5,123,5) 


(5 


139.11) 


(8 


149.7) 


(5,21,17) 


(5,31,24) 


(5,73,32) 


(5,79,18) 


(5,88,17) 


(5 


97,9) 


(5 


111,5) 


(5,123,6) 


(5 


139,12) 


(8 


149.8) 


(5,22,17) 


(5,31,26) 


(5,73,34) 


(5,79,19) 


(5,88,18) 


(5 


97,11) 


(5 


111,6) 


(5,123,8) 


(5 


140,5) 


(8 


149.13) 


(5,23,23) 


(5,31,27) 


(5,73,36) 


(5,79,28) 


(5,88,19) 


(5 


97,12) 


(5 


111,11) 


(5,123,9) 


(5 


140,6) 


(8 


149,14) 


(5,24,23) 


(5,31,31) 


(5,73,37) 


(5,79,31) 


(5,88,28) 


(5 


98,23) 


(5 


111,12) 


(5,123,14) 


(5 


140,11) 


(8 


149,18) 


(5,24,27) 


(5,31,32) 


(5,73,38) 


(5,79,34) 


(5,88,32) 


(5 


98,27) 


(5 


111,14) 


(5,123,15) 


(5 


140,12) 


(8 


149,19) 


(5,25,8) 


(5,31,33) 


(5,74,13) 


(5,79,36) 


(5,88,34) 


(5 


98,29) 


(5 


111,15) 


(5,124,5) 


(8 


140,17) 


(8 


160,6) 


(5,25,16) 


(5,31,36) 


(5,74,15) 


(5,79,37) 


(5,88,36) 


(5 


99,16) 


(5 


112,4) 


(5,124,6) 


(8 


140,18) 


(8 


150,6) 


(5,25,19) 


(5,31,39) 


(5,74,17) 


(5,79,38) 


(5,88,37) 


(5 


99,19) 


(5 


112,5) 


(5,125,5) 


(5 


140,23) 


(8 


151.4) 


(5,25,20) 


(5,31,40) 


(5,74,19) 


(5,79,40) 


(5,88,38) 


(5 


99,23) 


(5 


112,7) 


(5,125,6) 


(5 


140,24) 


(8 


151.5) 


(5,25,21) 


(5,31,43) 


(5,75,13) 


(5,79,41) 


(5,88,40) 


(5 


99,24) 


(5 


112,8) 


(5,126,6) 


(5 


141,5) 


(8 


151,10) 


(5,25,25) 


(6,31,44) 


(5,75,15) 


(5,80,9) 


(5,88,41) 


(5 


99,25) 


(5 


113,4) 


(5,127,5) 


(8 


141,6) 


(8 


151,11) 


(5,25,27) 


(5,31,45) 


(5,75,17) 


(5,80,12) 


(5,89,9) 


(5 


99,27) 


(5 


113,5) 


(5,127,6) 


(8 


141,11) 


(8 


151,15) 


(5,25,28) 


(5,31,46) 


(5,75,19) 


(5,80,15) 


(5.89.13) 




99,28) 


(5 


114,5) 


(5,127,11) 


(5 


141,12) 


(8 


151.16) 




(5,31,48) 


(5,75,32) 


(5,80,17) 




(5 


99,48) 


(5 


115,5) 


(5,127,12) 


(5 


141,17) 


(5 


151.18) 


(5,25,30) 


(5,32,18) 


(5,75,34) 


(5,80,18) 


(5,89,17) 


(5 


99,55) 


(5 


115,6) 


(5,128,5) 


(5 


141,18) 


(5 


151.19) 


(5,25,32) 


(5,32,25) 


(5,75,36) 


(5,80,19) 


(5,89,18) 


(5 


99,58) 


(5 


116,5) 


(5,128,6) 


(5 


141,23) 


(5 


152.4) 


(5,25,33) 


(5,32,34) 


(5,75,38) 


(5,81,16) 


(5,89,19) 


(5 


100,12) 


(5 


116,6) 


(5,128,11) 


(8 


141,24) 


(8 


152,5) 


(8,26,10) 


(6,32,36) 


(8,78,40) 


(6,81,19) 


(8,90,9) 


(6 


100,16) 


(8 


116,8) 


(8,128,12) 


(8 


141,26) 


(8 


163,6) 


(5,26,18) 


(6,32,36) 


(8,76,12) 


(6,81,22) 


(8,90,13) 


(6 


100,19) 


(8 


116,9) 


(8,129,8) 


(8 


141,27) 


(8 


163,6) 


(5,26,21) 


(5,32,41) 


(5,76,16) 


(5,81,23) 


(5,90,16) 


(5 


100,23) 


(5 


116,14) 


(5,129,6) 


(5 


142,5) 


(8 


153.11) 


(5,26,26) 


(5,32,44) 


(5,76,19) 


(5,81,24) 


(5,90,17) 


(5 


100,24) 


(5 


116,15) 


(5,130,5) 


(5 


142,6) 


(5 


153.12) 


(5,26,28) 


(5,32,51) 


(5,76,22) 


(5,81,26) 


(5,90,18) 




100,25) 


(5 


116,20) 


(5,130,6) 


(5 


142,8) 


(5 


154,4) 


(5,26,29) 


(5,32,54) 


(5,76,23) 


(5,81,45) 


(5,90,19) 


(5 


100,27) 


(5 


116,21) 


(5,131,4) 


(5 


142,9) 


(8 


154,5) 


(5,26,30) 


(5,32,57) 


(5,76,24) 


(5,81,52) 


(5,90,28) 


(5 


100,28) 


(5 


116,26) 


(5,131,5) 


(5 


142,14) 


(8 


154,10) 


(8,26,33) 


(6,32,60) 


(8,76,28) 


(6,81,66) 


(8,90,32) 


(6 


101,13) 


(8 


116,27) 


(8,131,10) 


(6 


142,16) 


(8 


164,11) 


(8,26,36) 


(6,36,3) 


(8,76,26) 


(6,82,16) 


(8,90,38) 


(6 


101,17) 


(8 


117,8) 


(8,131,11) 


(8 


142,20) 


(8 


164,16) 


(5,26,38) 


(5,36,7) 


(5,76,38) 


(5,82,19) 


(5,90,36) 


(5 


101,18) 


(5 


117,7) 


(5,131,16) 


(8 


142,21) 


(8 


154,16) 


(5,26,39) 


(5,38,6) 


(5,76,42) 


(5,82,22) 


(5,90,37) 


(5 


101,20) 


(5 


117,14) 


(5,131,18) 


(5 


142,26) 


(8 


155,4) 


(5,26,40) 


(5,39,5) 


(5,76,45) 


(5,82,23) 


(5,90,38) 


(5 


101,21) 


(5 


117,19) 


(5,132,4) 


(5 


142,27) 


(8 


155,5) 


(5,26,41) 


(5,71,12) 


(5,76,48) 


(5,82,24) 


(5,91,9) 


(5 


102,9) 


(5 


118,5) 


(5,132,5) 


(5 


143,5) 


(5 


156,5) 


(5,26,42) 


(5,71,16) 


(5,76,49) 


(5,82,26) 


(5,91,12) 


(5 


102,13) 


(5 


118,7) 


(5,132,10) 


(8 


143,6) 


(8 


157,5) 


(8,27,8) 


(6,71,19) 


(8,76,80) 


(6,83,9) 


(8,91,18) 


(8 


102,17) 


(5 


118,13) 


(8,132,11) 


(8 


143,11) 


(8 


167,6) 


(8,27,10) 


(6,71,22) 


(8,76,81) 


(6,83,13) 


(8,91,17) 


(5 


102,18) 


(5 


118,14) 


(8,132,18) 


(8 


143,12) 


(8 


167,11) 


(8,27,11) 


(5,71,23) 


(5,76,53) 


(5,83,15) 


(5,91,18) 


(5 


102,20) 


(5 


118,18) 


(5,132,16) 


(8 


143,17) 


(8 


157,12) 


(5,27,14) 


(5,71,24) 


(5,76,54) 


(5,83,17) 


(5,91,19) 


(5 


102,21) 


(5 


118,19) 


(5,132,18) 


(5 


143,18) 


(5 


158,5) 


(5,27,15) 


(5,71,25) 


(5,76,55) 


(5,83,18) 


(5,92,13) 


(5 


103,23) 


(5 


119,4) 


(5,132,19) 


(8 


143.23) 


(5 


158,6) 


(5,27,16) 


(5,71,26) 


(5,77,12) 


(5,83,19) 


(5,92,17) 


(5 


103,27) 


(5 


119,5) 


(5,133,5) 


(8 


143.24) 


(8 


158,11) 


(5,28,19) 


(5,71,28) 


(5,77,16) 


(5,83,21) 


(5,92,18) 


(5 


103,29) 


(5 


119,9) 


(5,133,7) 


(8 


144,5) 


(8 


158,12) 


(8,28,20) 


(6,71,29) 


(8,77,19) 


(6,83,22) 


(5,92,19) 


(6 


104,4) 


(5 


119,10) 


(8,133,14) 


(8 


144,6) 


(8 


169,6) 


(8,28,21) 


(6,72,9) 


(8,77,22) 


(6,84,12) 


(8,93,6) 


(5 


104,6) 


(5 


119,12) 


(8,133,19) 


(8 


144,11) 


(8 


169,6) 


(5,28,25) 


(5,72,13) 


(5,77,23) 


(5,84,15) 


(5,93,9) 


(5 


105,5) 


(5 


119,13) 


(5,134,4) 


(8 


144,12) 


(8 


160.4) 


(5,28,28) 


(5,72,15) 


(5,77,24) 


(5,84,17) 


(5,93,11) 


(5 


105,6) 


(5 


120,4) 


(5,134,5) 


(8 


145,5) 


(8 


160,5) 


(5,28,29) 


(5,72,17) 


(5,77,25) 


(5,84,19) 


(5,93,12) 


(5 


105,11) 


(5 


120,5) 


(5,134,9) 


(8 


145,6) 


(8 


160,7) 


(5,28,30) 


(5,72,18) 


(5,77,26) 


(5,85,9) 


(8,94,6) 


(5 


105,12) 


(5 


120,7) 


(5,134,10) 


(8 


145,11) 


(8 


161,6) 


(8,29,8) 


(6,72,19) 


(8,78,9) 


(5,85,12) 


(8,94,9) 


(5 


106,6) 


(5 


120,8) 


(5,135,4) 


(8 


145,12) 


(8 


161,7) 


(8,29,10) 


(6,72,28) 


(8,78,12) 


(6,86,16) 


(8,94,11) 


(8 


107,6) 


(5 


120,13) 


(8,138,8) 


(8 


146,6) 


(8 


162,6) 


(8,29,11) 


(6,72,32) 


(8,78,18) 


(6,86,17) 


(8,94,12) 


(8 


107,6) 


(5 


120,14) 


(8,136,4) 


(8 


146,6) 


(8 


162,7) 


(5,29,14) 


(5,72,34) 


(5,78,17) 


(5,85,18) 


(5,94,18) 


(5 


108,6) 


(5 


120,19) 


(5,136,5) 


(8 


146,11) 


(8 


224,9) 


(5,29,15) 


(5,72,36) 


(5,78,18) 


(5,85,19) 


(5,94,21) 




108,12) 


(5 


120,21) 


(5,136,7) 


(8 


146,12) 


(8 


227,11) 


(5,29,16) 


(5,72,37) 


(5,78,19) 


(5,86,6) 


(5,94,23) 


(5 


108,14) 


(5 


121,5) 


(5,136,8) 


(8 


147,4) 


(8 


232,14) 


(5,30,19) 


(5,72,38) 


(5,78,28) 


(5,86,9) 


(5,94,24) 


(5 


109,5) 


(5 


121,7) 


(5,136,13) 


(8 


147,5) 


(8 


233,9) 


(5,30,20) 


(5,72,40) 


(5,78,31) 


(5,86,11) 


(5,95,6) 


(5 


109,6) 


(5 


121,13) 


(5,136,14) 


(8 


148,4) 


(8 


233,10) 


(8,30,21) 


(6,72,41) 


(8,78,34) 


(6,86,12) 


(8,98,9) 


(8 


109,11) 


(5 


122,4) 


(5,136,18) 


(8 


148,6) 


(8 


234,11) 
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Table 15 (continued): L{M)'-^ not retract A;-rational, rank M = 5, M : indecomposable (1141 cases) 



CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


CARAT 


(5,234,12) 


(5,519,15) 


(5,533,13) 


(5,547,11) 


(5,568,10) 


(5,639,2) 


(5,685,5) 


(5,723,2) 


(5,764,3) 


(5,939,2) 


(5,240,9) 


(5,520,7) 


(5,533,14) 


(5,547,12) 


(5,569,2) 


(5,641,4) 


(5,686,3) 


(5,723,4) 


(5,764,5) 


(5,939,3) 


(5,240,10) 


(5,520,9) 


(5,534,6) 


(5,548,7) 


(5,569,4) 


(5,642,2) 


(5,686,5) 


(5,724,3) 


(5,764,7) 


(5,940,2) 


(5,241,14) 


(5,520,15) 


(5,534,7) 


(5,548,8) 


(5,569,7) 


(5,643,2) 


(5,687,3) 


(5,724,5) 


(5,764,9) 


(5,940,3) 


(5,241,15) 


(5,521,7) 


(5,534,11) 


(5,548,13) 


(5,569,10) 


(5,651,2) 


(5,688,2) 


(5,725,3) 


(5,764,11) 


(5,941,2) 


(6,242,9) 


(6,521,9) 


(5,534,12) 


(5,548,14) 


(5,570,2) 


(5,651,4) 


(5,688,4) 


(5,725,5) 


(5,765,2) 


(5,941,3) 


(5,244,9) 


(6,522,5) 


(5,535,7) 


(5,549,2) 


(5,570,4) 


(5,651,6) 


(5,689,2) 


(5,726,2) 


(5,765,4) 


(5,942,2) 


(5,244,10) 


(5,522,7) 


(5,535,8) 


(5,549,5) 


(5,570,7) 


(5,651,8) 


(5,696,3) 


(5,727,2) 


(5,766,2) 


(5,942,3) 


(5,246,11) 


(5,522,8) 


(5,535,13) 


(5,550,2) 


(5,570,10) 


(5,652,2) 


(5,697,2) 


(5,727,4) 


(5,766,4) 


(5,943,2) 


(5,246,12) 


(5,523,7) 


(5,535,14) 


(5,550,4) 


(5,571,2) 


(5,652,4) 


(5,697,4) 


(5,728,3) 


(5,767,2) 


(5,943,3) 


(5,257,14) 


(5,523,8) 


(5,536,7) 


(5,550,7) 


(5,571,4) 


(5,653,2) 


(5,700,2) 


(5,728,5) 


(5,767,4) 


(5,944,2) 


(5,257,15) 


(5,523,13) 


(5,536,8) 


(5,550,10) 


(5,571,7) 


(5,653,4) 


(5,701,2) 


(5,729,3) 


(5,768,2) 


(5,944,3) 


(5,274,4) 


(5,523,14) 


(5,536,13) 


(5,551,2) 


(5,571,10) 


(5,653,6) 


(5,701,4) 


(5,729,5) 


(5,768,3) 


(5,945,2) 


(5,275,4) 


(5,523,16) 


(5,536,14) 


(5,551,4) 


(5,572,2) 


(5,653,8) 


(5,702,2) 


(5,741,2) 


(5,768,5) 


(5,945,3) 


(5,276,4) 


(5,523,17) 


(5,537,8) 


(5,551,7) 


(5,572,5) 


(5,654,2) 


(5,702,4) 


(5,741,4) 


(5,768,7) 


(5,946,1) 


(5,290,6) 


(5,524,8) 


(5,537,13) 


(5,551,10) 


(5,573,2) 


(5,654,4) 


(5,703,2) 


(5,742,2) 


(5,768,9) 


(5,946,3) 


(5,291,6) 


(5,524,13) 


(5,537,14) 


(5,552,2) 


(5,573,5) 


(5,655,2) 


(5,704,2) 


(5,743,2) 


(5,768,11) 


(5,947,1) 


(5,294,6) 


(5,524,14) 


(5,538,8) 


(5,552,4) 


(5,574,2) 


(5,656,2) 


(5,704,3) 


(5,743,4) 


(5,769,2) 


(5,947,3) 


(5,302,4) 


(5,525,6) 


(5,538,13) 


(5,552,7) 


(5,574,4) 


(5,657,2) 


(5,704,5) 


(5,749,2) 


(5,769,4) 


(5,948,1) 


(5,303,4) 


(5,525,7) 


(5,538,14) 


(5,552,10) 


(5,574,7) 


(5,657,4) 


(5,704,9) 


(5,749,4) 


(5,770,2) 


(5,948,2) 


(5,304,4) 


(5,525,11) 


(5,539,6) 


(5,553,2) 


(5,574,10) 


(5,657,6) 


(5,705,2) 


(5,750,2) 


(5,770,4) 


(5,948,3) 


(5,305,4) 


(5,525,12) 


(5,539,7) 


(5,553,5) 


(5,575,2) 


(5,657,8) 


(5,705,6) 


(5,750,6) 


(5,772,3) 


(5,948,4) 


(5,305,8) 


(5,526,6) 


(5,539,11) 


(5,554,2) 


(5,575,5) 


(5,658,2) 


(5,705,7) 


(5,751,2) 


(5,772,5) 


(5,949,1) 


(5,306,12) 


(5,526,7) 


(5,539,12) 


(5,554,5) 


(5,576,2) 


(5,658,4) 


(5,706,2) 


(5,751,4) 


(5,773,4) 


(5,949,2) 


(5,316,4) 


(6,626,11) 


(5,540,7) 


(5,555,2) 


(6,676,6) 


(6,669,2) 


(6,706,6) 


(6,761,6) 


(6,774,4) 


(6,949,3) 


(5,326,6) 


(6,526,12) 


(5,540,8) 


(5,555,5) 


(6,577,2) 


(6,659,4) 


(5,706,7) 


(6,751,8) 


(5,785,3) 


(6,949,4) 


(5,335,6) 


(5,527,7) 


(5,540,13) 


(5,556,2) 


(5,577,5) 


(5,659,6) 


(5,706,8) 


(5,752,2) 


(5,786,3) 


(5,950,1) 


(5,336,8) 


(5,527,8) 


(5,540,14) 


(5,556,5) 


(5,578,2) 


(5,659,8) 


(5,706,10) 


(5,752,4) 


(5,786,5) 


(5,950,2) 


(5,336,12) 


(5,527,13) 


(5,540,16) 


(5,557,2) 


(5,578,5) 


(5,660,2) 


(5,706,12) 


(5,752,6) 


(5,801,6) 


(5,950,3) 


(5,337,8) 


(5,527,14) 


(5,540,17) 


(5,557,5) 


(5,579,2) 


(5,660,4) 


(5,707,2) 


(5,752,8) 


(5,822,5) 


(5,950,4) 


(5,338,6) 


(5,527,16) 


(5,541,8) 


(5,558,2) 


(5,579,5) 


(5,664,2) 


(5,708,2) 


(5,753,2) 


(5,823,4) 


(5,951,1) 


(5,339,6) 


(6,627,17) 


(6,541,13) 


(5,558,5) 


(6,680,2) 


(6,664,4) 


(6,708,4) 


(6,764,2) 


(6,846,5) 


(6,961,2) 


(5,340,8) 


(6,528,7) 


(5,641,14) 


(5,559,2) 


(6,604,2) 


(6,666,4) 


(5,709,2) 


(6,764,6) 


(5,852,6) 


(6,961,3) 


(5,340,12) 


(5,528,8) 


(5,542,7) 


(5,559,5) 


(5,604,4) 


(5,666,4) 


(5,709,3) 


(5,755,2) 


(5,853,5) 


(5,952,1) 


(5,342,4) 


(5,528,13) 


(5,542,8) 


(5,560,2) 


(5,605,2) 


(5,667,2) 


(5,709,5) 


(5,755,4) 


(5,854,7) 


(5,952,3) 


(5,372,6) 


(5,528,15) 


(5,542,13) 


(5,560,5) 


(5,605,4) 


(5,667,4) 


(5,710,2) 


(5,755,6) 


(5,855,6) 


(5,953,1) 


(5,404,5) 


(5,528,16) 


(5,542,14) 


(5,561,2) 


(5,606,2) 


(5,668,2) 


(5,711,2) 


(5,755,8) 


(5,856,4) 


(5,953,2) 


(5,409,5) 


(5,528,17) 


(5,543,6) 


(5,561,5) 


(5,607,2) 


(5,669,2) 


(5,712,2) 


(5,756,2) 


(5,869,7) 


(5,953,3) 


(6,410,7) 


(6,629,8) 


(5,643,7) 


(5,562,2) 


(6,607,6) 


(6,669,4) 


(5,712,4) 


(6,767,2) 


(5,870,6) 


(6,964,1) 


(5,413,6) 


(6,529,13) 


(5,643,11) 


(5,562,5) 


(6,608,2) 


(6,670,2) 


(5,713,2) 


(6,767,4) 


(5,889,6) 


(6,964,2) 


(5,414,8) 


(5,529,15) 


(5,543,12) 


(5,563,2) 


(5,608,6) 


(5,670,3) 


(5,714,2) 


(5,758,2) 


(5,890,6) 


(5,954,3) 


(5,424,7) 


(5,529,16) 


(5,544,6) 


(5,563,5) 


(5,621,2) 


(5,670,7) 


(5,714,4) 


(5,759,2) 


(5,891,4) 


(5,954,4) 


(5,426,6) 


(5,530,7) 


(5,544,7) 


(5,564,2) 


(5,621,4) 


(5,671,2) 


(5,715,2) 


(5,759,4) 


(5,892,4) 


(5,955, 1) 


(6,434,5) 


(5,530,8) 


(5,544,11) 


(5,564,5) 


(5,622,2) 


(5,671,3) 


(5,716,2) 


(5,760,2) 


(5,933,2) 


(5,955,2) 


(6,436,6) 


(6,530,13) 


(5,544,12) 


(5,565,2) 


(5,622,4) 


(5,671,7) 


(5,716,4) 


(5,760,6) 


(5,933,3) 


(5,955,3) 


(6,436,6) 


(6,530,15) 


(5,646,6) 


(5,565,4) 


(6,623,2) 


(6,672,2) 


(5,717,2) 


(6,761,2) 


(5,934,2) 


(6,966,4) 


(6,466,7) 


(6,530,16) 


(5,545,7) 


(5,565,7) 


(6,623,6) 


(6,673,2) 


(5,717,4) 


(6,761,4) 


(5,934,3) 




(5,501,5) 


(5,530,17) 


(5,545,11) 


(5,565,10) 


(5,624,2) 


(6,673,4) 


(5,718,2) 


(5,761,6) 


(5,935,2) 




(5,518,6) 


(5,531,8) 


(5,545,12) 


(5,566,2) 


(5,624,4) 


(5,674,2) 


(5,718,4) 


(5,761,8) 


(5,935,3) 




(5,518,7) 


(5,531,15) 


(5,546,6) 


(5,566,5) 


(5,624,6) 


(5,675,2) 


(5,719,2) 


(5,762,2) 


(5,936,2) 




(5,618,11) 


(5,531,17) 


(5,546,7) 


(5,567,2) 


(5,624,9) 


(5,675,4) 


(5,719,4) 


(5,763,2) 


(5,936,3) 




(6,618,12) 


(5,532,6) 


(5,646,11) 


(5,567,5) 


(5,626,2) 


(6,683,2) 


(5,720,2) 


(6,763,3) 


(5,937,2) 




(6,619,6) 


(6,632,7) 


(5,546,12) 


(5,568,2) 


(6,626,4) 


(6,683,4) 


(5,720,4) 


(6,763,6) 


(5,937,3) 




(6,619,7) 


(6,632,11) 


(5,647,6) 


(5,568,4) 


(6,638,2) 


(6,684,3) 


(5,721,2) 


(6,763,9) 


(5,938,2) 




(6,619,8) 


(6,632,12) 


(5,647,7) 


(5,568,7) 


(6,638,4) 


(6,686,3) 


(5,721,4) 


(6,764,2) 


(5,938,3) 





A. HOSHI AND A. YAMASAKI 



Tabic 16: birational classification of the algebraic fc-tori of dimension 5 



CARAT 




[.«, 1 , u\ 


<;(ii,, I) 




CARAT 


# 


[,b. /■. uj 






(5,1) 


1 


[1,0,0] 


G(l, 1) 


{1} 


(5,81) 


55 


[34,0,21] 


G(16, 11) 


C2 X D4 


(6,2) 


1 


[1,0,0] 


G(2, 1) 


C2 


(5,82) 


26 


[12,0,14] 


G(16, 11) 


C2 X D4 


(6,3) 


2 


[2,0,0] 


G(2, 1) 


C2 


(5,83) 


22 


[4,0,18] 


G(16, 10) 


Ci X cl 


(6,4) 


2 


[2,0,0] 


G(2, 1) 


C2 


(5,84) 


19 


[10,0,9] 


G(16, 10) 


Ci X c| 


(6,6) 


2 


[2,0,0] 


G(4, 2) 


ci 


(5,85) 


19 


[6,0,13] 


G(16, 10) 


Ci X cl 


(6,6) 


3 


[3,0,0] 


G(2, 1) 


C2 


(5,86) 


12 


[3,0,9] 


G(16, 10) 


Ci X cl 


(6,7) 


3 


[3,0,0] 


G(2, 1) 


C2 


(5,87) 


12 


[2,0,10] 


G(16, 10) 


Ci X cl 


(6,8) 


3 


[3,0,0] 


G(4, 2) 


cl 


(5,88) 


41 


[7,0,34] 


G(32, 46) 


cl X Di 


(5,9) 


6 


[6,0,0] 


G(4, 2) 




(5,89) 


19 


[3,0,16] 


G(32, 46) 


cl X Di 


(5,10) 


7 


[7,0,0] 


G(4, 2) 


ci 


(5,90) 


38 


[9,0,29] 


G{32, 46) 


cl X Di 


(5,11) 


6 


[5,0,1] 


G(4, 2) 


cl 


(5,91) 


19 


[3,0,16] 


G(32, 46) 


cl X Di 


(5,12) 


6 


[4,0,2] 


G(8, 5) 


cl 


(5,92) 


19 


[10,0,9] 


G(32, 46) 


cl X Di 


(5,13) 


9 


[9,0,0] 


G(4, 2) 


cl 


(5,93) 


12 


[3,0,9] 


G(32, 46) 


cl X Di 


(5,14) 


9 


[7,0,2] 


G(4, 2) 


cl 


(5,94) 


24 


[4,0,20] 


G(32, 46) 


cl X Di 


(5,15) 


11 


[11,0,0] 


G(4, 2) 


cl 


(5,95) 


12 


[2,0,10] 


G(32, 46) 


cl X Di 


(6,16) 


9 


[5,0,4] 


G(8, 5) 


cl 


(5,96) 


12 


[2,0,10] 


G{32, 45) 


Ci X cl 


(5,17) 


17 


[5,0,12] 


G{16, 14) 


(-A 


(5,97) 


12 


[2,0,10] 


G{64, 261) 


cl X Di 


(5,18) 


28 


[23,0,5] 


G{4, 2) 


cl 


(5,98) 


29 


[22,0,7] 


G(8, 3) 


Di 


(5,19) 


18 


[15,0,3] 


G{4, 2) 


cl 


(5,99) 


58 


[36,0,22] 


G(8, 3) 


Di 


(5,20) 


18 


[6,0,12] 


G(8, 5) 


cl 


(5,100) 


29 


[12,0,17] 


G(8, 3) 


Di 


(5,21) 


17 


[7,0,10] 


G(8, 5) 


cl 


(5,101) 


22 


[12,0,10] 


G(8, 2) 


Ci X C2 


(5,22) 


17 


[12,0,5] 


G(8, 5) 


c 


(5,102) 


22 


[10,0,12] 


G(8, 2) 


Ci X C2 


(5,23) 


27 


[19,0,8] 


G(8, 5) 




(5,103) 


29 


[22,0,7] 


G(8, 2) 


Ci X C2 


(5,24) 


27 


[13,0,14] 


G(8, 5) 


cl 


(5,104) 


5 


[1,0,4] 


G(128, 2194) 


C2 X C4 X Di 


(5,25) 


33 


[6,0,27] 


G(16, 14) 


cl 


(5,105) 


12 


[3,0,9] 


G(16, 4) 


Ci X Ci 


(5,26) 


42 


[10,0,32] 


G(16, 14) 


cl 


(5,106) 


6 


[4,0,2] 


G(16, 4) 


Ci X Ci 


(5,27) 


16 


[3,0,13] 


G(16, 14) 


cl 


(5,107) 


6 


[2,0,4] 


G(16, 4) 


Ci X Ci 


(5,28) 


30 


[14,0,16] 


G(16, 14) 


cl 


(5,108) 


15 


[10,0,5] 


G(16, 3) 


{Ci X C2) X C2 


(5,29) 


16 


[3,0,13] 


G(32, 51) 


cl 


(5,109) 


15 


[3,0,12] 


G(16, 3) 


{Ci X C2) X C2 


(5,30) 


33 


[16,0,17] 


G(8, 5) 


cl 


(5,110) 


15 


[8,0,7] 


G(16, 3) 


(Ci X C2) X C2 


(5,31) 


49 


[15,0,34] 


G(8, 5) 


cl 


(5,111) 


15 


[4,0,11] 


G(16, 3) 


{Ci X C2) X C2 


(5,32) 


60 


[36,0,24] 


G(8, 5) 


cl 


(5,112) 


8 


[2,0,6] 


G(16, 10) 


Ci X cl 


(5,33) 


2 


[2,0,0] 


G(4, 1) 


Ci 


(5,113) 


5 


[1,0,4] 


G(16, 2) 


Ci X Ci 


(6,34) 


2 


[2,0,0] 


G(4, 1) 


Ci 


(5,114) 


5 


[3,0,2] 


G(16, 2) 


Ci X Ci 


(5,36) 


2 


[1,0,1] 


G(8, 2) 


Ci X C2 


(5,115) 


6 


[2,0,4] 


G(16, 2) 


Ci X Ci 


(5,36) 


7 


[3,0,4] 


G(16, 11) 


C2 X Di 


(5,116) 


27 


[7,0,20] 


G(16, 3) 


{Ci X C2) X G2 


(5,37) 


7 


[7,0,0] 


G(8,3) 


Di 


(5,117) 


19 


[12,0,7] 


G(16, 3) 


{Ci X C2) X C2 


(5,38) 


10 


[7,0,3] 


G(8,3) 


Di 


(5,118) 


19 


[8,0,11] 


G(16, 3) 


{Ci X C2) X C2 


(5,39) 


7 


[4,0,3] 


G(8, 3) 


Di 


(5,119) 


13 


[3,0,10] 


G(16, 11) 


C2 X Di 


(6,40) 


2 


[1,0,1] 


G(16, 11) 


C2 X Di 


(5,120) 


22 


[9,0,13] 


G(16, 11) 


C2 X Di 


(5,41) 


2 


[2,0,0] 


G(4, 1) 


Ci 


(5,121) 


13 


[8,0,5] 


G(16, 11) 


C2 X Di 


(6,42) 


2 


[2,0,0] 


G(4, 1) 


Ci 


(5,122) 


16 


[5,0,11] 


G(16, 11) 


C2 X Di 


(6,43) 


2 


[2,0,0] 


G(8, 3) 


Di 


(5,123) 


15 


[3,0,12] 


G(32, 22) 


C2 X {{Ci X C2) 


(5,44) 


2 


[1,0,1] 


G(8, 3) 


Di 


(5,124) 


6 


[1,0,5] 


G(32, 23) 


C2 X {d X d) 


(5,45) 


4 


[3,0,1] 


G(8, 3) 


Di 


(5,125) 


6 


[1,0,5] 


G(32, 25) 


Ci X Di 


(5,46) 


2 


[1,0,1] 


G(8, 2) 


Ci X C2 


(5,126) 


6 


[4,0,2] 


G(32, 25) 


Ci X Di 


(5,47) 


7 


[2,0,5] 


G(16, 11) 


C2 X Di 


(5,127) 


12 


[2,0,10] 


G(32, 25) 


Ci X Di 


(5,48) 


15 


[5,0,10] 


G(16, 11) 


C2 X Di 


(5,128) 


12 


[3,0,9] 


G(32, 25) 


Ci X Di 


(5,49) 


14 


[6,0,8] 


G{16, 11) 


C2 X D4 


(5,129) 


6 


[2,0,4] 


G{32, 25) 


Ci X Di 


(5,50) 


7 


[2,0,5] 


G{16, 11) 


C2 X D4 


(5,130) 


6 


[1,0,5] 


G{32, 25) 


Ci X Di 


(5,51) 


7 


[4,0,3] 


G{16, 11) 


C2 X D4 


(5,131) 


19 


[8,0,11] 


G(32, 27) 


cl X C2 


(5,52) 


14 


[7,0,7] 


G(16, 11) 


C2 X Di 


(5,132) 


19 


[4,0,15] 


G(32, 27) 


cl X C2 


(6,63) 


7 


[2,0,5] 


G(16, 11) 


C2 X Di 


(5,133) 


19 


[12,0,7] 


G(32, 27) 


cl X C2 


(5,54) 


7 


[5,0,2] 


G(16, 11) 


C2 X D4 


(5,134) 


10 


[2,0,8] 


G{32, 34) 


C| X C2 


(5,55) 


7 


[2,0,5] 


G{16, 10) 


Ci X c| 


(5,135) 


5 


[1,0,4] 


G{32, 34) 


C| X C2 


(5,56) 


7 


[2,0,5] 


G{32, 46) 


cl X D4 


(5,136) 


19 


[4,0,15] 


G{32, 27) 


cl X C2 


(5,57) 


8 


[8,0,0] 


G(4, 1) 


Ci 


(5,137) 


5 


[3,0,2] 


G(32, 34) 


C| X C2 


(5,58) 


8 


[8,0,0] 


G{4, 1) 


Cl 


(5,138) 


12 


[8,0,4] 


G(32, 28) 


{Ci X C|) X C2 


(5,59) 


7 


[4,0,3] 


G{8, 3) 


Di 


(5,139) 


12 


[3,0,9] 


G(32, 28) 


{Ci X C|) X C2 


(5,60) 


14 


[9,0,5] 


G(8, 3) 


Di 


(5,140) 


24 


[6,0,18] 


G(32, 28) 


{Ci X cl) X C2 


(5,61) 


7 


[5,0,2] 


G(8, 3) 


Di 


(5,141) 


27 


[7,0,20] 


G(32, 27) 


C| X C2 


(5,62) 


15 


[13,0,2] 


G{8, 3) 


Di 


(5,142) 


27 


[5,0,22] 


G(32, 27) 


cl X C2 


(5,63) 


15 


[8,0,7] 


G{8, 3) 


Di 


(5,143) 


24 


[4,0,20] 


G(32, 28) 


{Ci X C|) X C2 


(5,64) 


15 


[12,0,3] 


G(8, 3) 


Di 


(5,144) 


12 


[3,0,9] 


G(32, 28) 


{Ci X C|) X C2 


(6,66) 


16 


[7,0,8] 


G(8, 3) 


Di 


(5,145) 


12 


[2,0,10] 


G(32, 28) 


{Ci X cl) X C2 


(6,66) 


8 


[3,0,6] 


G(8, 2) 


Ci X C2 


(5,146) 


12 


[3,0,9] 


G(32, 34) 


cl X C2 


(5,67) 


7 


[5,0,2] 


G(8, 2) 


Ci X C2 


(5,147) 


5 


[1,0,4] 


G(32, 21) 


G4 X G4 X G2 


(5,68) 


7 


[5,0,2] 


G(8, 2) 


Ci X C2 


(5,148) 


13 


[3,0,10] 


G(32, 46) 


cl X Di 


(5,69) 


7 


[4,0,3] 


G(8, 2) 


Ci X C2 


(5,149) 


19 


[4,0,15] 


G(32, 22) 


C2 X ((C4 X C2) 


(5,70) 


7 


[4,0,3] 


G(8, 2) 


Ci X C2 


(5,150) 


6 


[1,0,5] 


G(64, 196) 


G2 X G4 X Di 


(6,71) 


29 


[6,0,24] 


G(16, 11) 


C2 X Di 


(5,151) 


19 


[4,0,15] 


G(64, 202) 


C2 X (Cl X C2) 


(6,72) 


41 


[10,0,31] 


G(16, 11) 


C2 X Di 


(5,152) 


5 


[1,0,4] 


G(64, 211) 


C2 X {Cl X C2) 


(6,73) 


38 


[9,0,29] 


G(16, 11) 


C2 X Di 


(5,153) 


12 


[2,0,10] 


G(64, 203) 


C2 X ({d X cl) 


(6,74) 


19 


[10,0,9] 


G(16, 11) 


C2 X Di 


(5,154) 


16 


[3,0,13] 


G(64, 226) 


Di X Di 


(6,76) 


41 


[22,0,19] 


G(16, 11) 


C2 X Di 


(5,155) 


5 


[1,0,4] 


G(64, 226) 


Di X Di 


(6,76) 


66 


[13,0,42] 


G(16, 11) 


C2 X Di 


(5,156) 


5 


[3,0,2] 


G(64, 226) 


Di X Di 


(6,77) 


26 


[8,0,18] 


G(16, 11) 


C2 X Di 


(5,157) 


12 


[3,0,9] 


G(64, 226) 


Di X Di 


(6,78) 


41 


[14,0,27] 


G(16, 11) 


C2 X Di 


(5,158) 


12 


[2,0,10] 


G(64, 226) 


Di X Di 


(6,79) 


41 


[7,0,34] 


G(16, 11) 


C2 X Di 


(5,159) 


6 


[1,0,5] 


G(64, 226) 


Di X Di 


(6,80) 


19 


[4,0,16] 


G(16, 11) 


C2 X Di 


(5,160) 


8 


[3,0,5] 


G(8, 2) 


Ci X C2 
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t JAR Al- 




[.-,. r. u\ 


G 


n. I) 




(..'.VRAi 


4f- 


[.s. r. (;J 


cv 


n . 


) 








es, 161) 


8 


[5,0,3] 


G 


8, 2) 


Ci X C2 


(5,241) 


15 


[9,0,6] 


G 


24 


14) 


Ci 


X S3 




(5,162) 


8 


[5,0,3] 


G 


8, 2) 


C4 X C2 


(6,242) 


16 


[12,0,3] 


G 


24 


14) 


Cl 


X S3 




(5,163) 


1 


[1,0,0] 


G 


12, 6) 


Ce X C2 


(6,243) 


16 


[16,0,0] 


G 


24 


14) 


cl 


X S3 




(5,164) 


2 


[2,0,0] 


G 


3, 1) 


C3 


(6,244) 


16 


[9,0,6] 


G 


24 


14) 


Cl 


X S3 




(5,165) 


1 


[1,0,0] 


G 


6, 2) 


Ce 


(6,246) 


18 


[18,0,0] 


G 


24 


14) 


cl 


X S3 




(5,166) 


1 


[1,0,0] 


G 


6, 2) 


Ce 


(6,246) 


18 


[12,0,6] 


G 


24 


14) 


Cl 


X S3 




(5,167) 


2 


[2,0,0] 


G 


6, 2) 


Ce 


(6,247) 


8 


[6,0,2] 


G 


24 


14) 


cl 


X S3 




(5,168) 


2 


[2,0,0] 


G 


12, 4) 


D12 


(6,248) 


8 


[4,0,4] 


G 


24 


14) 


Cl 


X S3 




(5,169) 


2 


[2,0,0] 


G 


12, 4) 


D12 


(5.249) 


10 


[6,0,4] 


G 


24 


14) 


Cl 


X S3 




(5,170) 


3 


[3,0,0] 


G 


12, 4) 


D12 


(5.250) 


10 


[10,0,0] 


G 


24 


14) 


Cl 


X S3 




(5,171) 


5 


[5,0,0] 


G 


12, 4) 


O12 


(5,251) 


10 


[6,0,4] 


G 


24 


14) 


Cl 


X S3 




(5,172) 


2 


[2,0,0] 


G 


24, 14) 


C| X S3 


(5,252) 


5 


[5.0.0] 


G 


24 


14) 


cl 


X S3 




(5,173) 


5 


[5,0,0] 


G 


fi, 1) 


S3 


(5,253) 


5 


[4.0.1] 


G 


24 


14) 


Cl 


X S3 




(5,174) 


5 


[5,0,0] 


G 


6, 1) 


S3 


(5,254) 


6 


[4,0,2] 


G 


24 


14) 


cl 


X S3 




(5,175) 


1 


[1,0,0] 


G 


12, 5) 


Cg X C2 


(5,255) 


6 


[6.0.0] 


G 


24 


14) 


cl 


X S3 




(5,176) 


3 


[3,0,0] 


G 


12, 4) 


D12 


(5,256) 


4 


[2.0.2] 


G 


48 


52) 


Ce 


X C| 




(5,177) 


2 


[2,0,0] 


G 


12, 4) 


D12 


(5,257) 


15 


[9,0,6] 


G 


48 


51) 


cl 


X S3 




(5,178) 


1 


[1,0,0] 


G 


12, 4) 


D12 


(5,258) 


8 


[4,0,4] 


G 


48 


51) 


Cl 


X S3 




(5,179) 


1 


[1,0,0] 


G 


12, 4) 


D12 


(5,259) 


4 


[3,0,1] 


G 


48 


51) 


Cl 


X S3 




(5,180) 


1 


[1,0,0] 


G 


24, 14) 


C| X S3 


(5,260) 


4 


[2,0,2] 


G 


48 


51) 


Cl 


X S3 




(5,181) 


2 


[2,0,0] 


G 


3, 1) 


C3 


(5,261) 


8 


[4,0,4] 


a 


48 


51) 


Cl 


X S3 




(5,182) 


2 


[2,0,0] 


G 


6, 2) 


Ce 


(5,262) 


5 


[3,0.2] 


a 


48 


51) 


^3 


X S3 




(5,183) 


1 


[1,0,0] 


G 


6, 2) 


Ce 


(5,263) 


5 


[5, (),()] 


a 


48 


51) 


C2 


X S3 




(5,184) 


1 


[1.0.0] 


G 


6, 2) 


Ce 


(5,264) 


5 


[3,0,2] 


G 


48 


51) 


C2 


X S3 




(5,185) 


3 


[3,0,0] 


G 


6, 1) 


S3 


(5.265) 


10 


[6.0.4] 


G 


48 


51) 


C2 


X S3 




(5,186) 


3 


[3,0,0] 


G 


6, 1) 


S3 


(5.266) 


4 


[2.0.2] 


G 


96 


230) 


C2 


X S3 




(5,187) 


4 


[4,0,0] 


G 


12, 5) 


Ce X C2 


(5,267) 


4 


[4.0.0] 


G 


12 


2) 


C12 




(5,188) 


8 


[8,0,0] 


G 


12, 4) 


D12 


(5,268) 


4 


[4.0.0] 


G 


12 


2) 


C12 




(5,189) 


4 


[4,0,0] 


G 


12, 5) 


Ce X C2 


(5,269) 


2 


[2, (),()] 


G 


12 


2) 


C12 




(5,190) 


6 


[6,0,0] 


G 


12, 4) 


O12 


(5,270) 


2 


[2, ().()] 


G 


12 


2) 


C12 




(5,191) 


6 


[6,0,0] 


G 


12, 4) 


O12 


(5,271) 


6 


[6,0,0] 


G 


12 


1) 


C3 


X C4 




(5,192) 


6 


[6,0,0] 


G 


12, 4) 


O12 


(5,272) 


6 


[6,0,0] 


G 


12 


1) 


C3 


X C4 




(5,193) 


6 


[6,0,0] 


G 


12, 4) 


O12 


(5,273) 


2 


[1,0,1] 


G 


192, 1514) 


'-'2 


X S3 X D4 


(5,194) 


2 


[2,0,0] 


G 


12, 5) 


Ce X C2 


(6,274) 


4 


[2,0,2] 


G 


24 


9) 


C12 X C2 




(5,195) 


2 


[2,0,0] 


G 


12, 6) 


Ce X C2 


(6,276) 


8 


[6,0,2] 


G 


24 


10) 


Cs 


X D4 




(5,196) 


2 


[2,0,0] 


G 


12, 6) 


Ce X C2 


(6,276) 


4 


[2,0,2] 


G 


24 


10) 


C3 


X 134 




(5,197) 


2 


[2,0,0] 


G 


12, 6) 


Ce X C2 


(6,277) 


4 


[4,0,0] 


G 


24 


10) 


C3 


X D4, 




(5,198) 


6 


[6,0,0] 


G 


12, 4) 


D12 


(6,278) 


2 


[1,0,1] 


G 


24 


10) 


C3 


X D4 




(5,199) 


6 


[6,0,0] 


G 


12, 4) 


D12 


(6,279) 


4 


[3,0,1] 


G 


24 


10) 


C3 


X 




(5,200) 


6 


[6,0,0] 


G 


12, 4) 


D12 


(6,280) 


4 


[2,0,2] 


G 


24 


10) 


C3 


X D4, 




(5,201) 


6 


[6,0,0] 


G 


12, 4) 


D12 


(6,281) 


4 


[3,0,1] 


G 


24 


10) 


C3 


X D4, 




(5,202) 


2 


[2,0,0] 


G 


12, 4) 


D12 


(6,282) 


4 


[3,0,1] 


G 


24 


10) 


C3 


X 




(5,203) 


2 


[2,0,0] 


G 


12, 4) 


D12 


(6,283) 


4 


[4,0,0] 


G 


24 


10) 


C3 


X Di 




(5,204) 


4 


[4,0,0] 


G 


12, 4) 


D12 


(6,284) 


2 


[2,0,0] 


G 


24 


10) 


C3 


X D4, 




(5,205) 


6 


[6,0,0] 


G 


24, 14) 


C| X S3 


(6,286) 


2 


[1,0,1] 


G 


24 


9) 


C12 X C2 




(5,206) 


2 


[2,0,0] 


G 


24, 15) 


Ce X C| 


(5,286) 


2 


[2,0,0] 


G 


24 


9) 


C12 X C2 




(5,207) 


6 


[6,0,0] 


G 


24, 14) 


Cl X S3 


(5,287) 


2 


[2,0,0] 


G 


24 


9) 


C12 X C2 




(5,208) 


2 


[2,0,0] 


G 


24, 14) 


Cl X S3 


(5.288) 


2 


[1,0,1] 


G 


24 


9) 


C12 X C2 




(5,209) 


4 


[4,0,0] 


G 


24, 14) 


Ci X S3 


(5.289) 


2 


[1,0,1] 


G 


24 


9) 


C12 X C2 




(5,210) 


4 


[4,0,0] 


G 


24, 14) 


C| X S3 


(5,290) 


6 


[3,0,3] 


G 


24 


5) 


C4 


X S3 




(5,211) 


2 


[2,0,0] 


G 


24, 14) 


C| X S3 


(5,291) 


6 


[3,0,3] 


G 


24 


5) 


Cl 


X S3 




(5,212) 


2 


[2,0,0] 


G 


24, 14) 


C| X S3 


(5,292) 


6 


[6,0,0] 


G 


24 


5) 


C4 


X S3 




(5,213) 


2 


[2,0,0] 


G 


24, 14) 


C| X S3 


(5,293) 


6 


[6,0,0] 


G 


24 


5) 


C4 


X S3 




(5,214) 


2 


[2,0,0] 


G 


24, 14) 


C| X S3 


(5,294) 


6 


[3.0.3] 


G 


24 


7) 


C2 


X (C3 X C4) 


(5,215) 


2 


[2,0,0] 


G 


48, 51) 


C| X S3 


(5,295) 


4 


[2.0.2] 


G 


24 




C4 


X S3 




(5,216) 


4 


[4,0,0] 


G 


6, 2) 


Ce 


(5,296) 


4 


[2,0,2] 


G 


24 


5) 


C4 


X S3 




(5,217) 


4 


[4,0,0] 


G 


fi. 2) 


Ce 


(5,297) 


4 


[4,0,0] 


G 


24 


5) 


C4 


X S3 




(5,218) 


8 


[8,0,0] 


G 


6, 1) 


•S'3 


(5,298) 


4 


[4,0,0] 


G 


24 


5) 


C4 


X S3 




(5,219) 


8 


[8,0,0] 


G 


6, 1) 


S3 


(5,299) 


4 


[2,0,2] 


G 


24 


7) 


C2 


X (C3 X C4) 


(5,220) 


4 


[4,0,0] 


G 


6, 2) 


Ce 


(5,300) 


2 


[2,0,0] 


a 


24 


7) 


C2 


X (C3 X C4) 


(5,221) 


4 


[4,0,0] 


G 


6, 2) 


Ce 


(5,301) 


2 


[2.0.0] 


a 


24 


7) 


C2 


X (C3 X C4) 


(5,222) 


10 


[10,0,0] 


G 


12, 5) 


Ce X C2 


(5,302) 


12 


[9,0,3] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,223) 


12 


[12,0,0] 


G 


12, 5) 


Ce X C2 


(5,303) 


6 


[3,0,3] 


G 


24 


6) 


D12 




(5,224) 


10 


[8,0,2] 


G 


12, 5) 


Ce X C2 


(5,304) 


12 


[9,0,3] 


G 


24 


6) 


D12 




(5,225) 


12 


[12,0,0] 


G 


12, 4) 


C12 


(5,305) 


12 


[6,0.6] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,226) 


24 


[24,0,0] 


G 


12, 4) 


012 


(5,306) 


12 


[9,0,3] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,227) 


12 


[10,0,2] 


G 


12, 4) 


O12 


(5,307) 


6 


[6,0,0] 


G 


24 


6) 


D12 




(5,228) 


4 


[3,0,1] 


G 


12, 5) 


Ce X C2 


(5,308) 


12 


[12.0.0] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,229) 


5 


[5,0,0] 


G 


12, 5) 


Ce X C2 


(5,309) 


8 


[4.0.4] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,230) 


15 


[15,0,0] 


G 


12, 4) 


D12 


(5,310) 


8 


[6.0.2] 


G 


24 


6) 


D12 




(5,231) 


18 


[18,0,0] 


G 


12, 4) 


D12 


(5,311) 


4 


[2.0.2] 


G 


24 


6) 


D12 




(5,232) 


15 


[12,0,3] 


G 


12, 4) 


D12 


(5,312) 


8 


[6.0.2] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,233) 


10 


[6,0,4] 


G 


24, 15) 


Ce X C| 


(5,313) 


8 


[8.0.0] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,234) 


12 


[8,0,4] 


G 


24, 14) 


C| X S3 


(5,314) 


4 


[4,0,0] 


G 


24 


6) 


D12 




(5,235) 


4 


[2,0,2] 


G 


24, 16) 


Ce X C| 


(6,316) 


8 


[6,0,2] 


G 


24 


8) 


(Ce 


X C2) 


X C2 


(5,236) 


4 


[2,0,2] 


G 


24, 16) 


Ce X C| 


(6,316) 


4 


[2,0,2] 


G 


48 


45) 


Ce X D4 




(5,237) 


4 


[3,0,1] 


G 


24, 16) 


Ce X C| 


(6,317) 


4 


[2,0,2] 


G 


48 


45) 


Ce X 




(5,238) 


6 


[5,0,0] 


G 


24, 16) 


Ce X C| 


(6,318) 


2 


[1,0,1] 


G 


48 


45) 


Ce X D4, 




(5,239) 


6 


[3,0,2] 


G 


24, 16) 


Ce X Cj 


(6,319) 


4 


[3,0,1] 


G 


48 


45) 


Ce X D4, 




(5,240) 


16 


[9,0,6] 


G 


24, 14) 


Ci X S3 


(6,320) 


2 


[1,0,1] 


G 


48 


45) 


Ce X Di 
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CARAl- 


# 


[s. uj 


G(n. 1} 




CARAi 


4f- 


[,s. r. (;J 








(5,321) 


2 


[2,0,0] 


G(48, 45) 


Ce X Di 


(6,401) 


2 


[2,0,0] 


G(144, 192) 


Cl 


X sl 


(5,322) 


2 


[1,0,1] 


G(48, 45) 


Ce X Di 


(6,402) 


2 


[2,0,0] 


G(144, 192) 


c| 


X S| 


(5,323) 


4 


[2,0,2] 


G(48, 46) 


Ce X D4 


(6,403) 


1 


[1,0,0] 


G(144, 192) 


c| 


X S| 


(5,324) 


2 


[1,0,1] 


G(48, 46) 


Ce X D4 


(6,404) 


6 


[3,0,2] 


G(18,6) 


Ce 


X G3 


(5,325) 


2 


[1,0,1] 


G(48, 44) 


C12 X 


(6,406) 


2 


[2,0,0] 


G(18,6) 


Ce 


X G3 


(5,326) 


6 


[3,0,3] 


G(48, 36) 


C2 X C4 X S3 


(6,406) 


2 


[2,0,0] 


G(18,6) 


Ce 


X C3 


(5,327) 


2 


[1,0,1] 


G(48, 42) 


C| X (C3 XI G4) 


(6,407) 


4 


[3,0,1] 


G(18,3) 


C3 


X S3 


(5,328) 


4 


[2,0,2] 


G(48, 36) 


C2 X C4 X S3 


(6,408) 


4 


[3,0,1] 


G(18,3) 


C3 


X S3 


(5,329) 


2 


[2,0,0] 


G(48, 35) 


C2 X C4 X S3 


(5,409) 


9 


[6,0,3] 


G(18,4) 


Cl 


X C2 


(5,330) 


2 


[2,0,0] 


G(48, 35) 


C2 X C4 X S3 


(5,410) 


9 


[6,0,3] 


G(18,4) 


Cl 


X C2 


(5,331) 


2 


[1,0,1] 


G(48, 35) 


C2 X C4 X S3 


(5,411) 


2 


[1,0,1] 


G(18, 5) 


Ce 


X C3 


(5,332) 


2 


[1,0,1] 


G(48, 35) 


C2 X C4 X S3 


(5,412) 


2 


[1.0.1] 


G(18, 5) 


Ce 


X C3 


(5,333) 


4 


[2,0,2] 


G{48, 35) 


C2 X C4 X S3 


(5,413) 


8 


[6,0,2] 


G(18, 3) 


C3 


X S3 


(5,334) 


4 


[2,0,2] 


G(48, 35) 


C2 X C4 X S3 


(5,414) 


8 


[6,0,2] 


G(18, 3) 


C3 


X S3 


(5,335) 


6 


[3,0,3] 


G(48, 36) 


C2 X D12 


(5,415) 


2 


[2,0.0] 


G(24, 15) 


Ce 


X C| 


(5,336) 


12 


[6,0,6] 


G(48, 43) 


C2 X ((Ce X G2) X C2) 


(5,416) 


6 


[6.0.0] 


G(24, 14) 


Cl 


X S3 


(5,337) 


12 


[9,0,3] 


G(48, 38) 


D4 X S3 


(5,417) 


2 


[2,0,0] 


G(24, 14) 


cl 


X S3 


(5,338) 


6 


[3,0,3] 


G(48, 38) 


D4 X S3 


(5,418) 


2 


[2,0,0] 


G(24, 14) 


Cl 


X S3 


(5,339) 


6 


[3,0,3] 


G(48, 38) 


D4 X S3 


(5,419) 


4 


[4,0,0] 


G(24, 14) 


Cl 


X S3 


(5,340) 


12 


[6,0,6] 


G(48, 38) 


D4 X S3 


(5,420) 


4 


[4,0,0] 


G(24, 14) 


Cl 


X S3 


(5,341) 


6 


[6,0,0] 


G(48, 38) 


D4 X S3 


(5,421) 


1 


[1,0,0] 


G(288, 1040) 


Cl 


X sl 


(5,342) 


6 


[3,0,3] 


G(48, 38) 


D4 X S3 


(5,422) 


2 


[2,0,0] 


G(36, 14) 


Ce 


X Ce 


(5,343) 


8 


[4,0,4] 


G(48, 38) 


D4 X S3 


(5,423) 


4 


[3,0,1] 


G(36, 12) 


Ce 


X S3 


(5,344) 


8 


[6,0,2] 


G(48, 38) 


O4 X S3 


(5,424) 


9 


[6.0.3] 


G(36, 13) 


C2 


X (C| X C2) 


(5,345) 


4 


[2,0,2] 


G(48, 38) 


D4 X S3 


(5,425) 


2 


[1.0.1] 


G(36, 14) 


Ce 


X Ce 


(5,346) 


8 


[4,0,4] 


G(48, 38) 


D4 X S3 


(5,426) 


8 


[6,0,2] 


G(36, 12) 


Ce 


X S3 


(5,347) 


8 


[4,0,4] 


G(48, 43) 


C2 X ((Ce X C2) X C2) 


(5,427) 


4 


[4.0.0] 


G(36, 12) 


Ce 


X S3 


(5,348) 


8 


[4,0,4] 


G(48, 38) 


D4 X S3 


(5,428) 


2 


[2.0.0] 


G(36, 12) 


Ce 


X S3 


(5,349) 


4 


[2,0,2] 


G(48, 38) 


D4 X S3 


(5,429) 


2 


[2,0,0] 


G(36, 12) 


Ce 


X S3 


(5,350) 


8 


[4,0,4] 


G(48, 43) 


C2 X ((Ce X C2) X C2) 


(5,430) 


3 


[2,0,1] 


G(36, 12) 


Ce 


X S3 


(5,351) 


4 


[2,0,2] 


G(48, 36) 


C2 X D12 


(5,431) 


3 


[2,0,1] 


G(36, 12) 


Ce 


X S3 


(5,352) 


4 


[3,0,1] 


G(48, 43) 


C2 X ((Ce X C2) X C2) 


(5,432) 


3 


[2,0,1] 


G(36, 12) 


Ce 


X S3 


(5,353) 


4 


[2,0,2] 


G(48, 43) 


C2 X ((Ce X C2) X C2) 


(5,433) 


3 


[2,0,1] 


G(36, 12) 


Ce 


X S3 


(5,354) 


4 


[3,0,1] 


G(48, 36) 


C2 X D12 


(6,434) 


8 


[6,0,2] 


G(36, 10) 


Si 




(5,355) 


2 


[1,0,1] 


G(48, 36) 


C2 X D12 


(6,436) 


11 


[9,0,2] 


G(36, 10) 


Si 




(5,356) 


2 


[2,0,0] 


G(48, 36) 


C2 X I5i2 


(6,436) 


8 


[6,0,2] 


G(36, 10) 


si 




(5,357) 


4 


[3,0,1] 


G(48, 43) 


C2 X ((Ce X G2) X C2) 


(6,437) 


1 


[1,0,0] 


G(36, 14) 


Ce 


X Ce 


(5,358) 


4 


[4,0,0] 


G(48, 43) 


C2 X ((Ce X G2) X C2) 


(6,438) 


1 


[1,0,0] 


G(36, 14) 


Ce 


X Ce 


(5,359) 


8 


[6,0,2] 


G(48, 38) 


D4 X S3 


(6,439) 


1 


[1,0,0] 


G(36, 14) 


Ce 


X Ce 


(5,360) 


8 


[4,0,4] 


G(48, 38) 


D4 X S3 


(6,440) 


3 


[3,0,0] 


G(36, 12) 


Ce 


X S3 


(5,361) 


8 


[4,0,4] 


G(48, 38) 


D4 X S3 


(6,441) 


3 


[3,0,0] 


G(36, 12) 


Ce 


X S3 


(5,362) 


4 


[2,0,2] 


G(48, 36) 


C2 X i3i2 


(6,442) 


3 


[3,0,0] 


G(36, 12) 


Ce 


X S3 


(5,363) 


4 


[2,0,2] 


G(48, 36) 


C2 X I5i2 


(6,443) 


3 


[3,0,0] 


G(36, 12) 


Ce 


X S3 


(5,364) 


8 


[4,0,4] 


G(48, 43) 


C2 X ((Ce X G2) X C2) 


(6,444) 


7 


[6,0,1] 


G(36, 10) 


si 




(5,365) 


8 


[6,0,2] 


G(48, 38) 


D4 X S3 


(6,446) 


7 


[6,0,1] 


G(36, 10) 


Si 




(5,366) 


8 


[8,0,0] 


G(48, 38) 


D4 X S3 


(5,446) 


7 


[6,0,1] 


G(36, 10) 


Si 




(5,367) 


4 


[4,0,0] 


G(48, 38) 


D4 X S3 


(5,447) 


7 


[6,0,1] 


G(36, 10) 


Si 




(5,368) 


4 


[2,0,2] 


G(48, 38) 


D4 X S3 


(5,448) 


3 


[2,0,1] 


G(36, 13) 


C2 


X (C| X C2) 


(5,369) 


8 


[4,0,4] 


G(48, 38) 


D4 X S3 


(5,449) 


3 


[2,0,1] 


G(36, 13) 


C2 


X (C| X C2) 


(5,370) 


2 


[1,0,1] 


G(96, 221) 


C2 X Ce X D4 


(5,450) 


5 


[3,0,2] 


G(36, 13) 


C2 


X (C| X C2) 


(5,371) 


2 


[1,0,1] 


G(96, 206) 


C| X C4 X S3 


(5,451) 


2 


[2,0,0] 


G(36, 12) 


Ce 


X S3 


(5,372) 


6 


[3,0,3] 


G(96, 209) 


C2 X S3 X D4 


(5,452) 


1 


[1,0,0] 


G(36, 12) 


Ce 


X S3 


(5,373) 


8 


[4,0,4] 


G(96, 209) 


C2 X D4 X S3 


(6,453) 


1 


[1,0,0] 


G(36, 12) 


Ce 


X S3 


(5,374) 


4 


[2,0,2] 


G(96, 209) 


C2 X S3 X D4 


(5,454) 


3 


[3.0.0] 


G(36, 13) 


C2 


X (Cf X C2) 


(5,375) 


2 


[2,0,0] 


G(96, 209) 


C2 X S3 X D4 


(5,455) 


3 


[3.0.0] 


G(36, 13) 


C2 


X (C| X C2) 


(5,376) 


4 


[3,0,1] 


G(96, 209) 


C2 X S3 X D4 


(5,456) 


6 


[6,0,0] 


G(36, 13) 


C2 


X (C| X C2) 


(5,377) 


4 


[2,0,2] 


G(96, 209) 


C2 X S3 X D4 


(5,457) 


5 


[4,0.1] 


G(36, 10) 


sl 




(5,378) 


4 


[2,0,2] 


G(96, 219) 


cl X ((Ce X C2) X C2) 


(5,458) 


4 


[3,0,1] 


G(36, 10) 


sl 




(5,379) 


2 


[1,0,1] 


G(96, 209) 


C2 X S3 X D4 


(5,459) 


4 


[3,0,1] 


G(36, 10) 


sf 




(5,380) 


8 


[4,0,4] 


G(96, 209) 


C'2 X S3 X D4 


(5,460) 


2 


[2,0,0] 


G(48, 51) 


cl 


X S3 


(5,381) 


4 


[2,0,2] 


G(96, 209) 


C2 X S3 X D4 


(5,461) 


4 


[4,0,0] 


C(6, 2) 


Ce 




(5,382) 


2 


[1,0,1] 


G(96, 209) 


C2 X S3 X D4 


(5,462) 


4 


[4,0,0] 


G(6, 2) 


Ce 




(5,383) 


2 


[1,0,1] 


G(96, 207) 


cl X D12 


(5,463) 


2 


[2,0,0] 


G(72, 48) 


C-2 


X Ce X S3 


(5,384) 


4 


[2,0,2] 


G(96, 209) 


C2 X D4 X S3 


(5,464) 


3 


[2.0,1] 


G(72, 48) 


C-2 


X Ce X S3 


(5,385) 


2 


[1,0,1] 


G(96, 209) 


C2 X S3 X D4 


(5,465) 


8 


[6.0.2] 


G(72, 46) 


C-2 


X s| 


(5,386) 


2 


[2,0,0] 


G(12, 5) 


Ce X C2 


(5,466) 


1 


[1,0,0] 


G(72, 50) 


Ce 


X Ce X C2 


(5,387) 


2 


[2,0,0] 


G(12, 5) 


Ce X C2 


(5,467) 


3 


[3,0,0] 


G(72, 48) 


C-2 


X Ce X S3 


(5,388) 


2 


[2,0,0] 


G(12, 5) 


Ce X C2 


(5,468) 


7 


[6,0,1] 


G(72,46) 


C2 


X sl 


(5,389) 


6 


[6,0,0] 


G(12, 4) 


D12 


(5,469) 


3 


[2,0,1] 


C(72, 49) 


cl 


X (Cl X C2) 


(5,390) 


6 


[6,0,0] 


G(12, 4) 


D12 


(5,470) 


1 


[1,0,0] 


G(72, 48) 


C2 


X Cg X S3 


(5,391) 


12 


[12,0,0] 


G(12, 4) 


D12 


(5,471) 


1 


[1.0.0] 


G(72, 48) 


C2 


X Ce X S3 


(5,392) 


4 


[4,0,0] 


G(12, 5) 


Ce X C2 


(5,472) 


2 


[2,0,0] 


G(72, 48) 


C2 


X Ce X S3 


(5,393) 


1 


[1,0,0] 


G(144, 196) 


C| X Ce X S3 


(6,473) 


1 


[1,0,0] 


G(72, 48) 


C2 


X Ge X S3 


(5,394) 


3 


[3,0,0] 


G(144, 192) 


^2 ^ "^3 


(6,474) 


1 


[1,0,0] 


G(72, 48) 


C2 


X Ge X S3 


(5,395) 


4 


[3,0,1] 


G(144, 192) 


^2 ^ 


(6,476) 


1 


[1,0,0] 


G(72, 48) 


G2 


X Ge X S3 


(5,396) 


1 


[1,0,0] 


G(144, 196) 


cl X (C| X C2) 


(6,476) 


2 


[2,0,0] 


G(72, 48) 


C2 


X Ge X S3 


(5,397) 


1 


[1,0,0] 


G(144, 192) 


^2 ^ '^3 


(6,477) 


3 


[3,0,0] 


G(72, 49) 


Cl 


X (G| X G2) 


(5,398) 


1 


[1,0,0] 


G(144, 192) 


^2 ^ "^3 


(6,478) 


3 


[3,0,0] 


G(72, 46) 


C2 


X S| 


(5,399) 


3 


[3,0,0] 


G(144, 192) 


„ C'2 
O2 X 


(6,479) 


6 


[6,0,0] 


G(72, 46) 


C2 


X S| 


(5,400) 


2 


[2,0,0] 


G(144, 192) 


^2 ^ "^3 


(6,480) 


6 


[6,0,0] 


G(72, 46) 


C2 


X S| 
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CARAl 




[,^'. r. U.J 


(,\n. !■) 




(.:ARAi 


4f- 


[.s. r. u\ 


C(ri. I) 




(5,481) 


3 


[3,0,0] 


G(72,46) 


C2 X S'^ 


(5,561) 


5 


[1,0,4] 


G(48, 31) 


G4 X Ai 


(5,482) 


3 


[3,0,0] 


G(72, 46) 


Ca X S| 


(6,662) 


6 


[1,0,4] 


G(48, 30) 


Ai X G4 


(6,483) 


3 


[3,0,0] 


G(72, 46) 


G2 X S| 


(6,663) 


6 


[2,0,3] 


G(48, 30) 


Ai X G4 


(6,484) 


6 


[4,0,1] 


G(72, 46) 


G2 X S| 


(6,664) 


6 


[1,0,4] 


G(96, 197) 


Di X Ai 


(6,486) 


4 


[3,0,1] 


G(72, 46) 


C2 X S| 


(6,666) 


10 


[2,0,8] 


G(96, 197) 


Di X Ai 


(6,486) 


4 


[3,0,1] 


G(72, 46) 


C2 X S| 


(6,666) 


6 


[2,0,3] 


G(96, 197) 


Ai X Di 


(6,487) 


4 


[3,0,1] 


G(72, 46) 


G2 X S| 


(6,667) 


6 


[1,0,4] 


G(96, 196) 


C2 X G4 X Ai 


(6,488) 


6 


[4,0,1] 


G(72, 46) 


C2 X S| 


(6,668) 


10 


[2,0,8] 


G(96, 196) 


(C| X Ai) X C2 


(6,489) 


4 


[3,0,1] 


G(72,46) 


C2 X S| 


(5,569) 


10 


[2,0,8] 


G(96, 196) 


(G| X Ai) X G2 


(6,490) 


4 


[3,0,1] 


G(72,46) 


Ca X S| 


(5,570) 


10 


[2,0,8] 


G(96, 196) 


(G| X Ai) X C2 


(5,491) 


2 


[2,0,0] 


G(72, 49) 


C| X (C| X C2) 


(5,571) 


10 


[4,0,6] 


G(96. 195) 


(C| X Ai) X C2 


(5,492) 


1 


[1,0,0] 


G(72, 49) 


C| X {C| X C2) 


(5,572) 


5 


[2,0,3] 


G(96. 187) 


(C2 X 54) X C2 


(5,493) 


1 


[1,0,0] 


G(72, 49) 


C| X {C| X C2) 


(5,573) 


5 


[1,0,4] 


G(96, 187) 


{C2 X Si) X G2 


(5,494) 


2 


[2,0,0] 


G(72, 46) 


C2 X S| 


(5,574) 


10 


[2,0,8] 


G(96, 187) 


(C2 X 54) X G2 


(5,495) 


2 


[2,0,0] 


G(72, 46) 


C2 X S| 


(5,575) 


5 


[1,0,4] 


G(96, 186) 


C4 X Si 


(5,496) 


2 


[2,0,0] 


G(72, 46) 


C2 X S| 


(5,576) 


5 


[2,0,3] 


G(96, 186) 


Ci X S4 


(5,497) 


2 


[2,0,0] 


G(72, 46) 


C2 X S| 


(5,577) 


5 


[1,0,4] 


G{96, 186) 


C4 X Si 


(5,498) 


4 


[4,0,0] 


G(72, 46) 


C2 X S| 


(5,578) 


5 


[1,0,4] 


G{96, 186) 


Ci X S4 


(5,499) 


4 


[4,0,0] 


G(72, 46) 


C2 X S| 


(5,579) 


5 


[1,0,4] 


G(96, 194) 


G2 X (Ai X d) 


(5,500) 


2 


[2,0,0] 


G(72, 49) 


C| X (C| X G2) 


(5,580) 


5 


[3,0,2] 


G(12, 3) 


Ai 


(5,501) 


5 


[3,0,2] 


G(9, 2) 


C3 X C3 


(5,581) 


3 


[1,0,2] 


G(144, 193) 


C2 X Ce X Ai 


(5,502) 


6 


[5,0,1] 


G(12, 3) 


M 


(5,582) 


3 


[1,0,2] 


G(144, 188) 


Cq X 54 


(5,503) 


6 


[2,0,4] 


G(24, 13) 


C-2 X A4 


(5,583) 


3 


[1,0,2] 


G(144, 188) 


Ce X Si 


(5,504) 


5 


[2,0,3] 


G(24, 13) 


C2 X Ai 


(5,584) 


3 


[1.0.2] 


G{144, 188) 


Ce X S4 


(5,505) 


5 


[2,0,3] 


G(24, 13) 


c-2 X A4 


(5,585) 


3 


[1,0,2] 


G{144, 188) 


Ce X S4 


(5,506) 


6 


[5,0,1] 


G(24, 12) 


54 


(5,586) 


3 


[2.0.1] 


G(144, 188) 


Ce X 54 


(5,507) 


6 


[3,0,3] 


G(24, 12) 


S4 


(5,587) 


3 


[1.0.2] 


G{144. 188) 


Ce X 54 


(5,508) 


5 


[2,0,3] 


G(24, 12) 


Si 


(5,588) 


3 


[1.0.2] 


G(144. 190) 


C2 X A4 X S3 


(5,509) 


5 


[3,0,2] 


G(24, 12) 


Si 


(5,589) 


6 


[2.0.4] 


G{144, 190) 


C2 X A4 X S3 


(5,510) 


5 


[1,0,4] 


G(48, 49) 


C| X Ai 


(5,590) 


3 


[2.0,1] 


G(144, 190) 


C2 X A4 X S3 


(5,511) 


6 


[2,0,4] 


G(48, 48) 


C2 X Si 


(5,591) 


6 


[2,0,4] 


G(144, 190) 


C2 X A4 X S3 


(6,612) 


5 


[2,0,3] 


G(48, 48) 


C2 X Si 


(5,592) 


6 


[2,0,4] 


G(144, 183) 


S4 X S3 


(6,613) 


5 


[2,0,3] 


G(48, 48) 


C2 X Si 


(5,593) 


6 


[2,0,4] 


G(144, 183) 


S4 X S3 


(6,614) 


6 


[1,0,4] 


G(48, 48) 


C2 X S4 


(6,694) 


6 


[2,0,4] 


G(144, 189) 


G2 X ((Cs X Ai) 


(6,616) 


6 


[1,0,4] 


G(48, 48) 


G2 X Si 


(6,696) 


6 


[2,0,4] 


G(144, 183) 


Si X S3 


(6,616) 


6 


[2,0,3] 


G(48, 48) 


C2 X Si 


(6,696) 


6 


[4,0,2] 


G(144, 183) 


S4 X S3 


(6,617) 


6 


[1,0,4] 


G(96, 226) 


G| X Si 


(6,697) 


6 


[2,0,4] 


G(144, 183) 


S4 X S3 


(6,618) 


12 


[2,0,10] 


G(192, 1537) 


C| X Si 


(6,698) 


6 


[4,0,2] 


G(144, 183) 


S4 X S3 


(6,619) 


17 


[6,0,11] 


G(24, 13) 


C2 X Ai 


(6,699) 


6 


[2,0,4] 


G(144, 183) 


S4 X S3 


(6,620) 


17 


[10,0,7] 


G(24, 13) 


C2 X Ai 


(6,600) 


6 


[2,0,4] 


G(144, 189) 


G2 X ((G3 X Ai) 


(6,621) 


17 


[12,0,6] 


G(24, 12) 


Si 


(6,601) 


3 


[2,0,1] 


G(144, 189) 


G2 X ((G3 X Ai) 


(6,622) 


17 


[8,0,9] 


G(24, 12) 


Si 


(6,602) 


3 


[1,0,2] 


G(144, 189) 


G2 X ((C3 X Ai) 


(6,623) 


17 


[3,0,14] 


G(48, 49) 


C| X Ai 


(6,603) 


6 


[2,0,4] 


G(144, 183) 


Si X S3 


(6,624) 


14 


[4,0,10] 


G(48, 49) 


C| X Ai 


(6,604) 


6 


[1,0,4] 


G(24, 13) 


C2 X Ai 


(6,626) 


12 


[4,0,8] 


G(48, 49) 


Cl X Ai 


(6,606) 


6 


[2,0,3] 


G(24, 13) 


C2 X Ai 


(6,626) 


12 


[2,0,10] 


G(48, 49) 


G| X Ai 


(5,606) 


5 


[2,0,3] 


G(24, 13) 


C2 X Ai 


(6,627) 


17 


[3,0,14] 


G(48, 48) 


C2 X Si 


(5,607) 


10 


[6,0,4] 


G(24, 12) 


Si 


(6,628) 


17 


[4,0,13] 


G(48, 48) 


C2 X Si 


(5,608) 


10 


[4,0,6] 


G(24, 12) 


Si 


(6,629) 


17 


[6,0,11] 


G(48, 48) 


C2 X Si 


(5,609) 


3 


[1,0,2] 


G(288, 1033) 


G2 X Ce X S4 


(5,530) 


17 


[4,0,13] 


G(48, 48) 


C2 X Si 


(5,610) 


3 


[1.0.2] 


G(288, 1037) 


cl X Ai X S3 


(5,531) 


17 


[10,0,7] 


G(48, 48) 


C2 X Si 


(5,611) 


3 


[1.0.2] 


G(288. 1034) 


C| X ((C3 X Ai) 


(5,532) 


12 


[4,0,8] 


G(48, 48) 


C2 X Si 


(5,612) 


6 


[2.0.4] 


G{288, 1028) 


C2 X S4 X S3 


(5,533) 


14 


[6,0,8] 


G(48, 48) 


C2 X Si 


(5,613) 


6 


[2.0.4] 


G(288, 1028) 


C2 X S4 X S3 


(5,534) 


12 


[2,0,10] 


G(48, 48) 


C2 X Si 


(5,614) 


3 


[1.0.2] 


G(288, 1028) 


C2 X S4 X S3 


(5,535) 


14 


[5,0,9] 


G(48, 48) 


C2 X Si 


(5,615) 


3 


[2.0.1] 


G(288, 1028) 


C2 X S4 X S3 


(5,536) 


14 


[3,0,11] 


G(48, 48) 


C2 X Si 


(5,616) 


3 


[1.0.2] 


G(288, 1028) 


C2 X S4 X S3 


(5,537) 


14 


[4,0,10] 


G(48, 48) 


C2 X Si 


(5,617) 


6 


[2,0,4] 


G{288, 1028) 


C2 X S4 X S3 


(5,538) 


14 


[4,0,10] 


G(48, 48) 


C2 X Si 


(5,618) 


6 


[2.0.4] 


G{288, 1028) 


C2 X S4 X S3 


(5,539) 


12 


[2,0,10] 


G(96, 228) 


c| X Ai 


(5,619) 


3 


[1.0.2] 


G{288, 1028) 


C2 X S4 X S3 


(5,540) 


17 


[3,0,14] 


G(96, 226) 


C| X Si 


(5,620) 


3 


[2,0,1] 


G(36, 11) 


C3 X Ai 


(5,541) 


14 


[4,0,10] 


G(96, 226) 


cl X Si 


(6,621) 


5 


[1,0,4] 


G(48, 49) 


cl X Ai 


(5,542) 


14 


[2,0,12] 


G(96, 226) 


C| X Si 


(5,622) 


5 


[1,0,4] 


G(48, 48) 


C2 X S4 


(5,543) 


12 


[4,0,8] 


G(96, 226) 


cl X Si 


(5,623) 


10 


[4,0,6] 


G(48, 48) 


C2 X S4 


(5,544) 


12 


[2,0,10] 


G(96, 226) 


cl X Si 


(5,624) 


10 


[2.0.8] 


G(48, 48) 


C2 X S4 


(5,545) 


12 


[2.0,10] 


G(96, 226) 


cl X Si 


(5,625) 


5 


[2.0.3] 


G(48, 48) 


C2 X S4 


(5,546) 


12 


[2,0,10] 


G(96, 226) 


cl X Si 


(5,626) 


3 


[1,0,2] 


G(576, 8659) 


C| X S4 X S3 


(5,547) 


12 


[2,0,10] 


G(96, 226) 


cl X Si 


(5,627) 


3 


[1,0,2] 


G(72, 47) 


Ce X Ai 


(5,548) 


14 


[3,0,11] 


G(96, 226) 


cl X Si 


(5,628) 


3 


[1,0,2] 


G(72, 47) 


Ce X Ai 


(5,549) 


5 


[1,0,4] 


G(192, 1497) 


C2 X Di X Ai 


(5,629) 


3 


[2,0,1] 


G(72, 47) 


Ce X Ai 


(5,550) 


10 


[2,0,8] 


G(192, 1488) 


C2 X {(Cl X Ai) X C2) 


(5,630) 


3 


[1,0,2] 


G(72, 42) 


C3 X S4 


(5,551) 


10 


[2,0,8] 


G(192, 1472) 


Di X Si 


(5,631) 


3 


[1.0.2] 


G{72, 42) 


C3 X S4 


(5,552) 


10 


[2,0,8] 


G(192, 1472) 


Di X Si 


(5,632) 


3 


[2.0.1] 


G(72, 42) 


C3 X S4 


(6,663) 


5 


[1,0,4] 


G(192, 1472) 


Di X S4 


(5,633) 


3 


[2.0.1] 


G(72, 42) 


Gs X S4 


(6,664) 


6 


[1,0,4] 


G(192, 1472) 


Di X Si 


(5,634) 


6 


[4,0,2] 


G(72, 44) 


Ai X S3 


(6,666) 


6 


[2,0,3] 


G(192, 1472) 


Si X Di 


(6,636) 


6 


[2,0,4] 


G(72, 44) 


Ai X S3 


(6,666) 


6 


[1,0,4] 


G(192, 1472) 


Si X Di 


(6,636) 


6 


[2,0,4] 


G(72, 43) 


(G3 X Ai) X G2 


(6,667) 


6 


[1,0,4] 


G(192, 1470) 


C2 X ((G2 X Si) X G2) 


(6,637) 


6 


[4,0,2] 


G(72, 43) 


(G3 X Ai) X G2 


(6,668) 


6 


[1,0,4] 


G(192, 1469) 


G2 X G4 X Si 


(6,638) 


6 


[1,0,4] 


G(96, 226) 


g| X S4 


(6,669) 


6 


[1,0,4] 


G(384, 20051) 


C2 X Di X Si 


(6,639) 


2 


[1,0,1] 


G(16, 6) 


Gs X G2 


(6,660) 


6 


[2,0,3] 


G(48, 31) 


Ci X Ai 


(6,640) 


2 


[2,0,0] 


G(16, 7) 





X G2) 



X G2) 
X G2) 
X C2) 
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Tabic 16 (continued): birational classification of the algebraic fc-tori of dimension 5 



CARAl 


# 


[-S. /', U.J 


(,' 


n. I) 




CARAi 




^,s. r. u, 


a(i,.. ,) 




(5,641) 


4 


[3,0,1] 


G 


16, 7) 


Os 


(5,721) 


4 


[1,0,3] 


G(32, 40) 


G2 X QDg 


(6,642) 


2 


[1,0,1] 


G 


16, 7) 


Dg 


(5,722) 


1 


[0,0,1] 


G(384, 18101) 


G2 X ((SL(2,3) X C4) X G2) 


(6,643) 


2 


[1,0,1] 


G 


32, 39) 




(5,723) 


5 


[1,0,4] 


G(384, 6833) 




(6,644) 


2 


[2,0,0] 


G 


8, 1) 


Cs 


(5,724) 


5 


[1,0,4] 


G(384, 6602) 




(6,646) 


2 


[2,0,0] 


G 


8, 1) 


Cs 


(5,725) 


5 


[1,0,4] 


G(384, 6602) 




(6,646) 


2 


[0,0,2] 


G 


1162, 157511) 




(5,726) 


5 


[2,0,3] 


G(384, 6602) 




(6,647) 


2 


[0,0,2] 


G 


1162, 157478) 




(5,727) 


5 


[1,0,4] 


G(384, 20090) 




(6,648) 


1 


[0,0,1] 


G 


1162, 157478) 




(5,728) 


5 


[1,0,4] 


G(384, 6602) 




(5,649) 


1 


[0,0,1] 


G 


1152, 157528) 




(5,729) 


5 


[1,0,4] 


G(384, 20089) 




(5,650) 


1 


[0,0,1] 


G 


1152, 157478) 




(5,730) 


1 


[0,0,1] 


G(48, 32) 


G2 X SL(2,3) 


(5,651) 


8 


[2,0,6] 


G 


128, 928) 


dI y, C2 


(5,731) 


1 


[0,0,1] 


G(48, 33) 


SL(2, 3) X C2 


(5,652) 


4 


[1.0.3] 


G 


128, 928) 


dI -a C2 


(5,732) 


1 


[0,0,1] 


G(48, 33) 


SL(2, 3) X C2 


(5,653) 


8 


[2.0.6] 


a 


128, 928) 




(5,733) 


1 


[0,0,1] 


G{48, 29) 


GL(2, 3) 


(5,654) 


4 


[1.0.3] 


a 


128, 928) 


dI ~A C2 


(5,734) 


1 


[0,0,1] 


G(48, 29) 


GL(2, 3) 


(5,655) 


4 


[2.0.2] 


a 


128, 928) 


dI XI C2 


(5,735) 


1 


[0,0,1] 


G(48, 46) 


Ca X Qs 


(5,656) 


4 


[2.0.2] 


a 


128, 928) 


dI XI C2 


(5,736) 


1 


[0,1,0] 


G(48, 9) 


C2 X (C3 X Cs) 


(5,657) 


8 


[2,0.6] 


G 


128, 1755) 




(5,737) 


1 


[0,0,1] 


G{48, 17) 


(C3 X Qs) X C2 


(5,658) 


4 


[1.0.3] 


G 


128, 1746) 


C2 X ((Cj XI C2) XI C2) 


(5,738) 


1 


[0,0,1] 


G{48, 17) 


(C3 X Qs) X C2 


(5,659) 


8 


[2.0.6] 


a 


128, 850) 




(5,739) 


1 


[0,0,1] 


G{48, 17) 


(C3 X Qs) X C2 


(5,660) 


4 


[1.0.3] 


G 


128, 856) 




(5,740) 


1 


[0,0,1] 


G(48. 17) 


(C3 X Qs) X C2 


(5,661) 


1 


[0.0.1] 


G 


144, 156) 


C'e X SL(2, 3) 


(5,741) 


5 


[1,0,4] 


G(48, 32) 


C2 X SL(2, 3) 


(5,662) 


1 


[0.0.1] 


G 


144, 125) 


(C3 X SL(2, 3)) X €2 


(5,742) 


5 


[2,0,3] 


G(48, 29) 


GL(2, 3) 


(5,663) 


1 


[0.0.1] 


G 


144, 125) 


(C3 X SL(2, 3)) X C2 


(5,743) 


5 


[1,0,4] 


G(48, 29) 


GL(2,3) 


(5,664) 


4 


[1.0.3] 


G 


16, 12) 


C2 X Qs 


(5,744) 


1 


[0,0,1] 


G(576, 8359) 




(5,665) 


4 


[2.0.2] 


G 


16, 6) 


Cs X C2 


(5,745) 


2 


[0,0,2] 


G(576, 8277) 




(5,666) 


4 


[2.0.2] 


G 


16, 6) 


Cs X C2 


(5,746) 


2 


[0,0,2] 


G(576, 8277) 




(5,667) 


4 


[1,0,3] 


G 


16, 6) 


Cs X C2 


(5,747) 


1 


[0,0,1] 


G(576, 8282) 




(5,668) 


4 


[2,0,2] 


G 


16, 13) 


(C4 X C2) X C2 


(5,748) 


1 


[0,0,1] 


G(576, 8282) 




(5,669) 


4 


[1,0,3] 


G 


16, 13) 


(C4 X C2) X C2 


(5,749) 


4 


[1,0,3] 


G(64, 101) 


C2 X (C| X C2) 


(5,670) 


7 


[3,0,4] 


G 


16, 13) 


(C4 X C2) X C2 


(5,750) 


8 


[4,0,4] 


G(64, 138) 




(5,671) 


7 


[3,0,4] 


G 


16, 13) 


(C4 X C2) X C2 


(5,751) 


8 


[2,0,6] 


G(64, 138) 




(5,672) 


4 


[2,0,2] 


G 


16, 8) 


QDs 


(5,752) 


8 


[2,0,6] 


G(64, 34) 




(5,673) 


4 


[1,0,3] 


G 


16, 8) 


QDs 


(5,753) 


4 


[2,0,2] 


G(64, 34) 




(5,674) 


4 


[2,0,2] 


G 


16,8) 


QDs 


(5,764) 


8 


[4,0,4] 


G(64, 32) 


((Gg X C2) X G2) X C2 


(6,675) 


4 


[1,0,3] 


G 


16, 8) 


QDs 


(5,755) 


8 


[2,0,6] 


G(64, 32) 


((Gg X C2) X G2) X C2 


(6,676) 


1 


[0,0,1] 


G 


192, 988) 


(SL(2,3) X Ci) X C2 


(5,756) 


4 


[2,0,2] 


G(64, 134) 


(gJ X C2) X G2 


(6,677) 


1 


[0,0,1] 


G 


192, 988) 


(SL(2,3) X C4) X C2 


(5,757) 


4 


[1,0,3] 


G(64, 134) 


(gJ X C2) X G2 


(6,678) 


1 


[0,0,1] 


G 


192, 988) 


(SL(2,3) X Ci) X C2 


(5,758) 


4 


[2,0,2] 


G(64, 134) 


(G| X C2) X G2 


(6,679) 


1 


[0,0,1] 


G 


192, 988) 


(SL(2,3) X Ci) X C2 


(5,759) 


4 


[1,0,3] 


G(64, 134) 


(G| X C2) X G2 


(6,680) 


1 


[0,0,1] 


G 


192, 981) 


C2 X (SL(2, 3) X Ci) 


(5,760) 


8 


[4,0,4] 


G(64, 32) 


((Gg X C2) X G2) X G2 


(6,681) 


1 


[0,0,1] 


G 


192, 1502) 


C2 X ((SL(2, 3) X C2) X C2) 


(5,761) 


8 


[2,0,6] 


G(64, 32) 


((Gg X C2) X G2) X G2 


(6,682) 


1 


[0,0,1] 


G 


192, 1481) 


C2 X (GL(2,3) X C2) 


(5,762) 


4 


[2,0,2] 


G(64, 34) 




(6,683) 


5 


[1,0,4] 


G 


192, 201) 




(5,763) 


11 


[5,0,6] 


G(64, 138) 




(6,684) 


S 


[2,0,3] 


G 


192, 201) 




(5,764) 


11 


[3,0,8] 


G(64, 138) 




(6,686) 


5 


[1,0,4] 


G 


192, 1508) 




(5,765) 


4 


[1,0,3] 


G(64, 134) 


(G| X C2) X G2 


(5,686) 


5 


[1,0,4] 


G 


192, 1494) 




(5,766) 


4 


[1,0,3] 


G(64, 134) 


(Gj X C2) X G2 


(5,687) 


5 


[2,0,3] 


G 


192, 1494) 




(5,767) 


4 


[1,0,3] 


G(64, 264) 


G2 X ((C2 X Di) X G2) 


(5,688) 


5 


[1,0,4] 


G 


192, 1493) 




(5,768) 


11 


[3,0,8] 


G(64, 90) 




(5,689) 


5 


[2,0,3] 


G 


192, 1493) 




(5,769) 


4 


[1,0,3] 


G(64, 92) 


G2 X ((Cs X G2) X C2) 


(5,690) 


1 


[0.0.1] 


G 


2304, ?) 




(5,770) 


4 


[1,0,3] 


G(64, 254) 


G2 X ((C2 X Di) X G2) 


(5,691) 


1 


[0.0.1] 


G 


24, 3) 


SL(2, 3) 


(5,771) 


1 


[0,0,1] 


G(72, 25) 


G3 X SL(2, 3) 


(5,692) 


1 


[0.1.0] 


G 


24, 1) 


C3 X Cs 


(5,772) 


5 


[1,0,4] 


G{768, 1088539) 




(5,693) 


1 


[0.1.0] 


G 


24, 1) 


C3 X Cs 


(5,773) 


4 


[2,0,2] 


G(8, 4) 


Qs 


(5,694) 


1 


[0.0.1] 


G 


24, 11) 


C3 X Qs 


(5,774) 


4 


[2,0,2] 


G{8, 4) 


Qs 


(5,695) 


1 


[0.0.1] 


G 


24, 11) 


C3 X Qs 


(5,775) 


1 


[0,0,1] 


G{96, 200) 


C2 X (SL(2, 3) X C2) 


(5,696) 


5 


[2.0.3] 


G 


24, 3) 


SL(2, 3) 


(5,776) 


1 


[0,0,1] 


G{96, 189) 


C2 X GL(2, 3) 


(5,697) 


4 


[1.0.3] 


G 


256, 26531) 


C2 X (C| X C2) 


(5,777) 


1 


[0,0,1] 


G{96, 67) 


SL(2, 3) X C4 


(5,698) 


1 


[0.0.1] 


G 


288, 860) 


{{SL(2, 3) X C2) X C2) X C3 


(5,778) 


1 


[0,0,1] 


G{96, 67) 


SL{2, 3) X C4 


(5,699) 


1 


[0.0.1] 


G 


288, 911) 


C2 X ((C3 X SL(2,3)) X C2) 


(5,779) 


1 


[0,0,1] 


G(96, 201) 


(SL(2, 3) X C2) X C2 


(5,700) 


4 


[2.0.2] 


G 


32, 11) 


C| X C2 


(5,780) 


1 


[0,0,1] 


G(96, 193) 


GL(2, 3) X C2 


(5,701) 


4 


[1.0.3] 


G 


32, 11) 


C| X C2 


(5,781) 


1 


[0,0,1] 


G(96, 193) 


GL(2, 3) X C2 


(5,702) 


4 


[1.0.3] 


a 


32, 11) 


C| X C2 


(5,782) 


1 


[0,0,1] 


G{96, 201) 


(SL(2, 3) X C2) X C2 


(5,703) 


4 


[2.0.2] 


G 


32, 11) 


C| X C2 


(5,783) 


1 


[0,0,1] 


G(96, 193) 


GL(2, 3) X C2 


(5,704) 


11 


[5.0.6] 


G 


32, 6) 


((C4 X C2) X C2) X C2 


(5,784) 


1 


[0,0,1] 


G(96, 148) 


C2 X ((C3 X Qs) X C2) 


(5,705) 


11 


[6.0.5] 


G 


32, 6) 


((C4 X C2) X C2) X C2 


(5,785) 


5 


[2,0,3] 


G(96, 204) 


((C2 X Di) X C2) X Cs 


(5,706) 


14 


[6,0,8] 


G 


32, 6) 


((C4 X C2) X C2) X C2 


(5,786) 


5 


[1,0,4] 


G(96, 189) 


C2 X GL(2, 3) 


(5,707) 


4 


[2,0,2] 


G 


32,49) 


(C2 X Di) X C2 


(5,787) 


1 


[1,0,0] 


G(12, 2) 


G12 


(5,708) 


4 


[1,0,3] 


G 


32,49) 


(C2 X Di) X C2 


(5,788) 


1 


[1,0,0] 


G(12, 2) 


G12 


(5,709) 


7 


[3,0,4] 


G 


32,49) 


(C2 X Di) X C2 


(5,789) 


1 


[1,0,0] 


G(24, 9) 


C12 X C2 


(5,710) 


4 


[2,0,2] 


G 


32, 7) 


(Cs X C2) X C2 


(5,790) 


1 


[1,0,0] 


G(24, 6) 


D12 


(5,711) 


4 


[2,0,2] 


G 


32, 7) 


(Cs X C2) X C2 


(5,791) 


1 


[1,0,0] 


G(24, 6) 


D12 


(5,712) 


4 


[1,0,3] 


G 


32, 7) 


(Cs X C2) X C2 


(5,792) 


1 


[1,0,0] 


G(24, 6) 


D12 


(5,713) 


4 


[2,0,2] 


G 


32,43) 


(C2 X Di) X C2 


(5,793) 


1 


[1,0,0] 


G{48, 36) 


C2 X D12 


(5,714) 


4 


[1,0,3] 


G 


32,43) 


(C2 X Di) X C2 


(5,794) 


1 


[1,0,0] 


G(12, 1) 


G3 X C4 


(6,716) 


4 


[2,0,2] 


G 


32, 43) 


(C2 X Di) X C2 


(5,795) 


1 


[1,0,0] 


G(12, 1) 


G3 X C4 


(6,716) 


4 


[1,0,3] 


G 


32, 43) 


(C2 X Di) X C2 


(5,796) 


1 


[1,0,0] 


G(144, 167) 


Ce X ((Oe X C2) x G2) 


(6,717) 


4 


[1,0,3] 


G 


32, 43) 


(C2 X Di) X C2 


(5,797) 


3 


[2,0,1] 


G(144, 191) 


G| X (G| X C4) 


(6,718) 


4 


[1,0,3] 


G 


32, 43) 


(C2 X Di) X C2 


(5,798) 


2 


[1,0,1] 


G(144, 192) 


C2 X S3 


(6,719) 


4 


[1,0,3] 


G 


32, 48) 


C2 X ((C4 X C2) X C2) 


(5,799) 


1 


[1,0,0] 


G(144, 149) 




(6,720) 


4 


[1,0,3] 


G 


32, 37) 


C2 X (Cg X C2) 


(5,800) 


1 


[1,0,0] 


G(144, 161) 


G2 X ((Ce X S3) X C2) 



RATIONALITY PROBLEM FOR ALGEBRAIC TORI 123 



Tabic 16 (contimicid): birational classification of the algebraic fc-tori of dimension 5 



CARAl 




[s. /■. a\ 


Gyn. L) 




c:arat 


# 


1,5. r. tij 


C(n. I) 




(5,801) 


6 


[3,0,3] 


G(144, 186) 


C2 X (Si X C2) 


(5,881) 


1 


[1,0,0] 


G(72, 21) 


(C3 X (C3 X G4)) X C2 


(6,802) 


2 


[2,0,0] 


G(144, 116) 


(C2 X (G| X C4)) X C2 


(5,882) 


2 


[1,0,1] 


G(72, 46) 


C2 X sf 


(5,803) 


2 


[2,0,0] 


G(144, 116) 


(C2 X (G§ X C4)) X G2 


(5,883) 


1 


[1,0,0] 


G(72, 23) 


(Ce X S3) X C2 


(5,804) 


2 


[2,0,0] 


G(144, 116) 


(C2 X {Cl X C4)) X C2 


(5,884) 


1 


[1,0,0] 


G(72, 23) 


(Ce X S3) X C2 


(5,806) 


3 


[2,0,1] 


G(144, 186) 


C2 X (S| X G2) 


(5,885) 


1 


[1,0,0] 


G(72, 23) 


(Ce X S3) X C2 


(6,806) 


3 


[2,0,1] 


G(144, 186) 


C2 X (S| X C2) 


(5,886) 


1 


[1,0,0] 


G(72, 23) 


(Ce X S3) X C2 


(6,807) 


2 


[2,0,0] 


G(144, 116) 


(C2 X (G| X C4)) X G2 


(5,887) 


5 


[2,0,3] 


G(72, 46) 


C2 X S| 


(6,808) 


3 


[2,0,1] 


G(144, 186) 


C2 X (S§ X C2) 


(5,888) 


4 


[2,0,2] 


G(72, 46) 


C2 X (C| X C4) 


(5,809) 


3 


[2,0,1] 


G(144, 186) 


C2 X (Sl X C2) 


(5,889) 


6 


[3,0,3] 


G(72, 40) 


sf X C2 


(5,810) 


4 


[2,0,2] 


G(144, 186) 


C2 X (S§ X C2) 


(5,890) 


6 


[3,0,3] 


G(72, 40) 


S| X C2 


(5,811) 


4 


[2,0,2] 


G(144, 186) 


C2 X {S| X C2) 


(5,891) 


6 


[3,0,3] 


G{72, 40) 


S| X C2 


(5,812) 


4 


[2,0,2] 


G(144, 186) 


C2 X {S| X C2) 


(5,892) 


6 


[3,0,3] 


G(72, 40) 


s| X C2 


(5,813) 


1 


[1,0,0] 


G(144, 154) 


(C2 X S|) X C2 


(5,893) 


4 


[2,0,2] 


G(72, 40) 


S| X C2 


(5,814) 


1 


[1,0,0] 


G(144, 136) 


(C2 X {C| X C4)) X C2 


(5,894) 


4 


[2,0,2] 


G{72, 40) 


S| X C2 


(5,815) 


1 


[1,0,0] 


G(144, 136) 


(C2 X (C| X C4)) X C2 


(5,895) 


4 


[2.0,2] 


G(72, 40) 


sl X C2 


(5,816) 


2 


[2,0,0] 


G(144, 136) 


(C2 X {C| X C4)) X C2 


(5,896) 


4 


[2.0.2] 


G{72, 40) 


sl X C2 


(5,817) 


1 


[1,0,0] 


G(144, 154) 


(C2 X sl) X C2 


(5,897) 


1 


[1.0,0] 


G{96, 209) 


C2 X S3 X O4 


(5,818) 


1 


[1,0,0] 


G(144, 154) 


(C2 X S|) X C2 


(5,898) 


1 


[1,0,0] 


G(10, 2) 


C\Q 


(5,819) 


1 


[1,0,0] 


G(144, 154) 


(C2 X S|) X C2 


(5,899) 


1 


[1,0,0] 


G(10, 2) 


C\c] 


(5,820) 


1 


[1,0,0] 


G(144, 154) 


(C2 X S|) X C2 


(5,900) 


3 


[3,0,0] 


G(10, 1) 


D5 


(5,821) 


1 


[1,0,0] 


G(144, 154) 


(C2 X S|) X C2 


(5,901) 


3 


[3,0,0] 


G(10, 1) 


D5 


(5,822) 


5 


[2,0,3] 


G(18, 3) 


C3 X S3 


(5,902) 


2 


[2,0,0] 


G{10, 2) 


C\Q 


(5,823) 


5 


[2,0,3] 


G(18, 3) 


C3 X S3 


(5,903) 


1 


[1,0,0] 


G{20, 5) 


Clo X C2 


(5,824) 


1 


[1,0,0] 


G(24, 7) 


C2 X {C3 X G4) 


(5,904) 


3 


[3.0.0] 


G{20, 4) 


Dio 


(5,825) 


1 


[1,0,0] 


G(24, 10) 


C3 X Di 


(5,905) 


1 


[1.0,0] 


G(20, 4) 


Dio 


(5,826) 


2 


[2,0,0] 


G(24, 10) 


C3 X D4 


(5,906) 


2 


[2,0,0] 


G(20, 4) 


Dio 


(5,827) 


1 


[1,0,0] 


G(24, 10) 


C3 X D4 


(5,907) 


1 


[1.0.0] 


G{20, 4) 


Dio 


(5,828) 


2 


[2,0,0] 


G(24, 8) 


(Ce X C2) X C2 


(5,908) 


1 


[1.0.0] 


G(4(), 13) 


c| X De 


(5,829) 


2 


[2,0,0] 


G(24, 8) 


(Ce X C2) X C2 


(5,909) 


2 


[2.0.0] 


G(5, 1) 


C5 


(5,830) 


2 


[2,0,0] 


G(24, 8) 


(Cb X C2) X C2 


(5,910) 


4 


[4,0.0] 


G(12(), 35) 


G2 X A5 


(5,831) 


2 


[2,0,0] 


G(24, 8) 


(Cfi X C2) X C2 


(5,911) 


4 


[3,1,0] 


G(120, 34) 




(5,832) 


1 


[1,0,0] 


G(24, 5) 


C4 X S3 


(5,912) 


4 


[3,1,0] 


G(120, 34) 


S5 


(5,833) 


1 


[1,0,0] 


G(24, 5) 


C4 X S3 


(5,913) 


2 


[2,0,0] 


G(120, 35) 


C2 X As 


(6,834) 


1 


[1,0,0] 


G(24, 5) 


C4 X S3 


(5,914) 


2 


[1,1,0] 


G(120, 34) 


S5 


(6,836) 


1 


[1,0,0] 


G(24, 5) 


C4 X S3 


(5,915) 


2 


[2,0,0] 


G(120, 35) 


C2 X A5 


(6,836) 


3 


[2,0,1] 


G(288, 1031) 


C| X (S| X C2) 


(5,916) 


2 


[1.1,0] 


G(120, 34) 




(6,837) 


2 


[2,0,0] 


G(288, 880) 




(5,917) 


6 


[4,2,0] 


G(20, 3) 


Ce X C4 


(6,838) 


2 


[2,0,0] 


G(288, 889) 


(C| X S§) X C2 


(5,918) 


6 


[4,2,0] 


G(20, 3) 


C5 X C4 


(5,839) 


1 


[1,0,0] 


G(288, 889) 


(Cj X S|) X C2 


(5,919) 


4 


[3,1,0] 


G(240, 189) 


C2 X S5 


(6,840) 


1 


[1,0,0] 


G(288, 889) 


(C| X sl) X C2 


(5,920) 


2 


[2,0,0] 


G(240, 190) 


Cj X Ae 


(6,841) 


2 


[2,0,0] 


G(288, 889) 


(C| X S§) X C2 


(5,921) 


2 


[1,1,0] 


G(240, 189) 


Cl X S5 


(6,842) 


1 


[1,0,0] 


G(288, 889) 


(Cj X sl) X C2 


(5,922) 


2 


[1,1,0] 


G(240, 189) 


C2 X S5 


(5,843) 


1 


[1,0,0] 


G(288, 889) 


(C| X S|) X C2 


(5,923) 


2 


[1,1,0] 


G(240, 189) 


C2 X S5 


(6,844) 


1 


[1,0,0] 


G(288, 941) 




(5,924) 


2 


[1,1,0] 


G(240, 189) 


C2 X S5 


(6,846) 


1 


[1,0,0] 


G(288, 977) 


C2 X ((C2 X S|) X G2) 


(5,925) 


2 


[1,1,0] 


G(240, 189) 


C2 X S5 


(6,846) 


5 


[2,0,3] 


G(36, 12) 


Ce X S3 


(5,926) 


6 


[4,2,0] 


G(40, 12) 


C2 X (Ce X C4) 


(5,847) 


2 


[1,0,1] 


G(36, 12) 


Ce X S3 


(5,927) 


2 


[1,1,0] 


G(40, 12) 


C2 X (Ce X C4) 


(5,848) 


2 


[1,0,1] 


G(36, 12) 


Ce X S3 


(5,928) 


4 


[2,2,0] 


G(40, 12) 


C2 X (Ce X C4) 


(5,849) 


1 


[1,0,0] 


G(36, 6) 


C3 X (C3 X C4) 


(5,929) 


2 


[1,1,0] 


G(40, 12) 


C2 X (Ce X G4) 


(5,850) 


1 


[1,0,0] 


G(36, 6) 


C3 X {C3 X G4) 


(5,930) 


2 


[1.1.0] 


G(480, 1186) 


C| X S5 


(6,861) 


3 


[1,0,2] 


G(36, 12) 


Ce X S3 


(5,931) 


4 


[4.0.0] 


G(60, 5) 


Ae 


(5,852) 


6 


[3,0,3] 


G(36, 9) 


C| X C4 


(5,932) 


2 


[1,1,0] 


G(80, 50) 


C| X (Ce X C4) 


(5,853) 


6 


[3,0,3] 


G(36, 9) 


C| X G4 


(5,933) 


3 


[1,0,2] 


G{160, 235) 


C2 X (C% X C5) 


(5,854) 


7 


[3,0,4] 


G(36, 10) 


s| 


(5,934) 


3 


[1.0.2] 


G(160, 234) 


(C| X Cs) X C2 


(5,855) 


7 


[3,0,4] 


G(36, 10) 


s| 


(5,935) 


3 


[1.0.2] 


G(160, 234) 


(C| X Cs) X C2 


(5,856) 


8 


[3,0,5] 


G(36, 10) 


•sf 


(5,936) 


3 


[1,0,2] 


G(1920, 240997) 


C2 X (C| X Ae) 


(5,857) 


2 


[2,0,0] 


G(48,43) 


C2 X ((Ce X C2) X C2) 


(5,937) 


3 


[1.0.2] 


G{1920, 240996) 


(C% X As) X C2 


(5,858) 


1 


[1,0,0] 


G(48, 45) 


Ce X D4 


(5,938) 


3 


[1,0,2] 


G(1920, 240996) 


(C| X As) X C2 


(5,859) 


1 


[1,0,0] 


G(48, 35) 


C2 X C4 X S3 


(5,939) 


3 


[1,0,2] 


G(320, 1635) 


(C| X Cs) X C4 


(5,860) 


1 


[1,0,0] 


G(48, 38) 


D4 X S3 


(5,940) 


3 


[1,0,2] 


G(320, 1635) 


(C| X Cs) X C4 


(5,861) 


2 


[2,0,0] 


G(48, 38) 


-D4 X S3 


(5,941) 


3 


[1,0,2] 


G{320, 1636) 


C2 X ((C| X Cs) X C2) 


(5,862) 


2 


[2,0,0] 


G(48, 38) 


-D4 X S3 


(5,942) 


3 


[1,0,2] 


G(3840, 7) 


C2 X ((C| X As) X C2) 


(5,863) 


1 


[1,0,0] 


G(48, 38) 


D4 X S3 


(5,943) 


3 


[1,0,2] 


G(640, 21536) 


C2 X ((C| X Ce) X C4) 


(5,864) 


1 


[1,0,0] 


G(48, 38) 


D4 X S3 


(5,944) 


3 


[1,0,2] 


G(80, 49) 


C| X C5 


(5,865) 


1 


[1,0,0] 


G(48, 38) 


D4 X S3 


(5,945) 


3 


[1,0,2] 


G(960, 11358) 


C| X A5 


(5,866) 


1 


[1,0,0] 


G(576, 8418) 


C2 X {{C| X S|) X C2) 


(5,946) 


4 


[2,0,2] 


G(120, 34) 


Se 


(5,867) 


2 


[1,0,1] 


G(72,48) 


G2 X Ce X S3 


(5,947) 


4 


[2,0,2] 


G(120, 34) 


Se 


(5,868) 


1 


[1,0,0] 


G(72, 29) 


Ce X (C3 X C4) 


(5,948) 


4 


[0,0,4] 


G(120, 35) 


Cl X A5 


(5,869) 


7 


[3,0,4] 


G(72, 46) 


C2 X S| 


(5,949) 


4 


[0,0,4] 


G(1440, 5842) 


C2 X Se 


(5,870) 


6 


[3,0,3] 


G(72, 45) 


C2 X {C| X C4) 


(5,950) 


4 


[0,0,4] 


G(240, 189) 


C2 X S5 


(5,871) 


1 


[1,0,0] 


G(72, 30) 


C3 X ((Ce X C2) X C2) 


(5,951) 


4 


[1.0.3] 


G(360, 118) 


-46 


(5,872) 


1 


[1,0,0] 


G(72, 30) 


C3 X ((Ce X C2) X C2) 


(5,952) 


4 


[2,0,2] 


G(60, 5) 




(5,873) 


1 


[1,0,0] 


G(72, 30) 


Cs X ((Ce X C2) X C2) 


(5,953) 


4 


[1,0,3] 


G{720, 763) 


Se 


(5,874) 


1 


[1,0,0] 


G(72, 30) 


C3 X ((Ce X C2) X C2) 


(5,954) 


4 


[0,0,4] 


G(720, 763) 


Se 


(6,876) 


1 


[1,0,0] 


G(72, 21) 


(C3 X (C3 X C4)) X C2 


(5,955) 


4 


[0,0,4] 


G(720, 766) 


C2 X Ae 


(6,876) 


3 


[2,0,1] 


G(72, 45) 


C2 X (C| X C4) 












(6,877) 


3 


[2,0,1] 


G(72, 45) 


C2 X (Cl X C4) 












(6,878) 


2 


[1,0,1] 


G(72, 46) 


C2 X sl 












(6,879) 


2 


[1,0,1] 


G(72, 46) 


C2 X sl 












(6,880) 


1 


[1,0,0] 


G(72, 21) 


(C3 X (G3 X C4)) X C2 
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